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IR@SIS#OLS 
The Inside Story 


There is, of course, a lot of ‘‘ know-how” in the manufacture 
of a hich stability resistor element to the exacting character- 
istics demanded of a high stability resistor, but, having made 
the element, two problems remain. How to protect the smoke 
thin resistance film from damage in transit, in handling, and in 
assembly, and how to isolate the element from contact with 
paints, lacquers, and other finishes, all of which have a 
tendency to pull the film under extremes of temperature and , 
humidity. : 

In the Erie high stability resistor these two problems have 
been solved very simply and with complete effectiveness by 
the encapsulation of the element in the ceramic insulating tube, 
cement sealed at the ends, proven on billions of Erie solid 
carbon resistors and ceramic dielectric capacitors in use 
throughout the world. This tube obviously affords complete 
protection from all manner of physical damage, and, as can be 
seen from the illustration, the counter bore at either end and 
the close affinity between the counter bore and the caps of the 
element ensures that the element is supported by the caps 
clear of the inner bore of the tube, and there is thus no contact 
whatsoever with any material that might prove harmful. 

Only Erie high stability resistors are protected in this way, 
and that is why they are found in all equipment where 
robustness and reliability under all conditions must be allied to 
first-class performance. 


Ke : Lt 
* Registered Trade Marks 


1, HEDDON STREET, LONDON, W.1I., Tel. REGent 6432 


Factories: Great Yarmouth and Tunbridge Wells, England; Trenton, Canada; 


Erie, Pa., Holly Springs, Miss. and Hawthorne, Cal., U.S.A. 
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The Semiconductors range of Computer Transistors, designed and tested to the special 
requirements of computer engineers, is the key to a new order of computer speed and reliability. 
Overall reliability is further increased by making possible a substantial reduction in the 
number of associated components. 

The two types of Silicon Alloy Transistor now in full-scale production make it possible to 
extend this high-speed computer performance into ambient temperatures well above 100°C. 
Samples are available now. 


General purpose transistors for 
conventional logic circuits. 


HIGH-SPEED é , 

Designed for directly coupled 
LOW-LEVEL | Circuits. Controlled input, 
SWITCHING saturation and hole storage 


characteristics. 
GERMANIUM 


High gain transistor for high- 
speed driving of parallel circuits. 


Ultra-high speed transistor with 
controlled input and saturation 
characteristics. 


General purpose !0Mc/s transistor 
HIGH-SPEED for conventional logic circuits. 


LOW-LEVEL 
SWITCHING I5Mc/s_ transistor for directly 
Circuits. Saturation 


coupled 

SILICON resistance typically 10 ohms. 
Controlled input and hole storage 
characteristics. 


. 250 mW high fre- 
min fo 3Mc/s quency alloy tran- 
min fa 5Mc/s sistors with high gain 
min fo. 12Me/s and low saturation 


CORE resistance 


DRIVING 
GERMANIUM 


i 750 mW versions of 
mina SMc/s | 3X 598 and 2.N 599. 
min fa 12Me/s 


* rise time to 400mA 


Full technical details 
and applications assistance 
available on request. 
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TELEPHONE: SWINDON 6421 
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~Transistorised 
'_ rural carrier 

telephone 
system- 1 RC7 


in service in many parts of the world 


A PRODUCT OF \ 


AULLARD EQUIPMENT LIMITED 


A COMPANY OF THE MULLARD GROUP 


; 
4 


4 


Y 
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Fully transistorised 

Simple installation 

Low power consumption 

Up to seven extra speech channels 
Ideal for temporary extra lines 
Fully tropicalised 


Pole mounted drop-off filters 
for greater flexibility 


Write for descriptive literature 


Mullard House - Torrington Place 
London - W.C.1 - Tel: Langham 6633 


@® ME626< 
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E.D.C.€. 
make Motors, 
Generators 
and Starters 
for all marine 


urposes 
3 . whe 
p J 60 h.p. 220 volt D. C. Marine Motor, 35 kW. 220 volt D.C. Marine 
= drip-proof enclosure. Generator, flange mounted for 
in standard coupling to diesel engine. 
LJ i, 
Cc S for D.C. Hand operated Faceplate Starter 
and sp ecial eeailatle Petros and Pauw for D.C. motors, available for 
r speed drives. constant and variable speed drives. 
designs. 


Illustrated here is equipment 
especially designed for marine 
duties and backed by long and 
successful experience in this field. 


This equipment complies fully 
with all relevant B.S. specifi- 
cations, the requirements of 
Lloyds and British M.O.T. 


PLEASE SEND FOR FURTHER DETAILS 


ELECTRO DYNAMIC 


’ 
CONSTRUCTION COMPANY LIMITED 
ST MARY CRAY ORPINGTON KENT TELEPHONE: ORPINGTON 27551 TELEGRAMS: ELEDAMIC ST MARY CRAY 
Control Gear Division: BRIDGWATER SOMERSET Tel: BRIDGWATER 2882 Glasgow Office: 40 HOULDSWORTH ST C3 Tel: CENTRAL 2620 
P. 
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Leading Radar Manufacturers use Ferranti 
T.R. Cells in Airborne, Ground and Marine 
Radar Systems. A comprehensive range of 
T.R. Cells is available covering frequencies 
from 1000 Mc/s. to 35,000 Mc/s. 

Write for further information to: 


ERRANTI LTD + KINGS GROSS ROAD - DUNDEE Tel: DUNDEE 87141 


rvc /TsA 


sy 

The Illustration shows our P.4 

Series arranged for panel and | 
base mounting with machine 
type handle. 


ARROW Rotary Packet switches have, | 
for many years, enjoyed an enviable reputation for 


excellence of design and fine performance. P.4 SERIES 


Considerable saving in cost can bé effected by the Maximum Non-Reactive Ratings 


30/35 Amps 250v AC/DC 
20/30 Amps 440v AC/DC 
15/25 Amps 600v AC/DC 


simultaneous switching of various circuits using 


ARROW Rotary switches. 
QUICK DELIVERY 


Write TODAY for a copy of LIST R.P.2. describing our P.4 Series = =—-_ See ren are re rele lc Ba 
illustrated here. 


ARROW ARROW ELECTRIC SWITCHES LTD 


HANGER LANE - LONDON W5 


4/31 
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| Plessey | 


AY PERLYTICS 
give 


ear 


Long shelf life and a working life of 10 years are achieved in the new type of 


electrolytic capacitor developed by Plessey. 


The exacting specifications demanded for specialised electronic equipment 
have been met by using a high purity etched foil material, and combining the 
direct Plessey process control with unique manufacturing methods. 

With low leakage and high insulation characteristics, Hyperlytics can be 
supplied in a wide range of values between 0.5 and 12,000 uF. Two types are 
available, the 1000 series with a temperature range of —30°C to +85°C, and the 
11,000 series with a range of —20°C to +50°C. 

Capacitance tolerance for both types is normally —20% to +50% but closer 


limits can be achieved to meet special requirements. 


Write for further details of these outstanding new components. 


* High Performance Electrolytic Capacitors 


THE PLESSEY COMPANY LIMITED - CAPACITORS & RESISTORS DIVISION 
KEMBREY STREET - SWINDON - WILTS - TELEPHONE: SWINDON 6211 
Overseas Sales Organisation: Plessey International Limited - Lford - Essex Telephone: Ilford 3040 


@ CRIA 


On 15th May 1852 the formal opening took place of the extension of 
the Leeds Northern Line to Stockton, establishing the first railway 
link between Leeds and Middlesbrough. At that time only the most 
elementary line telegraph communications existed. 

In 1960, 108 years later, a further link has been established between 
these towns with the installation of a large cable carrier telephone 
system for the G.P.O. This has been supplied and commissioned 
by A.T.E. 

This system, operating on twin low capacitance cables, carries 60 
channels in the 12-252 Kc/s frequency band on each of the 7 equipped 
pairs. 

The repeaters are fed with power along the cable, eliminating the 
need for expensive power plant at intermediate stations. 


THIS 1S THE FIRST INSTALLATION OF ITS KIND 
IN THE UNITED KINGDOM 


Suite of A.T.E. 
baysides at the Middlesbrough 
terminal station 


The link between Leeds 

and Middlesbrough has repeaters 
in the line at Thorpefield 
Boroughbridge, Jeater Houses, 
Walshford Bridge, 
Scarcroft and Stokesley. 
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AUTOMATIG 


TELEPHONE & ELECTRIC 
COMPANY LTD. 


STROWGER HOUSE, ARUNDEL STREET 
LONDON, W.C.2. 

Telephone: TEMple Bar 9262 

Telegrams: Strowger, Estrand, London 


AT 8891 
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Audio 
power 
output 
transistors 


TYPES XC141 and XC142 


These germanium p-n-p alloy junction transistors are designed for use in Class A and 
Class B power output stages of audio frequency amplifiers. Full particulars of 
~ these and other Ediswan Mazda semiconductor devices will be sent gladly on 
request. If you wish to be kept up to date with the latest developments in 


this field, please ask us to add your name to our semiconductor mailing list. 


2 LEADS 
0-04 40-002 DIA. 


1:0" +0.031" oe 
peer es 
| 


2 HOLES 0-156" 


+ 0-:003"DIA, 


MAXIMUM RATINGS (Absolute Values) XC141 XC142 
Peak collecton!to. base voltage @olis\... eee aaa eee — 40 — 60 
Peak collector to emitter voltage, emitter non-conducting (volts)... —40 - 60 
Peak collector to emitter voltage, emitter conducting (volts)................ —32 — 32 
D.G@y Emitter tojbase'voltage (volts) 2... eee -12 -12 
Peak collector current (amps)... se - 3-0 — 3-0 
D.C. Collector current (anyps) 1 lse eres eee aan ne -— 1:5 -1:5 
Collector dissipation (mounting flange temperature 80°C) (watts)..... 11 1] 


EDISWAN SEM 'conDucTors 


MAZDA Associated Electrical Industries Ltd 


Radio and Electronic Camponents Division 
PD 15, 155 Charing Cross Road, London, W.C.2 
Tel: GERrard 8660 Telegrams: Sieswan Westcent London 


crc 15/59 
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ENGLISH ELECTRIC 


| ‘Cc’ CORES 


a 


ww 


for smaller, lighter transformers | txciscticid ‘C"fores:— 


d h k Easy to store and handle, their use results in 
and CNOKES <Encusx Exectrric’ ‘C’ type transformer reduced assembly time. 
A , : A eS Transformers are up to 30% smaller and lighter. 
cores are made from high-quality cold-rolled grain oriented silicon Transformers have lower losses, lower 
steel strip. A wide range of cores is available and these have been nageny Leese 1 2 lowen leakage flux. 
i Stale Cores are suitable for oil-filled, open-type or 
developed to meet the exacting standards of the electronic industry, resin-cast transformers. 


Cores are stable up to 250°C. 


for smaller, lighter and more efficient transformers and chokes. peat ate Pitan ntocks 


full details from 
The English Electric Company Limited, Transformer Sales & Contracts Dept., 
East Lancashire Road, Liverpool, 10. Telephone: AINtree 3641 


: cae 


HE ENGLISH ELECTRIC Company LIMITED, MARCONI HOUSE, STRAND, LONDON, W-:C.2. 


WORKS: STAFFORD . PRESTON . RUGBY . BRADFORD . LIVERPOOL . ACCRINGTON 


ml | 


TAM 


FL.39 


; 
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‘MARCONI 
Instrumentation 


Marconi Instrumentation deals primarily 
with trends and developments in telecom- 
munication test equipment, and provides 
current data relating to instrumentation 
techniques. Written by specialists, it is an 
authoritative and up-to-date record of pro- 
gress in this important field, and if you are 
not already receiving a free copy every 
quarter, please let us have your name and 
address. 


Please address enquiries to MARCONI INSTRUMENTS LTD., at your nearest office: 

! 4 Conte and the South: Marconi House, Strand, London, W.C.2. Telephone: COVent Garden 1234 

Midlands: Marconi House, 24 The Parade, Leamington Spa. Telephone: 1408. North: 23/25 Station Square, Harrogate. Telephone: 67455 
Export Department: Marconi Instruments Ltd., St. Albans, Herts. Telephone: St. Albans 56161 


TCI58 
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Telecommunications Division 


Comprehensive ie eenestions Serene 


Marine Sang Apparatus 


Marine Radio Equipment 


Carrier deleniione. Systems 
FMVE Telegraph Eaitent 
Vi Radio Telephone Terminals 


Control and Indicating Apparatus 


Associated Electrical Industries Limited 


Telecommunications Division 
WOOLWICH, LONDON, S.E.I8 


formerly the Telecommunications Division of 
SIEMENS EDISON SWAN LIMITED, WOOLWICH, LONDON, S.E.18 


TA3382 
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Marconi 
Crystals 
for stability 
and 
precision 


The. experience gained in manufacturing 
quartz crystals to the stringent requirements of 
our own apparatus and of Service equipment 
enables us to offer a comprehensive range of 
crystals covering the frequency band 1.0 Ke/s 
to 62 mc/s at extremely competitive prices. 

Years of intensive research and development 
work guarantee the reliability and quality of 
this Marconi product. 


| MARCONI CRYSTALS FOR ELECTRONICS 


MARCONI’S WIRELESS TELEGRAPH COMPANY LIMITED, CHELMSFORD, ESSEX, ENGLAND 
M 
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| SOU keeps things 
temperate 

| for Ferranti 

aboard the ‘Vanguard’ 


The Plannair Blower type 
3PL241-110 operates on 200 volts 
3 phase 400 cycles at a speed of 
11,200 r.p.m. Output 150 c.f.m. at 4” s.w.g. 


This beautifully engineered transformer/rectifier 
unit by Ferranti is installed in Britain’s newest 
airliner, the Vickers Vanguard. The unit is, in 
Ferranti’s words, ‘an assembly giving the mini- 
mum overall dimension and weight.’ 

In such compact equipments, cooling is a critical 
factor. It must be adequate and the cooling 
source must also be lightweight and efficient. 
Like Ferranti, most manufacturers of advanced 
electronics rely on Plannair blowers to solve 
temperature control problems. 


; 5 I/lustration shows four single stage blower units 
On a weight-to-output basis, Plannair blowers— type 3PL241-110 installed for transformer/rectifier 


the whole family of them—are the most efficient | cooling on the main d.c. power supply unit in 


¢ the Vickers Vanguard. 
in the world. f 


Whenever you are faced with the problems of 
getting enough air in the right place, take them PLANNAIR LIMITED 
to Plannair—that’s what the rest of the industry Windfield House - Leatherhead ° Surrey 
does! Tel: Leatherhead 4091/3 & 2231 
@ PLA3z2 
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The Giant Tortoise—renowned for its longevity. 


FAR 
FROM 
DYING 


GET103 Failure Rate is only 0.06% in 1,000 hours! 
5,000 GET 103 transistors—random samples from regular production— 

have been submitted to electrical life test. Up to the end of 1959 only three 
catastrophic (inoperative) failures had occurred, indicating a failure rate of 0.06% 
per 1,000 hours. Some of these tests continue to run indefinitely, and we 

are thus building up life information for periods of many thousands of hours. 


Transistors can also show changes in electrical characteristics during life: 
gain and leakage currents are the parameters most likely to change, but the 
precise operating conditions determine the extent of the changes. Our life tests 
show that after an initial ‘‘settling-down” period, the subsequent rate 

of change in the characteristics of G.E.C. transistors is extremely small, 
indicating that they will continue functioning satisfactorily for 

tens of thousands of hours. 


SEMICONDUCTORS 


For full information on these and many other types, please write to:— 
G.E.C. Semiconductor Division, School Street, Hazel Grove, Stockport, Cheshire. 
Tel: Stepping Hill 3811 or for London Area ring Temple Bar 8000, Ext. 10. 


( xvii ) 


1:000" 
25°40mm. 


“BELLING-LEE” 


Ds, 
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€ L.1302 PANEL FUSE- 
HOLDER. Size I (with large lid) 


L.1302/L. Lid only (large) 
L.1302/B. Body (common) 


L.1304. PANEL FUSEHOLDER. Size 
2 (with large lid) 

L.1304/L. Lid only (large) 

L.1304/B. Body (common) 


L.1303. PANEL FUSE- 1 1395, PANEL FUSEHOLDER. Size 
HOLDER. Size |! (with 2 (with small lid) 
small lid) 


L.1305/L. Lid only (small) 


L.1303/L. Lid only (small) L.1304/B. Body (common) 


L.1302/B. Body (common) 


Max. working volts: 
L.1304: 440 V. L.1305: 250 V. peak. 


Max. current rating: 
Both types: 30 amp. 


Max. panel thickness: 7/32 in. 


Max. working volts: 
L.1302: 440 V. L.1303: 250 V. peak. 
Max. current rating: 
Both types: 15 amp. 
Max. panel thickness: 
Both types: 7/32 in. 


This series of heavy duty panel mounting H.R.C. fuseholders was 
developed in co-operation with the Ministry of Supply for use in 
military aircraft and vehicles. 

In these clamp type fuseholders, fuse withdrawal is effected auto- 
matically as the lid is unscrewed. 


= iy “Gyo Each of the two large versions provides fingerguard protection as an 
Ore 57.03 


A e i 
1 yet , 
yee ee Py AULA additional safety feature. 
DIA: : : 
158 Mounting to the panel is made through a single hole shaped to engage 
cutout the anti-swivel flats in the holder, which is secured with a ringnut. 


All terminals are complete with washers and shakeproof nuts. 


Most ‘‘Belling-Lee’’ products are covered by patents or 
registered designs or applications. 


TERMINALS . PLUGS & 
SOCKETS CIRCUIT 
PROTECTION DEVICES 
INTERFERENCE FILTERS 
RECEIVING AERIALS 


BELLING ¢ LEE LTD 


GREAT CAMBRIDGE ROAD, ENFIELD, MIDDX., ENGLAND 


Telephone: Enfield 3322 - Telegrams: Radiobel, Enfield 


Regd. 
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The very best connections — 
...secured by 


SUB-MINIATURE GOAXIAL CONNECTORS 


Asa contribution towards increasingly compact 
equipment, Plessey have introduced this new, 
highest-quality and fully comprehensive range 
to allow a new approach on applications hither- 
to restricted by the limitations of existing 
connectors. 


Designed for the matched impedance coupling of 
high frequency coaxial cables operating in the 
super high frequency bands, these connectors— 


have a working voltage of 650 volts PEAK at 
sea level, and matched impedance coupling of 
50 ohm lines is accommodated. 


have hard gold plated contacts on silver plate 
to give maximum performance with minimum 
voltage drop. 


Approximately 24 x life size 


SERIES ‘110’ (15- and 30-way) MINIATURE 
RECTANGULAR CONNECTORS 


Developed specifically by Plessey to meet the 
demand for a safe, inexpensive connector for 
commercial applications, this new series em- 
bodies excellent electrical and mechanical 
characteristics, and the many unique features 
that make it really outstanding include :— 


Plug pins and socket inserts are polythene 
shrouded to dispense with gaskets and en- 
sure insert anchorage. 


Mismating is prevented by corner pins and 
corner sockets. 


Extreme simplicity of wiring, demands less- 
skilled operation than the orthodox methods 
of soldering pins in situ. 


For further information please writefor Publication Nos. 128 and 114 


WIRING & CONNECTORS DIVISION - THE PLESSEY COMPANY LIMITED 
Plessey CHENEY MANOR - SWINDON - WILTS - TELEPHONE: SWINDON 6251 


Overseas Sales Organisation: PLESSEY INTERNATIONAL LIMITED - ILFORD- ESSEX 


@ cwe 
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When it’s hot enough to 


66 99 


CrECOPS are 


SIZES AND RATINGS 


Dimensions 
ins. 
Length| Dia. 


de Voltage 


Ce Catalogue Ref. 
at 71°C |at 125°C 


8801.C 
S-8803.C 
S-8800.C 
S-8804.C 


8801.C 
8803.C 
8804.C 


8802.C 
S-8804.C 
8806.C 


Other capacitance values can be supplied to order. We invite your enquiries. 


LE.E. 
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“‘Terecap’’* Capacitors 


Dubilier “‘Terecap’’ Capacitors are of 
tubular form with extended foil metal 
electrodes fitted with wire tail terminations and in- 
corporate a non-hygroscopic film dielectric. Being de- 
signed to meetabnormal atmospheric conditions suchas 
obtain in tropical zones the capacitors are supplied 
hermetically sealed in metal containers with ceramic 
end-seals, 
* A Registered Dubilier Trade Mark. 


Dubilier ‘‘Terecap’’ Capacitors have these outstanding features:— 


|. Can be used up to 125°C. with voltage de-rating above 70°C, 


2. High insulation resistance, more than twenty times that of paper 
dielectric capacitors. (10,00002F at 20°C.) 


3. Compactness. 


4. Excellent capacitance stability over a wide temperature range. 
(Normal capacitance tolerance + 20%) 


5. Power Factor 0.5% at 20°C. for | ke/s. 


DU Bra ER 


DUBILIER CONDENSER CO. (1925) LTD., 
Phone: ACOrn 2241 


DUCON WORKS, NORTH ACTON, LONDON, W.3. 


DN.225A 
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OUR 

TRAVELLING WAVE TUBES 
NLIKE THE ANGEL FISH, 

ARE NOT AS BROAD 

AS THEY'RE LONG 

BUT — 

THEY DO HAVE 

EXTREMELY WIDE 

BAND 

WIDTH! 


< 


We have a wide selection of Low Noise 
Tubes, Intermediate (medium power) 
Tubes and Power Tubes, covering 
many frequency bands. For further 
details and information concerning 


any of our range of thermionic tubes 


for industry, write to the Company. 


“ENGLISH ELECTRIC 


AGENTS THROUGHOUT THE WORLD 


STAND E215 


EXHIBITION 


Chelmsford, England 


ENGLISH ELECTRIC VALVE (0. Telephone: Chelmsford 3491 
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THE MARK IV CAMERA CHAIN 
EXPE, R VE j NCE Marconi’s pioneered the use of the 43 inch Image Orthicon 


Camera using the tube developed by their associates, the 


English Electric Valve Company. Marconi’s have amassed 
C UN j KY more ‘know-how’ on the use of the 4% inch Image 


Orthicon than any other manufacturer. 


BD 863 MARK IV 
IMAGE 
ORTHICON 
CAMERA 


EXTREME STABILITY 
Novel circuit design and careful choice of compo- 
nents gives such a high degree of stability that 
operational controls have been removed from the 
camera. 


OVER 500 MARCONI IMAGE ORTHICON 
CAMERA CHAINS HAVE 
BEEN SOLD THROUGHOUT THE WORLD 


FIRST CLASS PICTURE QUALITY 
The 43 inch Image Orthicon tube gives a picture 
quality substantially better than any other type 
or size. 


MARCONI 


COMPLETE SOUND AND TELEVISION SYSTEMS 


LIGHT AND COMPACT 
By reducing and simplifying the camera electronics 
its weight has been held below 100 lb. and its size 
made correspondingly small. 


RCONI’S WIRELESS TELEGRAPH COMPANY 
AITED » CHELMSFORD - ESSEX - ENGLAND 


M4D 
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These 3 
outstanding 
uniselectors 


provide long life 
and reliability 


in operation 


The high speed motor uniselector 


has an availability of 52 outlets in a half 
revolution with up to 16 parallel channels, 
and is capable of high speed search if 
required. It is also suitable for scanning 
and other collection functions, or for the 
routing of information to a multitude of 
points, It can be brought to rest at any 
desired outlet by means of simple circuitry, 
and a homing drive is provided so that it 
can be readily restored to the normal 
position. Arrangements can also be made 
for step-by-step working. 


The digit switch 


is specifically designed for step-by-step 
operation in response to impulses, and has 
an availability of 12 outlets with 8 parallel 
channels. It may be used to set up a 
marking condition for the control of the 
Motor Uniselector. 


The miniature uniselector 


is a compact switch of unique design which 
occupies no more space than a standard 
3000-type relay. It has an availability of 
12 outlets with 3 parallel channels. A great 
advantage is that it incorporates a plug-in 
type of mounting so that the entire device 
can be removed and replaced without 
detaching any soldered connections. 
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Full technical information will gladly be supplied on application 


ASSOCIATED ELECTRICAL INDUSTRIES LTD. 
Telecommunications Division, 

Telephone Apparatus Department, 

Woolwich, London S.E.18. 

Woolwich 2020 Ext. 326 
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Printed 
Circuit 
Counter 
Panels 


50kc/s Scaler 


: : 1Mc/s Scaler 
A complete range of transistorized counter 


: ; Input Amplifier 
panels of common size, fixing method 5 & 


f : : ? Gate Unit 
and electrical connexion, designed to provide 


i i 10k Oscillator 
a flexible unit system c/s Osci 


whereby any special requirements ame Ozculator 


in the counting or data processing fields rower Unit 


can be quickly built up. 50kc/s Read-out Scaler 


1iMc/s Read-out Scaler 


A fully illustrated brochure giving aiGhannelOctpat Unit 


complete performance and 
P P Read-out Unit 


specification figures for : : 
Meter Display Unit 
every panel in the range is $ ! 
Lamp Display Unit 
available on request. 
5 Numerical Indicator Tube 


Shift Register Stage 


Shift Register Driver 


RANK CINTEL LIMITED 
Worsley Bridge Road * London: SE 26 
HiTher Green 4600 


Sales and Servicing Agents: Atkins, Robertson & Whiteford Ltd. Industrial Estate, Thornliebank, Glasgow; 
_ McKellen Automation Ltd., 122 Seymour Grove, Old Trafford, Manchester, 16; Hawnt & Co. Ltd., 59 Moor St. Birmingham, 4. 
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The Most Significant Advance 
in Bridge Design 


in many years 


STs SEE 


DESDE 


i 


“GENERAL RADIO’ 
Type 1650 -A . ‘ 
nlversal Impedance Bridge With ‘Orthornull’ to speed balance — eliminates sliding null. 
Wide Ranges—R 0:0019 to10Ma_ L 1uh to 1000h 
C iuufto 1000uf  D 0-001 to 50 at 1 kes 
Q 0-02 to 1000 at 1kc/s 
Basic 1% Accuracy for R, L, C—5% for D and Q. Not reduced at range extremes ~ 


Ready to use — battery operated with built-in null detector and 1-kc/s generator 
(20c/s to 20kc/s frequency range with external generator) 


Unique Carrying Case allows panel to be tilted to any convenient angle... 
closes for complete protection 


Write for complete information 


Glande Ayons Atd. /€ 


Sole U.K. representatives of the General Radio Company, U.S.A. 


Valley Works - Hoddesdon - Herts - Telephone: Hoddesdon 4541 (6 lines) cL 53 
; 
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Type E193 


Ekco Type E193 is a high-speed X-Y Recorder which plots the relationship between 
two inter-dependent variables directly on to standard 10” x 74” graph paper. 


The wide sensitivity range (1 mV. per 1” to 50 V. per 1”) and exceptionally fast response 
(full-scale travel in 200 milli-seconds) make it unusually versatile in the fields of 
performance investigation and process control. 


This instrument will find wide use in research laboratories, 
industrial organisations and hospitals or in any field in which it is necessary 
to chart rapidly-changing parameters accurately. 


Sales, installation and Service 


€& EKCO ELECTRONICS LIMITED 


SOUTHEND-ON-SEA : ESSEX : Tel. Southend 49491 
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Over 1000 5-circuit V.H.F. Junction Radio 
Equipments have been supplied to 28 countries 


throughout the world. 
5 circuit V.H.F 
junction radio 


terminal equipment. 


The vast experience gained-by G.E.C. in surveying, planning, designing, Mé 


EVERYTHIN 


THE GENERAL ELECTRIC COMPANY LIMITEL 
WORKS AT — 


LE.E. PROCEEDINGS, PART B—ADVERTISEMENTS 


~~ 
Vy \ 


Lp 
“Uy <>, 


Y y ha oy 


" “LLU 


yyy 


NN N \\ 
WS \ 


\ 
\\ 


\ 


uipm 
iy throughout the worl 


| Microwave systems providing over 7000 wide 
| band channel miles for television or multi-circuit 


telephony have been installed or ordered for 


7 countries throughout the world. 
240-circuit U.H.F. 


radio terminal equipment 


(less covers) 


ing radio systems in all five continents is available to prospective customers. 


AUNICATIONS 


TELEPHONE WORKS, COVENTRY, ENGLAND 


ROUGH, PORTSMOUTH 


i 
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PHILIPS 


In Science and Industry alike... 


among technicians, manufacturers and those “Hl 
engaged in the sale of electrical products — as 

well as among the public at large, the Philips 

emblem is accepted throughout the World as 


a symbol of quality and dependability. 


PHILIPS ELECTRICAL LTD 


Century House : Shaftesbury Avenue - London : WC2 


Radio & Television Receivers - Radiograms & Record Players » Stereo & Hi-Fi Equipment - Tape Recorders - Dictation Machines ‘ Gramophone Records 
& Discharge Lamps & Lighting Equipment « ‘* Photoflux ’’ Flash Bulbs - ‘‘ Philishave ’’ Electric Shavers - Health Lamps « Hearing Aids 
X-Ray Equipment - High Frequency Heating Generators » Electro-Medical Apparatus - Arc Welding Plant & Electrodes - 
Amplifying Installations » Cinema Projectors 


- Tungsten, Fluorescent, Blendec} 
* Electric Blankets - Domestic Electrical Appliances! 
Electronic Measuring Instruments - Magnetic Filters - Sound 


SI0OW roe 


ERSIN MULTICORE 5-CORE SOLDER 


The A.I.D. approved type 362 flux, incorporated 
in Ersin Multicore 5-Core Solder, is very effective 
on heavily oxidised surfaces and often allows the 
use of a lower tin content alloy. Ersin Multicore 
5-Core Solder is supplied on 71b. reels in 
9 standard gauges and 6 alloys. Even gauges 
from 24-34 s.w.g. are available in 2 alloys on 
1 1b. and $ Ib. reels. 


SAVBIT TYPE 1 ALLOY aftade under sole 


British Licence of Patent No. 721,881. 


Savbit Type 1 alloy was developed after 
extensive research in the Multicore 
Laboratories into the main causes of b 
wear. It incorporates a small percenta; 
of copper which prevents absorption 
copper from the bit into the solder all 
After prolonged tests, it was found that 
the life of solder bits was increased by 
up to 10 times. The speed of solder 
is not affected. 


SPECIAL ALLOYS 


4 special alloys can be supplied for 

particular purposes: 

Comsol with a high melting point of 
296°C. 

Th C. alloy with a melting point 
145°C is made from tin, lead an¢ 
eae Tin) tall ie . 

P.T. (Pure Tin) alloy, with a melti 

PRINTED CIRCUITS point of 232°C, is lead-free. 

Leaflet P.C.L. ror gives full details L.M.P. alloy, with 2% silver content 


BeoceVeare OF LEAD (MELTING POINT OF LEAD 327°C) 
40% 


CONSTITUTION OF 80700 55 50 
ALLOYS OF ERSIN 
MULTIGORE SOLDER *"** 


The diagram shows 
that all the standard ¥° 1% 
alloys of Ersin Multi- 
core Solder have a 
plastic range, i.e., on 


heaton of a complete soldering process which melts at 179°C for silver- 
Canine EDey. are pasty. developed by Multicore Laboratories coated components. 

between the solid and pa eee berreaine 

liquid states. Practical : P we ou snapadleslonaSalellteteebindpescehetas Renunnsenee tae F 

experience has shown ; 

that there are advan- : 


tages in having a 4045.50 60 
plastic range, e.g. for PERCENTAGE OF TIN (mectine Point oF 11N232 


tag jointing where the which may occur with other alloys where : 
use of 60/40 alloy there is slight vibration while the solder : 
obviates fractures is setting solid. : 


PUBLICATIONS : 


Laboratory engineers and technicians 
areinvitedtowriteontheircompany’s | 
letter-heading for the latest edition ; 
of Modern Solders. It contains data} 
on melting points, gauges, alloys, ete. 


MULTICORE SOLDERS LTD., MULTICORE WORKS, HEMEL HEMPSTEAD. HERTS. 


Tel: Boxmoor 3636 (4 ties). Grams and Cables: Multicore tomnstead. 
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LE DONINGTON 


C.E.G.B. East Midlands Division. 


The largest single 
thermal power station 
in Western Europe 


Castle Donington houses six 
100 MW 3000 rpm steam turbine- 
generators together with their 
associated condensing plants 
and feedwater heating equip- 
ments. All this power plant was 
manufactured by A.E.I. Turbine- 
Generator Division. 


Castle Donington recorded the 
highest average overall thermal 
efficiency of any British power 
station during the three years 
ending 31st March 1959. 


General view of thé complete installation 
of six 100 MW  turbine-generators 


: The two-cylinder, close-coupled turbines operate with 
steam conditions at the turbine stop valve of 1500 psig, 
1050°F and exhaust to A.E.I. condensers. 

: Direct-coupled generatots produce 3 phase, 50 c/s 
: alternating current at 13°8 kV. The rotor windings are 
| directly cooled by hydrogen circulating in contact with 
: the copper. 

The generators are directly connected to the A.E.I. 
main step up transformers and the power is controlled 
to the grid by A.E.I. circuit-breakers. 


| No. 2 set and its twin- 
shell A.E.I. Condenser. 


a 


Associated Electrical Industries Limited 
\ TURBINE-GENERATOR DIVISION 


Enquiries to: AEl Turbine-Generator Division; Trafford Park, Manchester 17, or your local AEI office. 


ORKS AT MANCHESTER AND RUGBY, ENGLAND - GLASGOW, SCOTLAND +» LARNE, NORTHERN Pee B/N 907 
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Insulated resistance wires 


THE LONDON ELECTRIC WIRE COMPANY AND SMITHS LIMITED 


( xxx ) 4 


Supplied with standard coverings of cotton, 
silk, rayon, enamel, LEWMEX (synthetic 


enamel) glass and abestos. 


for resistors in instruments, radio, 
television, electronic and control } 
apparatus and many other 
applications. 


% Available over a range of sizes in 
VACROM (nickel-chrome) 80/20 or 15% 
and EUREKA (cupro-nickel). All con- 
form to BSS 1115/1954. 


A technical information and advisory service 1s 
offered. 


LEYTON LONDON : E10 
DCOLE, soldering AUTOMATIC VOLTAGE 
(Regd. Trade Mark) instruments REGULATORS 
Cover all requirements 
for thorough solder 
ILLUSTRATED jointing in all the fields 
PROTECTIVE of 
SHIELD TELECOMMUNICATIONS 
(CAT. No. 68) 
4 in. BIT Fully Insulated 
MODEL Elements 
(CAT. No. 70) oc ET 
Primarily Suited to daily use for 
developed for Benes line: produccicn Model shown is for the control of a 28 
the A Volt D.C. generator for use on aircraft. 
TRANSISTOR & MANUFACTURED PATENTS PENDING 
ELECTRONIC IN ALL VOLT RANGES Regulation closer than + 1°% between ex- 
tremes of temperature from -60°C to +70°C 
ERA. speed of response 50/60 milliseconds. 
Possessing the British and Foreign Pats, poainduserel pavers = horee ambient 
‘ + 05%. 
sharp heat Reg. designs, etc. Dimensions 5x6" x51" high. Weight élbs 


essential for the 
quick jointing 

of Transistors, 
Resistors, etc., 
thereby avoiding 
damage to the 
equipment from 
heat transference 


For further information 
apply Head Office: 
ADCOLA 
PRODUCTS LTD. 
GAUDEN ROAD 
CLAPHAM 

HIGH STREET 
LONDON, S.W.4 


Tel.: MACaulay 4272 
& 3101 


A=REFERENCE BRIDGE 
B=TRANSISTOR AMPLIFIER 


NEWTON BROS. (DERBY) LTD. 


ALFRETON ROAD «: DERBY 
PHONE: DERBY 47676 (4 LINES) GRAMS: DYNAMO, DERBY 


London Office: IMPERIAL BUILDINGS, 56 KINGSWAY, W.C.2 
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we can get 


you out of 
| a wide band 
problem 


And if you’re in a rage over rectifiers or ina 

diode of despair—don’t worry. We'll get 

you out of that too. (Why, we’ve made some of 
| our customers actually beam at tetrodes!) 

It's because we've experienced over 40 years 

bottling up valves—Tx, Rx, rf, audio, hard, 

soft, gov’t., special—that problems like this no 

longer hold any terrors for us. Also, we've 

everything on the research and production side 

-you could possibly wish for. So the next time 

you're enveloped in a valve problem, let us know. 


valves are obtainable from 
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THE M-O VALVE CO. LTD 


BROOK GREEN - HAMMERSMITH - LONDON W.6. 


\ A subsidiary of the General Electric Co. Ltd 
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LINTON CAMBRIDGE 7 ENGLAND TEL: LINTON 50! MANUFACTURERS OF ELECTRICAL EQUIPMENT 


ZENIT 


TUBULAR SLIDING 
CRYSTAL OVENS RESISTANCES | 


A complete range for fixed or mobile 25 Wound on vitreous 
application achieving frequency stabilities enamelled steel tubes 

+0:0005% to +0°000001% with oxidised wire 
having a negligible 
temperature co-effi- 
cient. Non-inductive 
windings on refrac- 
tory formers are also 
available in many 


sizes. 


Hermetically sealed Scie catalogue of all 
yf types free on request 
Thermostats 


The ZENITH ELECTRIC CO. Ltd, 
ZENITH WORKS, VILLIERS ROAD, WILLESDEN GRE d 
LONDON, N.W.2 


Telephone: WILlesden 6581-5 Telegrams : Voltaohm, Norphone, Lond | 


INCLUDING RADIO AND TELEVISION COMPONENTS 


Publications of 
THE INSTITUTION OF ELECTRICAL ENGINEERS 


Journal of The Institution—Monthly 


Proceedings of The Institution 
Part A (Power Engineering)—Alternate Months 
Part B (Electronic and Communication Engineering—including Radio Engineering)—Alternate 
Months 
Part C (Institution Monographs)—In collected form twice a year 


Special Issues 
VoL. 94 (1947) Part IIA (Convention on Automatic Regulators and Servomechanisms 
VoL. 94 (1947) Part IILA (Convention on Radiocommunication) 
VoL. 97 (1950) Part IA (Convention on Electric Railway Traction) 
VoL. 99 (1952) PART I[IA (Convention on the British Contribution to Television) 
VoL. 100 (1953) Part IIA (Symposium of Papers on Insulating Materials) 
Heaviside Centenary Volume (1950) 
Thermionic Valves: the First 50 years (1955) 
VoL. 103 (1956) PART B Supplements 1-3 (Convention on Digital-Computer Techniques) 
VoL. 103 (1956) ParT A Supplement 1 (Convention on Electrical Equipment for Aircraft) 
VoL. 104 (1957) Part B Supplement 4 (Symposium on the Transatlantic Telephone Cable) 
VoL. 104 (1957) Part B Supplements 5-7 (Convention on Ferrites) 
VoL. 105 (1958) Part B Supplement 8 (Symposium on Long-Distance Propagation above 30 Mc/s) 
VoL. 105 (1958) PART B Supplement 9 (Convention on Radio Aids to Aeronautical and Marine Navigation) 
VoL. 105 (1958) Part B Supplements 10-12 (International Convention on Microwave Valves) 
VoL. 106 (1959) Part A Supplement 2 (Convention on Thermonuclear Processes) 
VoL. 106 (1959) PART B Supplement 13 (Convention on Long-Distance Transmission by Waveguide) 
VoL. 106 (1959) Part B Supplement 14 (Convention on Stereophonic Sound Recording, Reproductionand 
Broadcasting) 
VoL. 106 (1959) Part C Supplement 1 (Position Control of Massive Objects) 
Science Abstracts 
Section A: Physics—Monthly. 


Section B: Electrical Engineering—Monthly. 
Cumulative Index. 


Prices of the above publications on application to the Secretary of The Institution, Savoy Place, W.C.2. 
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... from the largest... to the smallest 


The smallest resistor engineered by 
Expamet Cressall is approximately of 4 watts 
rating. Above this, almost any size and type 
of resistor or rheostat can be supplied. 

Such a service is unique and backed by 


* Wire wound resistors on porcelain unrivalled experience. Technical advice 


formers that can be pre-set 
by adjustable tapping bands to 
precise values. 


that makes full use of this unrivalled 


experience is freely available. 


EXPAMET and CRESSALL~¢go together all the way 


* These vitreous enamelled resistors 
are robust and capable of 
withstanding extremes in adverse 
conditions of operation. 


The Electrical Division of 
The Expanded Metal Company Ltd. 


LONDON OFFICE : Burwood House, Caxton Street, London, S.W.1. Telephone: ABBey 7766 
WORKS: Stranton Works, West Hartlepool. Tel: Hartlepools 5531 


The Cressall Manufacturing Company Ltd., Eclipse Works, Tower Street, Birmingham 19 
Telephone: Aston Cross 2666 1 
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60 channels per 
bayside... 


complete with carrier and 
power supplies 


SIEMENS EDISWAN new equipment construction (E.C.3) 
offers this space saving advantage as well as these 
other features: 


@® 120 channel bay from 2 independent mountable baysides 
bolted back-to-back 


@® Complete with carrier and power supplies and inbuilt 
outband signalling 


@ Plug-in units 


@ Fully transistorised; designed and built to C.C.I.T-.T. 
standards 


Complete and easy access to all components 


Uses standard 9 ft. by 204 in. bays, allowing immediate 
incorporation into existing station arrangements \ 


Station cabling terminates at each 6-channel block 


6—channel block 
(prewired and pretested) 


Fast and easy access 
for servicing 


Typical plug-in panel 


vast experience 


155 Charing Cross Road London WC2 GERrard 8660 


¥ 
Telecommunications Division 
Associated Electrical Industries Limited 


4@ 
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INDEX OF ADVERTISERS 


Firm page Firm page 
ola Products Ltd. XXX Marconi Instruments Ltd. xii 
nec Ltd. Marconi Wireless Telegraph Ltd. XIV -+ Xxi 
W. G. Armstrong Whitworth Aircraft Ltd. Metropolitan Plastics Ltd. 
ow Electric Switches Ltd. vi M-O Valve Co. Ltd. XXxi 


Mullard Ltd. (Equipment) iii 
Mullard Ltd. (Components) 

Mullard Ltd. (Valves) 

Multicore Solders Ltd. XXVill 


ociated Electrical Industries Ltd. x, xiii, xxii, xxix, xxxiv 
omatic Telephone & Electric Co. Ltd. viii + ix 
ing and Lee Ltd. XVii 
okhirst Igranic Ltd. 


le Makers Association Newmarket Transistors Ltd. 


Rea Ltd. XXXii Newton Bros. (Derby) Ltd. XXX 
vhurst and Partner Ltd. Oliver Pell Control Ltd. 

1ovan Electrical Co. Ltd. a F ne 
ilier Condenser Co. Ltd. Six Philips Electrical Ltd. XXVIIL 
o Electronics Ltd. NY poesia dt (Swindon) vii + xviii 
tro Dynamic Construction Co. Ltd. iv oy ae ; 

3A Products Ltd. Racal Engi : 

: : k gineering Ltd. 
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manufacture of electrical components enables 


us to offer a wide range of products 
designed to meet with the many requirements 
of the electronic industry today. ~ 
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This fixed frequency oscillator is constructed on a standard 
octal base and encapsulated in epoxy resin. Slight tuning 
either side of the fundamental frequency is provided by 
means of an adjustable core. Output: 10 mw into a 600 ohm. 
load. Frequency: As required within the range 700-2,000 
c.p.s. sinusoidal. 


On the left is an astatic wound A.F. screened line transformer 
with the windings encapsulated in epoxy resin. The 
insulation of the ‘line’ winding provides isolation against 
voltages of 30 KV RMS. 
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SUMMARY 


The paper presents, as far as possible in non-mathematical language, 
he concepts of modes currently in use. 

Some of the concepts are modified or generalized and a unified 
lescription is obtained. The term ‘proper-mode’ is reserved for a 
ertain mathematical concept, which is usually concomitant with the 
oncept of the eigen function, whereas the term ‘quasi-mode’ is 
eserved for a field configuration which can be supported by a physic- 
lly realizable guiding structure. 

In the description given, the radiation field which must always 
iccompany a guided wave is viewed in a slightly novel light, and a 
ridge is constructed between the concept of modes guided in closed 
vaveguides and those guided by open structures. 

The paper concludes with a discussion on the existence of guided 
vaves, and it is demonstrated that the existence or non-existence of a 
node is entirely a matter of subjective opinion (implicit in the defini- 
ions). Nevertheless, it is shown that all quasi-modes are a physical 
eality and that they are useful in practical applications. 


(1) INTRODUCTION 

In an attempt to obtain a solution of a physical problem or 
© predict the behaviour of a physical system, one is led to 
combine the rigorous step involving a mathematical analysis 
vith what could be called, philosophically, a weak link in the 
hain of the reasoning. A code for the translation of the 
yhysical attributes of the system into mathematical language is 
he weak link. 

This translation can be carried out in an infinite variety of 
ways, and the mathematical methods employed subsequently in 
he analysis will differ accordingly, but provided that the code 
shosen (a set of definitions and concepts describing the physical 
yhenomena) is correct, the physical interpretation of the results 
will, of necessity, be identical, though the labour involved in 
ybtaining the results will probably be vastly different for different 
-odes. 

Thus, even if the inadmissible (logically or physically incorrect) 
nethods of translation are excluded, one is still left with a 
jumber of possible approaches. The matter is further compli- 
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cated by the fact that in most cases it is impossible to establish 
rigorously the correctness (or exactness) of a translation. Even 
if it were possible, a choice would still have to be made out of a 
number of concomitant concepts and definitions. At this point 
the guiding principle must be: which is the simplest and most 
useful approach? 

For example, the concept of eigen functions is mathematically 
useful, frequently employed in various branches of theoretical 
physics, and its particularization in terms of modes is well known 
to those versed in waveguides. Nevertheless, in many practical 
applications it is useless and frequently does not lead to a clear 
physical picture capable of direct interpretation. The very 
question of the existence of such modes is difficult, if not impos- 
sible, to answer. 

A question of practical interest requiring an answer is: can 
information be transmitted along a waveguide of a given struc- 
ture in such a way that the power in the wave simply decays 
exponentially with the distance along the waveguide? More 
particularly, are there any waves whose field quantities vary with 
distance, z, as € ‘? where y is the complex propagation coeffi- 
cient? The answer is yes, and modes of the type fx(x,, x2)e7 Y*? 
(hereinafter called the quasi-mode), where « denotes the order 
of the mode and x;, x» are the co-ordinates in the transverse 
plane, are useful in describing many physical fields, and a direct 
physical interpretation of such modes can be visualized, since 
every single one of them is a solution to the problem. In 
contrast, proper modes, unless combined in the right proportion, 
are not, on their own, solutions to physical problems. 

Formally, in a source-free cylindrical region consisting of free 
space (or a perfect homogeneous and isotropic medium), the 
electromagnetic field is given by the solution of the wave equation 


iC WA SES i 6 


where ¢ is the wave function, ky = 27/Ao, the free-space 
wave number, and V? is the Laplacian operator (operating on 
co-ordinates x,, x2 and x3). 

The region is bounded by a surface (or surfaces) on which the 
electromagnetic field is required to assume some prescribed 
values. 
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Conventionally, ¢ is expanded in a series of some suitable set 
of orthogonal functions, and in principle the coefficients of this 
expansion are determinable by imposing the boundary condition 
on the surface. The problem is thus solved. 

If the region is filled with a heterogeneous medium, the solu- 
tion is obtained by splitting the regions into homogeneous sub- 
regions, obtaining a solution in each sub-region and matching 
the solutions across the dividing boundaries. Similarly, if the 
region is filled with an anisotropic medium, a rigorous solution is, 
in principle, again possible. 

When dealing with practical problems, however, the satis- 
faction derived from being able to show that a rigorous solution 
is, in principle, obtainable is of little assistance, and in most cases 
the analytical and computational difficulties are insurmount- 
able. What is even of greater importance to a physicist, and 
more so to an engineer, is that the rigorous approach is frequently 
devoid of the physical picture and does not lead to an intuitive 
understanding of the distribution of power flux, field intensity, 
lines of force, etc., i.e. all the tangible or semitangible attributes 
that can be imagined or measured. 

It is, then, to help in forming the physical picture, and possibly 
to ease the solution of physical problems, that various concepts 
are introduced. These concepts, in general, are of utility in a 
limited class of problems and naturally cannot assist in the 
solution of all the problems. 

Concepts are chiefly a matter of definition and cannot be 
proved or disproved. Also it is possible to start from two 
different concepts and arrive at the same quantitative result. 
Nevertheless, some concepts (operating in a given class) lead 
more quickly and more easily to the required result than do 
others. Again, from several co-existent definitions, one may be 
more general, or appear more appropriate, than the others, and 
yet be more cumbersome to apply. The question is not whether 
a definition or a concept is right or wrong, but how useful it 
is. This, however, is to a large extent a subjective measure and 
frequently has less to do with science than with engineering. 


(2) SOME BASIC CONCEPTS 


The variety of known waveguides can, according to their 
geometry, be broadly classified into uniform or cylindrical 
structures and non-uniform structures. They can be further 
sub-divided into closed and open guiding systems: the coaxial 
cable and hollow metal waveguides are examples of the former, 
while the twin-wire transmission line, the dielectric-rod wave- 
guide and the single-wire transmission line are examples of the 
latter. When necessary, waveguides are further described by 
their cross-sectional geometry, e.g. linear, rectangular, circular 
etc. 

The above are the geometrical attributes of the waveguide. 
The physical properties of the contained medium and the wave- 
guide boundaries are its physical attributes. Thus, the medium 
filling the waveguide can be homogeneous or heterogeneous, 
isotropic or anisotropic, loss-free or perfect, etc., and similar 
adjectives could be applied in the description of the physical 
state of the waveguide surface. 


(3) CLOSED WAVEGUIDES 
(3.1) The Ideal Waveguide 


If the bounding surface is perfectly conducting, the boundary 
condition to be imposed on the wave function, ¢, can be of 
two types, leading to two distinct types of field: 


Electric, resulting in E/TM fields: 
[gs=0 GxEy. eee 


Magnetic, resulting in H/TE fields: 


og 
Ra —()) Ye H) . . . . (3) 


If the equation to the boundary is of the type x; = a constant, 
xX» =a constant, etc., in some suitable co-ordinate system, the 
eigen functions appropriate to that co-ordinate system are 
referred to as the proper-modes of the waveguide. Each mode 
on its own is then a solution to the problem and may be repre- 


sented by 
P(x}, X2,Z) = P(x, X2)yh3(z) : (4). 
uss(z) = exp [j(wt + Bz), © eee 


B = axial propagation coefficient, z = axial co-ordinate and 
the function y% is the solution to the two-dimensional wave 


equation* 
V3 tet =0. .. an 
= P+ po. 


h is the cut-off coefficient. 
In a separable system of co-ordinates} the function may be 


put in the form 
(x4, X>) = (x1) is bo(X>) S : * ¥ (8) 


where %, and y are called the circumferential and radial 
functions of circumferential (x,) and radial (xz) co-ordinates 
respectively. 

The eigen values (wave numbers), H,,,,. form a doubly infinite 
but discrete set of values determined by the boundary conditions. 
To each and every value k,,,, there corresponds one (in a non- 
degenerate case, or several in a degenerate case) distinct eigen 
function, %,, whose nature is determined by the co-ordinate 
system chosen. 

Evidently, if /j,<k, then 6 is a pure real number and we 
are dealing either with a propagating mode, M,,,,,, or a standing 
wave (as in a resonator), M,,,,;, where M stands for TM (or B) 
or TE (or H) as the case may be. For h,,,>k, 6 becomes an 
imaginary number and the mode an evanescent mode, denoted 
by Minx: 

In a similar manner, depending on the value of the wave- 
numbers, the function %,(x,), apart from being a constant, could 
be oscillatory or evanescent. Analogous remarks would apply 
to bo(X). 

Any mode that is evanescent in one of its co-ordinates is a 
form of surface wave. Thus M,,. represents an axial surface 
wave, whereas M,,,¢ x represents a radial variety of it. A surface 
wave need not be a travelling wave. For example, TMox» 
(or Eoxm) in circular co-ordinates represents a mode in the 
surface-wave resonator resulting from resonating the TMoxe 
(or Epox @) Mode, a mode supported for example by a single-wire 
transmission line. Further, TEo;x (or Ho;x), in rectangular 
co-ordinates, can be looked upon as a resonant radial surface 
wave which results from resonating the TEpex (or Hoe x) 
mode, or as a mode resulting from operating the conventional 
rectangular waveguide excited in TEo;¢ (or Ho; e) below cut-off. 

By definition, the wave function of an axial surface wave 


b = W(xpbo(x eH? . 2 2 2 . G 
must have the asymptotic form 


b = wy (xpe—ve I . 


where 


(10) 


* vz denotes the two-dimensional Laplacian operator in the plane normal to the 
waveguide axis, z. 

+ This is a restriction made here for convenience, but it does not affect the general 
argument or our conclusions. 
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where r is the distance measured away from the surface (or 
surfaces) called the guiding surface, and a is the decay co-efficient 
(a positive real number). 

The wave numbers are connected by 


R=p—a. (11) 


For simplicity, the suffixes m, n, * or e associated with 
us, k, B, etc., will be omitted unless their retention is necessary 
to avoid ambiguity. Similarly, when there is no chance of 
confusion, the superscript (e) or (A) [as in $©, b, or AM, etc.] 
necessary to differentiate between quantities belonging to E and 
H modes respectively, will usually be omitted. 

In a perfect waveguide any one of the proper modes could, 
given suitable terminal conditions, exist on its own. On the 
other hand, a number of proper-modes could propagate simul- 
taneously along a waveguide and the proportion of each mode 
in the total field would be determined by the terminal conditions, 
but such a combination of proper-modes would not in turn be 
called a mode unless all the modes involved were degenerate. 
Tn the latter case, a useful meaning could be attached to such a 
field, since all the proper-modes involved have identical wave 
numbers, wavelengths, velocities, etc.; furthermore, the field 
distribution of a combination of degenerate modes is constant 
irrespective of the value of z and is determined entirely by the 
proportion of the modes involved.* 


(3.2) Imperfect Homogeneous Boundaries 


_ With imperfect (physical) waveguides, owing to radiation 
losses, losses in the boundary, etc., the cut-off coefficient, h, is 
no longer real but is usually a complex number, and consequently 
the propagation coefficient, 8, also becomes complex. 

In such waveguides, pure modes cannot exist and the distinc- 
tion between propagating and evanescent modes is no longer 
clear, but with certain restrictions, provided the losses are 
reasonably small, the above classification into modes is still a 
useful one. More particularly, a proper-mode which could 
exist in a perfect waveguide becomes in an imperfect waveguide 
‘of necessity accompanied by other modes, so that the field is now 
representable by i 


N 
Me =z Mo + Dy TM; + TRRO 5 (12) 
i=1 
where the finite summation extends over all relevant discrete 
‘modes and R™ denotes the radiation field. 
A useful quantity describing the purity of a mode, M, is the 
purity quotient, Qj,;, defined by 


Pu 
Pr 


| Pal 
|Py + Py| 


where Py, is the complex energy flow associated with the investi- 
gated mode, and Py is the complex energy flow associated with 
all the remaining modes, including the radiation field. 

It is now clear that, unless the purity quotient is high (all 
7-values small), the whole concept of modes is of little assistance 
in forming a physical picture. Moreover, in such a case, the 
solution obtained for an imperfect waveguide by perturbation 
of the solution for a perfect waveguide is inaccurate and a 
rigorous solution with all its disadvantages must be sought. 

The most common waveguide is formed by a metallic tube of 
constant cross-section. Strictly speaking, therefore, since the 
conductivity o is finite, the energy of the guided wave cannot be 
confined entirely to the inside of the pipe, but will be partly 
guided within the metal wall and partly outside the pipe. 
Furthermore, to satisfy launching conditions, it is necessary to 


* Examples: Ho; (TEo1) and Ey; (TM) in a circular waveguide, or E;; (TMy1) 
and Hy, (TE;,) in a rectangular waveguide, etc, 


Qu = 


x 100%. (13) 


introduce the radiation field, and for this reason the total field 
cannot be a pure mode, but is describable by eqn. (12). 

The solution to the general problem is of extreme complexity, 
but, since practical waveguides take the form of metallic pipes 
and the conductivity of metals is invariably a very large quantity 
(hence the skin depth is very small), it is permissible to neglect 
the field outside the pipe and replace the pipe by an imaginary 
boundary having a surface impedance Z, ( |Z, | <1). The solution 
can then be simply obtained by perturbation of the solution for 
a perfect waveguide. 

Modes which can exist in a perfect waveguide become quasi- 
modes in an imperfect waveguide (and then only if such solution 
is permissible), but in most practical cases the quasi-modes 
differ very little from pure modes and the slight change in the 
phase velocity and the appearance of the attenuation coefficient 
are the more important features. It must nevertheless be 
remembered that the modes are not pure but are accompanied by 
other modes whose intensities are of the order of |Z,| as regards 
voltage. 


(4) OPEN STRUCTURES 
(4.1) General 


In contrast to closed waveguides, where any field can be 
expanded in a discrete spectrum of proper-modes, the set of 
proper-modes appropriate for an open structure is not complete 
and the expansion must, in general, be supplemented by the 
radiation field. 

This distinction between the two types of perfect guiding 
structures, coaxial and waveguide on the one hand, and twin- 
wire transmission and surface waveguides on the other, is 
rigorous and mathematically describable in strict terms and is of 
extreme importance in the classification of waves and the under- 
standing of the whole subject of guided waves. 

When dealing with imperfect waveguides, i.e. all physical 
ones, this distinction is not so obvious, and, in fact, rigorous 
mathematics will not help us. For, in the case of ‘closed’ 
waveguides as well as in the case of open ones, the description 
of the field in terms of proper-modes is not complete and the 
radiation field must be brought in. 

However, even an approximate physical picture is better than 
none, and to that end, as with surface waves, we shall extend the 
concept of modes to cover the quasi-modes, which, as discussed 
above (if admissible in the solution of! the problem), differ from 
the proper modes, and the appearance of the attenuation coeffi- 
cient is the most important characteristic. The radiation field 
will be neglected and brought into the picture only where circum- 
stances call for it. 


(4.2) Surface Waves 


It is evident from the form of the wave function of a surface 
wave [eqns. (9) and (10)] that for finite values of the decay 
coefficient, a, neither the wave function, %, nor its derivative 
d%/dn can be made to disappear on the surface of the waveguide 
(x, =aconstant). On the contrary, for example, with TM (or E) 
waves (where yw oc E,), the E, component over the surface 
of the waveguide must be of the order of Z,, the surface imped- 
ance of the guiding surface, and since loss-free structures are 
being considered it is necessary that Z, = jX,, a pure imaginary. 

Physical waveguides, however, are lossy, and therefore Z, is 
of necessity complex (Z, = R, + jX,), leading to perturbed 


wave numbers which are connected by 
B= —-y? — wv (14) 


where y = a + j8 = propagation coefficient 
u =a — jb = decay coefficient 


and the mode becomes, by our definition, a quasi-mode. 
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Again, if the quasi-mode is to resemble the proper-mode, Z, 
must be small and therefore a and b must be small (|u|<ko). 
The attenuation, «, and the phase propagation coefficient, f, 
are then simply given by 


ab 
= ko (15) 
B =ko(1 + te) (16) 


ee) 

with pat Be = +@) (17) 
The radial propagation elk u, which here replaces the 
cut-off coefficient, h, of closed waveguides, is a function of Z, 
and the waveguide geometry. In a similar manner, as in the 
case of closed waveguides, h is a function of Z, and the waveguide 
geometry. 

Thus, for plane surface waves we simply have* 


a= koX; 
b = koR; : 
a = koR,X, (19) 


B = ko[l + 4(X? — R} + XPR2)] - (20) 


Here, as with closed waveguides, the proper-modes exist only 
in a mathematical sense, but quasi-modes have their physical 
interpretation. 


(18) 


so that 


and 


(5) LAUNCHING AND EXISTENCE OF MODES 


(5.1) General 


The concept of existence is entirely subjective, and in the 
mathematical as in the physical sense it cannot be derived from 
the definitions. 

In an ideal or mathematical waveguide, a mode would be said 
to exist in a given field if, in the expansion into modes of the 
type shown in eqn. (12), the coefficient multiplying the mode 
sought was a finite quantity. 

This definition, unfortunately, is not unique, because there is 
an infinite number of ways in which a field could be expanded 
and consequently a particular way of expansion must be chosen, 
i.e. in proper-modes. 

With this definition, however, an immediate difficulty arises 
with open waveguides, since the proper-modes do not form a 
complete set. The difficulty can be circumvented by the intro- 
duction of the radiation field in addition to the proper-modes, 
and orthogonal with them. This is a possible and, mathe- 
matically, a permissible approach, yet philosophically it can lead 
to enormous difficulties, particularly if an extension to cover 
physical waveguides is attempted. Alternatively, we can resign 
ourselves to dealing with an incomplete set of functions and deal 
with problems where such a procedure is ‘permissible; this 
procedure is preferred here. 


(5.2) Possible Existence of Modes on Homogeneous and Quasi- 
homogeneous Structures 


When dealing with closed waveguides, the purity quotient 
of a mode [egn. (13)] is not only an indication of its existence 
but is also a quantitative measure of the proportion of the 
mode in the total field. Further, under quasi-static conditions 
the purity quotient must be a constant quantity independent of 
the axial co-ordinate, z, if a useful concept of a mode is to be 
preserved. 

Every one of the proper-modes is, by definition, a solution 
to an ideal (a mathematical) waveguide, but not every quasi- 


* Note that Z, is surface impedance normalized with respect to Zo (377 ohms). 
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mode corresponding to each of the proper modes is a physical — 
possibility. Thus, for example, the TE,; (H,,;) mode is a 
possible solution in a mathematical waveguide, but the quasi- 
TE,; (Hj,) mode does not exist: on the other hand, the longi- 
tudinal section wave* (EH), is possible in a mathematical and 
in a physical sense. 

Such situations frequently arise; in fact, whenever an ideal 
waveguide capable of supporting simultaneously two or more 
degenerate modes is perturbed in one of its aspects, e.g. by slight _ 
bending, wave combinations which, by definition, were per- | 
missible in an ideal waveguide, may often not be admissible and 
may not be called quasi-modes. : 

The physical reason for this peculiarity is that, although in an ~ 
ideal waveguide capable of supporting say two modes, M, and | 
M,, the combination solution (M, + 7M), where 7 has any 
value, is also possible, yet, if the waveguide is perturbed in some 
uniform manner, the resulting waveguide will be capable of | 
supporting the quasi-mode, M, + 7M, only for certain definite 
values of 7 determined by the nature of the perturbation. Such | 
and only such a mode combination would have a purity quotient 
of nearly 100%, and this value would be independent of the value 
of the co-ordinate z despite the fact that the mode would suffer an — 
attenuation. 

Suppose, now, that the wall of the waveguide is corrugated | 
or is endowed with some other suitable periodic property and 
that the period of the quasi-homogeneous structure is very small | 
in comparison with the wavelength of the electromagnetic dis- | 
turbance to be transmitted. It is then permissible to regard the © 
waveguide as if it were homogeneous, of anisotropic surface ~ 
impedance Z, having a value determined by the state of the | 
surface. The modes supported by such a waveguide are then - 
very nearly the modes possible in an imperfect waveguide whose 
surface impedance has the value Z,, save for a slight deteriora- — 
tion in the purity quotient. For a wave supported on a periodic 
structure is, by Floquet’s theorem, of necessity accompanied by © 
an infinite series (though discrete and related to the pitch of the. 
structure) of space harmonics. If the pitch of the periodic 
structure is much smaller than the wavelength, the energy stored 
in the space harmonics is small in comparison with the power 
carried by the quasi-mode and consequently the purity quotient 
is high. As the pitch of the periodic structure increases, the 
purity quotient becomes smaller until eventually the wave 
structure bears no resemblance to the proper-mode from which - 
it was derived. . 

In this classification no apology is made for applying the same 
approach to open structures and resonant lines. Thus, with 
surface-wave waveguides, if the wave exists when supported by” 
a coated conductor, then it also must exist over any other guide 
(e.g. corrugated, a dielectric rod, etc.) having the same surface 
impedance as the coated conductor, since the nature of the wave 
is determined by the waveguide geometry and the value of Z,. 

Admittedly, we realize that, if a TMgx (Epx) surface wave is 
guided on a corrugated waveguide, it cannot be in its pure form 
but must be accompanied by the space harmonics. Notwith- 
standing this, the purity quotient} will be high and the quasi 
mode can be said to exist. 

Furthermore, if a length of periodic surface-wave waveguide 
is short-circuited to form a resonator, the quasi-mode will still 
exist in the sense discussed. This again is permissible, despite 
the fact that if the system were loss-free it would radiate, the 
justification being that, if the pitch is small in comparison with 


* A longitudinal section wave is a wave combination of E(TH) and H(TM) modes 
of the same order, such that one of the transverse field components is absent. | 
} With open structures, the purity quotient should be evaluated over an infinite 
area transverse to the axis of the waveguide. However, since the wave is evanescent 
over the wavefront, it is permissible and more convenient to evaluate the purity 
quotient over a finite area extending sufficiently far to include, say, 99-9% of the 

power in the surface wave; the exact choice of the size of this area is not critical. 


briefly as follows. 
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: the wavelength, the power lost by radiation need not be greater 
| than the ohmic loss in the structure, a small quantity. 


Examples of other quasi-homogeneous structures are given 


by waveguides filled with laminar media where the laminar 
_ thickness is much smaller than the wavelength. 


(5.3) Launching of Modes 
Although a given structure may be capable of supporting a 


_ mode (a proper-mode in an ideal waveguide and a quasi-mode 
in a physical waveguide), the question of existence still remains 


unanswered. Clearly, if a field approximating to that of the 
investigated mode could be created over the entire cross-section 
of a suitable waveguide using a suitable antenna system, then the 
problem of existence would be resolved. The question now 
arising is: how well must the antenna field resemble the mode in 
question, and is it physically possible to construct a suitable 
antenna? In the case of closed ideal waveguides the question 
can be answered on a rigorous mathematical basis, and it 


_ transpires that all proper-modes can be launched, even from a 


point source, provided that it is placed and polarized suitably 


| (this can be decided from geometrical considerations). The deter- 


mination for a given antenna of the purity quotient and the 
proportion of each of the propagating modes in the total field 


_may, however, be a matter of lengthy mathematical manipula- 
| tion. 


In principle, it can be done. 
With imperfect waveguides, however, the mathematical com- 


plexity becomes immense, and no solution is yet known. More- 


over, it is very unlikely that a rigorous mathematical solution to 
the problem of launching waves in imperfect guides will be 
forthcoming in the near future. 

The mathematical aspects of this problem can be sketched 
The solution for the field launched from an 
antenna is made up from integrals, each evaluated in the complex 
plane of the propagation coefficient, y. In this complex plane, 
there are distributed branch points and a large number of poles. 


_ Bach of the integrals involved is a sum of branch-cut integrals 


_ @epresenting the radiation field) and the pole residues (repre- 


senting the possible quasi-modes). Thus, if the coefficients of 


| the expansion could be determined, a useful meaning could be 
_ attached to a theoretical value of the purity quotient and the 
_ question of existence settled in a philosophically satisfactory 
_ manner. 


But the solution would normally be obtained by 
developing the closed-form expression into an asymptotic series, 


‘and asymptotic series are not unique in the sense that any 
_ function proportional to e—* (a real, r = distance from the 
| antenna) could be added to or subtracted from the solution. 
| Since all quasi-modes contain such an exponential factor, the 
_ method of asymptotic series, though useful for determining the 
_ radiation field, is of little assistance in a rigorous determination 


of the purity quotient. 
Similar remarks would apply to an open guiding structure, 


but here the proportion of the radiation field in the total field is 


considerably larger. The difference is only quantitative and not 


qualitative. 


The difference between an open and a closed waveguide 


becomes apparent, however, in the limit, when dealing with 


perfect waveguides. A perfect closed waveguide excited at a 


_ frequency above the cut-off of the lowest-order mode, but below 
_ the cut-off of the next higher-order mode, will transmit the 


lowest-order mode with a 100° purity quotient. On the other 
hand, a perfect surface-wave waveguide cannot carry a 100% 
pure surface-wave mode, because of the contamination by the 
radiation field. 

Physical waveguides are, however, lossy and therefore all 
Waveguides, whether closed or open, support a quasi-mode 
contaminated by the radiation field. Consequently, if launching 
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Fig. 1.—The purity quotient as a function of distance from the launch- 
ing aperture, in the presence of a radiation field. 


It is assumed that power in the guided mode is proportional to «7, and power in 
the radiation field, to z—2. 


Constants of the guiding structure: 


Qo = launching purity quotient = 10. 
a« = 0:1 neper/m. 


conditions are to be considered, the purity quotient (Fig. 1) 
becomes a function of distance, since the radiation field is propor- 
tional to z~2 and the guided mode is proportional to e—%, and 
the conventional concept of modes is of little significance. For 
this reason, when discussing waveguide modes, the radiation 
field will be neglected, and only when special circumstances call 
for it will it be brought back into the picture. 


(6) A NOTE ON CLASSIFICATION OF SURFACE 
WAVES 


Conventional closed waveguides have now been studied for 
quite a long time, and, if the conventional nomenclature is 
qualified by the remarks in the previous Sections, a satisfactory 
though approximate classification results. 

To arrive at a satisfactory definition and classification of 
surface waves it is convenient (Section 5.3) to neglect the radia- 
tion field (i.e. to assume that the surface wave can be launched, 
and only if necessary to investigate later if this is indeed 
possible) and start with the definition of proper-modes on loss- 
free structures. The definition can subsequently be extended to 
cover the quasi-modes. 

Basically, as with the modes in the closed waveguides, surface 
waves can be subdivided into TM (or E) and TE (or H) modes 
as well as the hybrid waves (EH modes), and all waves can be 
classified according to the geometry of the co-ordinate system 
employed in relation to the shape of the guiding surface. 

The basic characteristic in common with all surface waves is 
that they are evanescent over the wavefront; they are therefore 
of the form M,,.e@. The TMox e (or Eox e) is the most common 
type of surface wave and its wave function has the asymptotic 


form 
fb = oy(xe-ve J = E, (17) 


The TE9x@ (or Hox) mode is also possible on cylindrical 
structures, but the TMoxe (or Eoxe) is the principal mode, 
having no low-frequency cut-off. 

All the remaining higher-order modes can usually exist only in 
the hybrid form (EH),, x @- 

A surface wave can only be supported by reactive surfaces, 
Z, = jX, (X, must be a finite positive number), and the relation 
between the coefficients are given by eqns. (11)-(16). The 
quantity Z, must be homogeneous or quasi-homogeneous. 
Heterogeneous surfaces cannot support waves as defined here, 
but terms of the type ‘leaky surface waves’ and ‘quasi-trapped 
surface waves’ may be useful descriptions. 

Examples.—(a) A wave guided over a plane inductive homo- 
geneous or quasi-homogeneous sheet is a plane surface wave 
(a proper mode), the TMox e (or Egxe) mode. Irrespective of 


90 KARBOWIAK: 


whether the guide is a dielectric-coated surface, a corrugated 
surface (quasi-homogeneous), a dielectric slab, etc., the mode 
supported would be identical in all cases, and the extent of the 
field would also be the same provided that the Z, values were 
identical. 

If the structure is lossy, a quasi-mode results. The particular 
mode supported on a surface for which R,>X, is called a 
Zenneck wave, but whether the guiding structure is a conducting 
half-space, or lossy dielectric coating over a conducting plane 
or any other structure is entirely immaterial, since the 
values of the propagation coefficients that determine the nature 
of the Zenneck wave are entirely determined by the magnitude 
and the proportion of R, and X,, irrespective of what the actual 
physical structure of the waveguide happens to be. 

(b) A wave supported by a circular cylindrical inductive sur- 
face is a circular axial surface wave, the TMox e (or Egx @) mode. 

Remarks similar to those in (a) about the surface impe- 
dance are also applicable here. The quasi-mode supported on 
a surface for which R, = X, (a metallic surface) is called the 
Sommerfeld wave. A wave supported on a dielectric-coated 
waveguide is called the Harms wave, an unnecessary distinction 
since the wave is no different from that supported on a dielectric 
rod, a corrugated rod, etc., having the same value of Z,. 

(c) A wave supported on a helical waveguide is a hybrid 
wave (EH) x e- 

(d) A ‘dipole mode’ supported on a dielectric rod is an example 
of another hybrid mode, an (EH), x @ mode. 

The radial surface waves have the general form M,,¢ x, indi- 
cating that the wave is propagating in the radial direction and 
is evanescent in the axial direction. 

Further terms could be coined to order, but the use of the 
clumsy nomenclature can be avoided if the index notation is 
accepted and adhered to, as is customary with closed waveguides. 


(7) CONCLUSION 


Various concepts of modes have been discussed. Their 
usefulness in describing electromagnetic waves in physical and 
idealized waveguides has been analysed and some novel con- 
cepts have been introduced. 

It transpires that there is an infinite variety of ways in which 
modes could be defined, but the more important findings are as 
follows: 

(a) Proper-modes are modes appropriate for a perfect wave- 
guide, which is a mathematical concept of a loss-free waveguide. 
Such modes do not exist, but they are useful in some applica- 
tions involving short lengths of guide. With closed waveguides 
they form a complete set, but with open structures the infinite 
set of proper modes must be supplemented by a continuous 
spectrum called the radiation field. 

(6) Quasi-modes are fields whose intensities decrease with the 
axial distance z as exp —(yz), where y is the propagation coeffi- 
cient of the mode. They are extremely useful in descriptions of 
physical fields and many physical fields approximate to quasi- 
modes very closely indeed, but strictly speaking quasi-modes do 
not exist in a pure form and the set of modes is incomplete and 
should be supplemented by the radiation field, whether the wave- 
guide be open or closed. 
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(c) With physically realizable waveguides there is associated 
a field configuration that changes with the axial distance z. 
With many physical waveguides, however, over a certain finite 
range of the axial distance of interest in applications, the field 
resembles very closely a quasi-mode, and hence the importance 
of the concept of the quasi-mode. Such quasi-modes are said 
to exist. Others, on the other hand, cannot be obtained in a 
sufficiently pure form over any finite range, and such modes must 
be classified as physically non-existent in the sense that the 
amplitude of the mode in the total field is insignificantly small. 

The radiation field in waveguide problems has been put in its 
proper perspective and discussed at length. It transpires that 
with all physically realizable waveguides, the radiation field 
dominates at large distances from the source, but over moderate 
distances quasi-modes retain their significance. 

Surface waves have been-discussed in some detail, particularly 
because many of the less obvious characteristics of guided waves 
are brought into better light through the study of these waves. 

The discussion has been concluded by a classification of waves 
in terms of the modified and unified index notation, which helps — 
to put the closed and open guiding systems on a more har- 
monious basis. 
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SOME COMMENTS ON QUASI-OPTICAL METHODS AT MILLIMETRE WAVELENGTHS 


By L. Lewin, Associate Member. 


(Summary of a contribution which was read before the ELECTRONICS AND COMMUNICATIONS SECTION, 2nd November, 1959) 


At wavelengths less than about Icm, and particularly at the 
shorter millimetric wavelengths, the usual rectangular wave- 
guide methods of transmission and component design become 

| more and more impracticable, owing to the very small dimensions 
_and increasing attenuation. For example, at a wavelength of 
4 mm the recommended size of guide aperture is 0:06lin x 
/0:122in and in copper this leads to attenuation of the order of 
3dB/m. At wavelengths of 8cm many components require 
designs involving tolerances of the order of a few mils, and it is 
obvious that it is impracticable to scale these designs down by a 
factor of 20 or more. If the lower end of the microwave region 
‘is to be fully exploited, a transmission medium must be devised 
of sufficiently low loss and adequate dimensions for practical use. 
| The name ‘quasi-optical’ has been given to the field in which 
‘energy produced in a small waveguide is radiated and then 
‘acted upon by such ‘optical’ elements as prisms, lenses, gratings, 
etc. Strictly speaking, such methods are not so much quasi- 
. optical as genuinely optical techniques utilized in an unsuitable 


Mr. Lewin is with Standard Telecommunication Laboratories, Ltd. 


region where, because of the small size of apertures in terms of 
wavelength, diffraction effects predominate. Many difficulties 
have been met from this cause, and what is sought here is a 
technique which is truly intermediate between the current 
waveguide and orthodox optical methods, and which lends itself 
readily to component design and manufacture. 

Six categories of transmission are evaluated, determined by 
whether, in each of the two directions defining a cross-section 
perpendicular to the direction of propagation, one, several, or 
an infinite number of modes can propagate. Of these six 
categories the over-moded square or circular waveguide operated 
in the dominant mode is preferred. 

Some suggestions are made for a number of components in 
this medium. The generation of spurious higher-order modes 
is a problem. For a square guide whose side is only 4A long, 
a right-angle corner with a 45° mirror at the corner had a measured 
loss to the main mode of about dB. Methods of accurately 
measuring and controlling spurious modes have yet to be 
developed. 


: DISCUSSION ON THE ABOVE PAPER AND CONTRIBUTION BEFORE THE ELECTRONICS AND 
| COMMUNICATIONS SECTION, 2ND NOVEMBER, 1959 


| Professor H. E. M. Barlow: Dr. Karbowiak has made the 
problem of distinguishing different waveguide modes rather more 
| difficult than it need be, and his insistence upon the term ‘quasi’ 
‘does not help. Some of the wave configurations he includes as 
‘so-called quasi-modes are, in fact, proper-modes, and I cannot 
see why in those cases he adopts the nomenclature suggested. 
‘For example, in a circular-section guide we can have any of 
‘the Ho, or Eo, families of wave modes and they are suitably 
described as proper-modes because each can exist in a guide of 
finite wall impedance without any other modes being present at 
the same time. Moreover, surface waves supported by lossy 
‘surfaces which are straight in the direction of propagation are 
‘also proper-modes. These are all cases in which we can obtain 
a modal solution to the Maxwell equations complete in itself and 
satisfying the boundary conditions, so that there seems no point 
in introducing the term quasi-mode. 

There are, of course, other cases-in-which we do not find this 
‘simplicity, e.g. modes in rectangular waveguides or those in 
‘circular waveguides other than the Hp, and Eo, families, where 
a finite surface impedance requires that additional modes should 
be present at the same time, causing contamination and pro- 
ducing a resultant field pattern which may be properly described 
/as a quasi-mode. But I feel that we should reserve this term 
quasi-mode for what can be legitimately regarded as perturba- 
tions of the corresponding proper-modes, and in this way we 
would meet most of the difficulties to which attention has been 
‘drawn. For example, the well-known TEM mode has, in fact, 
no real existence, because any actual guiding structure must have 
a finite surface impedance, introducing a longitudinal component 
of the electric field, but we do not as a rule call this a quasi- 
TEM mode. We accept the fact that our definition is based on 
an ideal system and I feel sure this is the right approach, enabling 
us to deal with the matter in the simplest possible way. 

Having defined our modes in terms of idealistic conditions, 
we can then recognize the practical situation as introducing 
certain modifying influences resulting in the creation in some 
cases of impure or quasi-modes, still having the general character 


of the basic proper-mode. These proper-modes really represent 
a mathematical concept, and the difficulty lies in reconciling this 
concept with the physical situation. In accepting the mathe- 
matical definition of a proper-mode we are doing the best we 
can in the circumstances, and it does little harm to acknowledge 
a slight departure from the ideal conditions to encompass the 
requirements of a practical system, provided that we recognize 
and understand what is happening. Dr. Karbowiak would thus 
do well to review some of his mode classifications and take into 
account more specifically our traditional approach to this 
problem. 

I am not clear on what ground Mr. Lewin chooses the square- 
and circular-section guides in the dominant modes. These 
guides obviously have many advantages, but they also have their 
disadvantages, and I should like to know more about the reasons 
for his conclusion. There seems quite a good case for the single- 
wire transmission line in certain applications, and the reluctance 
to adopt it as a practical waveguide is unjustifiable. Calculation 
and experiment show that a single bare copper wire of about 
36s.w.g. supporting a 35 Gc/s surface wave has an attenuation 
of 1dB/m in a straight length. At 70Gc/s the attenuation 
rises to about 14dB/m, but this performance compares very 
favourably with some of the other waveguides to which Mr. 
Lewin refers. It is true that the surface wave has a tendency 
to radiate at a bend, but much can be done to avoid this by 
coating the wire with a thin layer of dielectric. Even with a 
bare copper wire the field decays rapidly outside the surface, 
falling to about 1/50th of its surface value at a radius of $cm. 
A very large proportion of the power is therefore transmitted 
close to the surface of the conductor. Experiment shows that 
we can bend a dielectric-coated wire without adding significantly 
to the attenuation or altering the electrical length. The wave- 
guide itself could not be simpler, and a surface wave can be 
readily launched over it by a horn extending from a short length 
of coaxial line coupled to the rectangular waveguide supply. I 
therefore suggest that the single-wire transmission line is worthy 
of careful consideration for some millimetre-wave applications. 
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Dr. J. Brown: Any new concept or definition should either 
simplify the existing treatment of a subject or clarify some point 
of difficulty; I see no essential difference between Dr. Kar- 
bowiak’s proper-modes and quasi-modes, and thus consider that 
the introduction of this subdivision is an unnecessary complica- 
tion which does nothing to further our understandiag of the 
subject. He defines a proper-mode as a field which satisfies 
Maxwell’s equations and the boundary conditions and which has 
a configuration of the type f(x, y)e_ 7 where x and y are trans- 
verse, and z axial, co-ordinates. It is unnecessary to restrict 
this definition to loss-free structures, and many examples exist 
of modes, defined in this way, in lossy structures. A simple 
case is a circular waveguide with walls of finite conductivity,* 
and a set of modes which satisfies the above definition exists 
for this structure. 

I cannot find a corresponding explicit definition for the quasi- 
mode in the paper. This concept is introduced by eqn. (12), 
which states that the field can be represented by a sum of quasi- 
modes and a radiation field. An extra complication is intro- 
duced in that attention is shifted from the question of whether 
modes in the sense of the above paragraph can exist to the 
representation of the field excited by a specific source. Will 
Dr. Karbowiak define a quasi-mode explicitly ? 

If the concepts of proper-modes and quasi-modes are both 
essential, there must be significant differences between the two. 
Three possible differences mentioned in the paper are 

(a) There is a clear-cut distinction between propagation and 
evanescence for proper-modes but not for quasi-modes. 

(6) The transverse field functions for proper-modes form a com- 
plete set of functions, but those for quasi-modes do not. 

(c) Proper-modes can exist as single entities but quasi-modes 
cannot. 


These three distinctions do not, in fact, seem to be established 
because 


(a) A radially expanding cylindrical wave, such as could exist 
in a sectoral horn, satisfies the basic definition of a proper-mode. 
At large distances from the throat of the horn this wave has a 
propagating character, but near the throat it may have an evanescent 
character. There is no sharp distinction between the propagating 
and evanescent regions. 

(b) A surface wave supported by a loss-free surface is admitted 
aS a proper-mode, but may be the only modal solution. There is 
certainly never a complete set of modes in such a situation. 

(c) This point can be resolved only if a precise definition of the 
quasi-mode is given. Confusion can arise by arguing from the 
special case of a loss-free guide to the more general one of a lossy 
guide. It is impossible to make deductions about a general case 
from a special one, which is what is being attempted in the last 
paragraph of Section 3.2. 


Some very valuable comments on the concept of modes in 


THE AUTHORS’ REPLIES TO THE ABOVE DISCUSSION 


Dr. A. E. Karbowiak (in reply): The paper is largely non- 
mathematical, but there is evidence in support of the statements 
made.t Definitions, provided that they are logically consistent, 
can be chosen arbitrarily and the results depend on the choice. 
The speakers are mostly concerned with the correctness of 
definitions and I must stress that logically this is beyond dis- 
cussion. If Prof. Barlow wishes to call Eo, and Hp, as well as 
TEM modes in physical waveguides proper-modes, and Dr. 
Brown calls f(x, y)e—%? a proper-mode of a physical waveguide, 
I cannot prove or disprove it, because these are merely suggested 
definitions. 

What is important, however, is the usefulness of a concept: 


* STRATTON, J. A.: ‘Electromagnetic Theory’ (McGraw-Hill, 1941), p. 524. 
ft See, for example, KArRBowlAKk, A. E.: ‘Radiation and Guided Waves’, U.R.S.I. 
International Symposium on Electromagnetic Theory, June, 1959, Toronto, Canada, 


non-conventional waveguides are contained in the report of the 
Brooklyn Polytechnic Symposium.* | 
Mr. R. A. Waldron: The mathematical technique in investi- 
gating the properties of an oscillatory system is to start with 
the wave equation and solve it. For a waveguide the solutions 
are the electromagnetic field components in terms of certain | 
arbitrary constants. By applying the boundary conditions, a 4 
set of linear homogeneous equations in the arbitrary constants | 
is obtained, there being one more equation than there are | 
arbitrary constants. The condition for the consistency of these 
equations is that the determinant of the coefficients of the 
arbitrary constants shall vanish. This condition gives the 
characteristic equation, which can be solved for the eigenvalues } 
of the system. For a waveguide the eigenvalue is the phase | 
coefficient, 8. Knowing f, the arbitrary constants can be | 
solved for, and hence the field components determined. Corre- | 
sponding to each eigenvalue there will be a distinct set of field | 
components. It is these sets of field components that define | 
what is meant by a mode. 
This technique is always possible in principle, although in | 
practice it is often difficult to carry out. Normally, the physical | 
system being dealt with is complicated, and we seek a model | 
which is physically similar but mathematically simpler. Thus |) 
the usual waveguide consisting of a metal tube containing air | 
can be treated mathematically as a perfectly conducting tube } 
containing a vacuum. But this model cannot be used for a } 
guide whose walls are not metallic, or which contains something } 
other than a vacuum. i 
It is not a question of what is meant by a mode; there is no 
difficulty about this. The crux of the matter is the choice of |f 
an appropriate model. ff 
Mr. L. Lewin: Dr. Brown says that Dr. Karbowiak’s distinc- +) 
tion in relation to the phase coefficient—that it is purely real } 
or purely imaginary in the proper-mode and mixed in the quasi- | 
mode—is not acceptable, because it breaks down in a horn, } 
where we have an eigenfunction with both characteristics of | 
behaviour. As I understand it, the whole of the author’s jj 
discussion is limited to the rectilinear case, so that this eigen- | 
function does not enter the picture and the distinction holds. | 
Within this limited picture the author says that if there is a | 
wall with impedance Z, the quasi-mode concept must be used || 
and the perturbed features are small if Z, is small. If Z, is } 
complex, which means that the wall is lossy, the distinction | 
can be drawn that the phase coefficients are purely real or | 
purely imaginary in the proper-mode case and mixed in the } 
other; but if Z, is purely reactive, does the author think that it | 
is a proper-mode or a quasi-mode in relation to the definitions } 
which he uses? A 


this is the topic interwoven in the whole of the paper, and | 
appreciated rightly by Mr. Waldron in his last sentence. The 
models mainly advocated by the speakers are those commonly | 
exploited, but these are applicable only to a small class of 
problems, whereas the discussion presented in the paper is of | 
wide application. | 

The examples given by Prof. Barlow and Dr. Brown illustrate | 
very simple and idealized cases, but even there I do not see how 
they can say that there is not much wrong with their model 
considering that during the last few decades hundreds of papers 
have been published on the existence of surface waves and yet 
the opinions are divided. Furthermore, there have been: 
numerous international discussions on the meaning of modes in 


os oat Advances in Microwave Techniques’ (Polytechnic Institute of Brooklyn, 
> P. 


‘| this is the case with quasi-modes. 
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_ other than simple waveguides (see, for example, Reference 4) 
| with little agreement. Surely the physical picture is at fault, 
and the case presented by the speakers is very one-sided. 

New concepts and definitions are frequently introduced 
because they have a wider range of validity and usefulness; 
A quasi-mode forms part 
_ of a field which can exist in a physical waveguide and has the 
form f(x, y)e—%2. It differs from a proper-mode in a number 
| of respects. Proper-modes are eigen functions (solutions to the 
| homogeneous wave equation) of a perfectly conducting wave- 
guide and form an infinite complete set. This is a mathematical 
| concept describable in rigorous terms. When applied to a 
| physical waveguide the presentation becomes, invariably, an 
| approximation. Suitably perturbed proper-modes can be inter- 
| preted again as proper-modes of a waveguide with surface- 
| impedance boundaries: this is a permissible presentation. These 
| modes are of the type f(x, y)e~ and form an infinite set which 
| is complete in a closed waveguide. Furthermore, these modes 
' may be quasi-modes of a physical waveguide, in which case they 
_ donot form a complete set, or even an infinite set [e.g. eqn. (12)]. 
_ They are called quasi-modes because they need not be solutions 
to the wave equation and, in contrast to proper-modes, they 


' need not, on their own, satisfy all boundary conditions (either 


' of surface-impedance type or radiation condition at infinity), 
' but, in finite regions they are frequently solutions (almost) to 
the inhomogeneous wave equation applicable under physical 


conditions. 


The distinction is sometimes subtle but nevertheless essential, 
| and most of Dr. Brown’s difficulties arise because, in the simple 


- cases he is considering, quasi-modes differ very little from 


proper-modes, but a more detailed consideration does bring 
out the differences. His differences (a), (b) and (c) are, on their 


"own, not really essential, and (a) is incorrect. 


_ The Eo, and Hg, modes of a physical waveguide, to which 
_ Professor Barlow refers, cannot be regarded as proper-modes for 
_ the reasons given above. They can exist as proper-modes in a 
waveguide with surface-impedance boundaries but hardly in a 
_ pure form, except to first order of quantities. 

| Dr. Brown’s insistence on rigour does not ease the situation, 
_ since no solution to a physical problem can be really rigorous. 
» Solutions to a mathematically describable model can certainly 


be rigorous, but his model is only an approximation to a physical 


| situation. The Stratton analysis is really a disguised surface- 
_ impedance approach and the modes are therefore proper- and 
_ not quasi-modes. In fact, the case of a waveguide with metallic 

walls has not been treated rigorously-until recently (Joc. cit.). 


' Such analysis reveals the finer points that I have been discussing. 


Although these points may be unimportant in the case of 
metallic waveguides (tubes), most of the confusion in the past 
concerning surface waves and other more complicated structures 
is due to the failure to appreciate what happened to be ‘unim- 
portant’ in metallic waveguides. 

The solution which Mr. Waldron advocates leads through a 
homogeneous wave equation to proper-modes, but the analysis 
gives no clue to the physical existence of such modes; in fact, 
many of the modes are inadmissible. A better approximation 
is a solution to the inhomogeneous wave equation, but this 
leads to representation in terms of a contour integral which 
invariably is not conducive to thinking in terms of correct 
physical models. 

Quasi-modes, on the other hand, are linked with physical 
existence. Sometimes a given field structure may be a proper- 
mode of one kind of waveguide and a quasi-mode of another, 
or it may be inadmissible. For example, in a waveguide with 
surface-impedance boundaries an Ep, mode is a proper-mode, 
but in a metallic waveguide it is a quasi-mode in some region 
if 7 is not too large and is not admissible if m is very large. Ina 
similar way the Zenneck wave, as we know it, can be regarded 
as proper-mode in the sense that it is a solution to the homo- 
geneous wave equation, and yet as a quasi-mode it has no physical 
significance. 

The discussion given in the paper, although illustrated by 
uniform waveguides, is for the most part also applicable to 
non-uniform waveguides. 

All physical waveguides are lossy and, therefore, strictly 
speaking can support only quasi-modes; reactive waveguides, on 
the other hand, could be regarded under suitable conditions as 
supporting proper-modes. 

Mr. L. Lewin (in reply): At 35 Gc/s the attenuation of standard 
(size 22) copper waveguide is less than the figure quoted by 
Prof. Barlow for the surface-wave mode on a straight wire and 
it gives no special trouble at bends.. Nevertheless, its attenuation 
is excessive for certain purposes (e.g. the loss accompanying 
high-Q-factor filter elements) whilst the tolerances on the dimen- 
sions of some components may be too tight to be practical. It 
is in order to overcome these two limitations that the over-moded 
square or circular guide has been proposed. 

I cannot see in what way the surface-wave transmission line 
could overcome these defects, and it seems to be an even more 
unsuitable medium than rectangular guide for making high- 
quality components. This is not to say that it has not a certain 
field of usefulness but only that it, and also standard waveguide, 
is not practical for some high-quality purposes. Whether the 
over-moded guide will be adequate has yet to be demonstrated. 
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SUMMARY 

The need for a relatively high-speed analogue multiplier is discussed 
and the types of multiplier likely to meet this need at reasonable cost 
‘are investigated. It is concluded that the modulated square-wave type 
of multiplier using transistor modulators will be most suitable. 

The extension of the scope of the multiplier to operate with inputs 
of either sign is discussed. The causes of the various errors in the 
multiplier are examined and an overall accuracy of within +2% is 
quoted. An explanation of the method used to ensure a good fre- 
quency response is given, and the transfer function of various parts of 
the circuit analysed. The experimental results are quoted as being 
similar in amplitude to a transfer of 1/(1 + 5 x 10-4jw), although 
the phase shift is considerably better than this. 

A number of circuits used to protect the transistors against damaging 
conditions are discussed. Special attention is given to a separate 
transistor circuit which disconnects all the power supplies in the event 
of an irregularity in any one of them. 


LIST OF SYMBOLS 
A, B, C = Multiplier input channels. 
A = Gain of amplifier. 
C = Capacitance. 
i = Instantaneous current. 
Io = Collector leakage current for Vg = + 1 volt. 
k = Multiplicative factor. 
L = Inductance. 
P, 7, ', 5, t = Dimensions of attenuator waveform. 
p = Instantaneous power. 
Py» = Average power. 

R = Resistance. 

T = Time-constant. 

v = Alternating component of signal voltage, or instan- 
taneous voltage. 

V = Signal voltage. 

= Constant voltage used for obtaining 4-quadrant 

operation. 

Vo = Output of error amplifier. 

w = Angular frequency. 

Z = Impedance. 


(1) INTRODUCTION 


In the study of aircraft flight, it is necessary to simulate the 
aerodynamic conditions experienced by aircraft. When dealing 
with problems to which an accurate solution is required, it is 
necessary to include terms which involve the product of other 
terms. The evaluation of these products requires a multiplier 
with an accuracy within about 2% and capable of handling the 
signals encountered in this type of problem with negligible 
attenuation or phase shift. These signal waveforms are likely 
to contain components up to a frequency of 20c/s, so that the 
formation of the squares of such waveforms will require a 
linear frequency response up to 40c/s. 


Mr. Gleghorn is with Smiths Aircraft Instruments, Ltd. 


With the multipliers needed in simulating the aerodynamic } 
conditions, together with those used in other parts of the | 
problem, a typical analogue-computer installation may require } 
up to twelve multipliers. It is therefore desirable that cost | 
should be carefully considered. in the design, and also that the | 
setting-up procedure should involve the minimum of time, and } 
preferably be done on a meter. It is also considered essential | 
that the multiplier should be capable of 4-quadrant operation, 
i.e. Operation in which both multiplicands may be of either | 
sign, without the need for additional amplifiers. | 

A number of different types of multiplier are in current use, | 
and these were considered with the above specification in mind. } 
Those which depend on valve characteristics, i.e. parabolic | 
I,|V, relationships, were considered too susceptible to changes — 
in characteristics and would require considerable readjustment | 
in the event of a valve change. Principles of multiplication | j 
which involve the use of an accurately defined waveform such 
as a triangular wave were not considered suitable. Since the | 
final output of the multiplier unit is the difference of two voltages, | 
owing to the method of obtaining 4-quadrant operation, it is | 
necessary for the accuracy of the product-forming device to be } 
considerably better than that required at the output, perhaps by | 
a factor of 10. The generation of a waveform of this accuracy 
would require a fairly complicated circuit which would increase | 
the cost of the unit. There would also be difficulties in the 
alternative method of feeding such a waveform from a central | 
generator to the various multipliers without distortion. 

More detailed consideration was given to the modulated 
square-wave type of multiplier* and especially to the use of | 
transistors as modulators. A difficulty arises here because it is « 
unusual in present practice to combine transistors and thermionic | 
valves in the same circuit, owing to the risk of damage to the 
transistors; for in the event of failure of part of the thermionic- © 
valve circuit, an excessive voltage might be applied to the 
transistor electrodes. Considerable attention was thus paid to/ 
the protection of the transistors, and the result of this work is | 
discussed in Section 8. 


(2) THE MODULATED SQUARE-WAVE TYPE OF 
MULTIPLIER 


A block schematic of the modulated square-wave type of 
multiplier is shown in Fig. 1. 

Two identical modulators have a transfer controlled by the | 
mark/space ratio of a square wave, which is determined by the | 
output of the error amplifier. Into this amplifier are fed one | 
of the multiplicands and the output of modulator A. The 
results derived in Section 10.1 show this output to be 


kyVo Vo i 


—VE(Vo) = ky Ve — 27° (1) 


* GREENWOOD, J. A., HoLpDAM, J. V., and Macrga, D.: ‘Electronic Instruments” 
(Radiation Laboratory Series No. 21, McGraw-Hill, 1948). 
. A., and Korn, T. M.: ‘Electronic Analog Computors’ (McGraw-Hill 


Korn 
2nd Edition, 1956). 
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Fig. 1.—Schematic of modulated square-wave type of multiplier. 


where k, and k, are the ratios of resistances and A is the gain of 
the error amplifier. The output of modulator B is 


— Vol (Va) = 52 (kiVe — “272) are te) 


Since A is large, the term in Vp can be neglected, and the output 
of the B-channel modulator can be regarded as proportional to 
_ the product VgVc¢. The term f(V 9), which includes all the non- 
linearities associated with the relation between Vo and the 
mark/space ratio, has been eliminated; this system therefore 
provides a high degree of linearity without undue complication. 

A change of sign of either V4 or Vc is equivalent to changing 
the sign of the transfer of the modulator, which cannot be 
realized in practice. V4 and Vc must therefore always be of 
the same sign, additional circuits being included to permit 
4-quadrant operation. 


(3) THE MODULATOR 


The modulator consists of a transistor in which the base is 
either driven negative, placing a very low impedance between 
the point X (Fig. 2) and earth, or positive, when the impedance 
is very high. In the ideal modulator, this impedance should 
be infinite; the degree of departure of the transistor from the 
ideal is determined by J,9, which will continue to flow into 
the base and out of the collector when the transistor has been 
cut off by a positive voltage applied*to the base. In any one 
transistor in a stable ambient temperature (a condition which 
can be reasonably assumed in a computer cabinet), J,9 can be 
considered as being affected only by the power dissipation in 
the transistor. As the voltage applied to the collector of the 
transistor modulator varies between the two extreme operating 
conditions, so the change in J,9 resulting from the change in 
power dissipation varies from +10 to —3:5% of the I, 
flowing with zero B-channel input (see Section 10.2). This 
calculation is with Rj; = 6-8 kilohms. It should be noted 
that, after a change in the applied collector voltage, there will 
be a delay before the corresponding change in J,9 is complete; 
this delay will be of similar order to the period of the highest 
signal frequency. 

With zero B-channel input, a typical J,9 (e.g. 2A) would 
cause a steady error at the output of the multiplier of 428 mV, 
having been amplified by 40 in the output amplifier. This 
can, however, be cancelled in the output stages. The +10% 
change referred to, resulting in an error of 43 mV at the multiplier 
output, is not linearly related to the signal, and can therefore be 
only approximately cancelled out. Because of the delay of the 


change in J.) after the applied collector voltage is changed, this 
cancellation will become less effective as the signal frequency 
rises. 

If R53 were doubled to reduce the power dissipation in the 
transistor, the typical J,g would cause a steady error at the 
output of 856mV. The 10% change in J.) would now become 
5%, but the resultant error would be the same, i.e. 43 mV, as 


Ros x Ly TO ERROR 
SIGNAL > en Ro AMPLIFIER 
| a 
C3 
DRIVE an Ce 
a 
Fig. 2.—Transistor modulator. 
before. Ry; is thus chosen as providing the best compliance 


with other conditions. 

In order that the modulation shall be accurate and the square 
wave at X undistorted, it is essential that the time-constant at 
X be kept low. The time-constant at a point is defined as being 
CrRsR,/(Rs + Rz), where Cz is the effective capacitance and 
R,, the resistive load between that point and earth and Rg is 
the output resistance of the signal source supplying Cy. In this 
case, R;, is assumed infinite when considering the wavefront of 
the square wave due to the presence of L,, and the time-constant 
at X is thus R53(Cy + C3), where Cy is the collector-emitter 
capacitance of the transistor. It is therefore necessary to keep 
R53 as small as is compatible with the available current output 
of the B-amplifier, thus fixing the value at 6-8 kilohms. 

Because of the current amplification available in the transistor, 
only a small current is required to drive it into the fully conduct- 
ing state, and it can therefore be driven directly from the squarer 
via a passive network. The most suitable type of transistor 
was found to be one recently developed for switching applica- 
tions, the type OC.76. 


(4) THE MODULATOR DRIVE 


Fig. 1 shows the two modulators whose transfers are controlled 
by the mark/space ratio of a square wave. This square wave is 
obtained from a 2-stage over-driven amplifier with a sine-wave 
input, in which the bias, and hence the point at which the output 
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is limited owing to the flow of grid current, is set by the error 
amplifier. The proportion of the sine wave thus limited will 
determine the output mark/space ratio. Since the amplitude of 
the sine wave is much greater than the grid base, the squarer 
will be substantially independent of valve characteristics. The 
relationship of the mark/space ratio to the output of the error 
amplifier will be a sine function, but its departure from linearity 
will be divided by the gain of the error amplifier when the 
negative feedback loop is closed. 

The overall frequency response of the modulator and its 
associated filter will be primarily governed by the frequency of 
the modulator drive or carrier. This should be high compared 
with the maximum signal frequency to ensure accurate modula- 
tion, and also to allow the tuned filter to attenuate the carrier 
adequately without shifting the phase of the maximum signal 
frequency. If, however, the drive frequency is too high, there 
will be difficulties in producing an accurate square waveform 
(which will include components up to 10 times the carrier 
frequency) with a transistor, whilst keeping the circuit simple 
and relatively unaffected by stray capacitances. Consideration 
of these factors led to the adoption of a 10kc/s modulator drive 
frequency. 


(5) 44QUADRANT OPERATION 


The multiplier, so far, has been capable of operation with 
inputs each of only one sign. V4 and Vz must be negative to 
give a negative transistor collector voltage, and therefore Vc 
must be positive. For simplicity, V., was fixed, restricting the 
multiplier to product-forming and squaring, and its scope was 
then extended to 4-quadrant operation so that both inputs could 
be of either sign. 

This was achieved by providing an input amplifier in the 
B- and C-channels which added a constant voltage, Vg or Vo, 
to the signal and attenuated the sum, so that, for the normal 
range of input signals, +50 volts, the output of the input 
amplifier was of the correct sign and restricted to the limits of 
operation of the channel concerned. A separate B-amplifier is 
used to perform this function in the B-channel, but the functions 
of the C-channel input amplifier are performed by the error 
amplifier. The complete circuit diagram of the multiplier is 
shown in Fig. 3. 


(6) ACCURACY WITH DIRECT-VOLTAGE INPUTS 


The chief factors affecting the d.c. accuracy of the multi- 
plier are: 


(a) The linearity with reference to Vc of the mark/space ratio 
of the square wave applied to the modulators and hence of the 
modulated output. 

(6) The similarity of the two modulators, which in the calcula- 
tions in connection with (a) are assumed identical. 

(c) The drift stability of all amplifiers, the accuracy of their 
transfers, and the accuracy of the various cancellation voltages 
fed into the output amplifier. 4 


The effect of distortion of the waveform at the transistor 
collector due to capacitance to earth at this point and to a 
distorted drive waveform will also be examined. 

The exact expressions for_(a) are derived in Section 10.1. 
The error term in the linearity of the relationship is a function 
of Vo/A, where Vo is the error amplifier output and A its gain. 
The sinusoidal nature of the carrier input to the squarer is 
contained in the Vp term, and any non-linearity of the amplifier 
gain with input in the A term. Substituting experimental values 
as in Section 10.1 into this expression suggests that the error 
term is less than 0-1% of Ve. 

The similarity of the two modulators can be examined in 
relation to three quantities, namely the open-circuit resistance of 
the cut-off transistor, the short-circuit resistance of the fully 
conducting transistor and the collector-to-emitter capacitance, 
Cry. The first of these quantities is so large and the second so 
small compared with the external impedance at the transistor 
collector that even quite large variations in them can be tolerated 
without affecting the transfer characteristic of the modulator. 
The third factor causes distortion of the waveform at the tran- 
sistor collector. Owing to the hole-storage effect, this capaci- 
tance is considerably greater at low collector voltages, and thus 
has the greatest effect when the transistor has just been cut off 
and the collector voltage is starting to rise; the time-constant at 
the collector is R3(Cy7 + C3), which at this point in the cycle 
might be 5 x 10~®sec. However, of this, 70-80% is due to 
the effect of C3, which therefore considerably reduces the effect 
of the difference in Cy; between the transistors forming the two 
modulators. The effect of the lower Cy applying at higher 


1Okces 


300V 
MODULATORS 


| I Fur2 


0-30V 


0-150! 


ERROR AMPLIFIER 
4+300V 


MODULATOR DRIVE 


INPUT® 


paery 
4 


-300V 0 


+300V 


B AMPLIFIER 


Fig. 3.—Circuit diagram of multiplier unit. 
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collector voltages will be correspondingly less. The matching 
of the two transistors would therefore appear to be of secondary 
importance, and this is confirmed in practice. 

It is interesting at this point to consider the effect of distortion 
at the transistor collector (which is primarily due to distortion 
in the modulator drive) on the accuracy of the multiplication. 
The form of the modulated signal is shown in Fig. 4, which will 
be considered as being approximately bounded by straight lines. 


Fig. 4.—Modulator waveform. 


Actual, 
---- Approximated, 
—-— Ideal. 


In the case of the A-channel modulator, only the dimension p 
will vary, whereas in the B-channel, p and q will both vary. 
Since the form of the modulator output is mainly due to the 
form of the drive from the squarer, the dimensions r and s are 
independent of p and qg, whereas ¢ is proportional to g and 
approximately independent of p. If t = kg, the area can be 


expressed as 
k 
ajp(i-S)+3e-9a-o] 


Since p is the only variable in the A-channel modulator, the 
area is proportional to pg plus a constant term. Since this 
constant term can be compensated for in the setting of Vo, 
the departure of the waveform from the ideal does not affect 
the correct operation. 

In the B-channel modulator, the proportionality is maintained, 
plus an error term dependent only on gq, i.e. on Vg; this can 
similarly be compensated for in the setting of the VgV¢ term. 

If the sides of the figure lie between the same four points 
A, B, C, D, but are represented by the actual curve instead of 
the approximated curve, the above calculations are still valid, 
since only a number of constants of proportionality will be 
introduced. Hence, provided that the waveform can be con- 
sidered as being reasonably similar to the one shown in Fig. 4, 
its shape will not affect the accuracy of the multiplication. 

The three d.c. amplifiers used in the multiplier are of the 
non-drift-corrected type, having an open-loop gain of about 
2000, since it had been decided to tolerate the effects of drift 
in order to reduce the cost of the unit. The short-term drift 
at the output of the multiplier with the inputs earthed is +20mV, 
and the long-term, +200mV, measured over periods of 1 min 
and 1th respectively. Most of this drift is due to the high gain 
of the output amplifier, which for drift calculations is about 55, 


(3) 


i.e. feedback resistance divided by the parallel combination of 
all the input resistances. 

After setting the multiplier to give zero output with earthed 
inputs and correctly adjusting all the variable resistors setting 
the balancing voltages, a series of measurements of output 
voltage was made for various input voltages evenly spread over 
the entire range of operation on the two channels. The overall 
error was found to be +2%, although many of the points were 
within +1%. The drift in the zeros of the amplifiers was 
checked and allowed for before taking each reading to avoid 
confusing the measurements. 

In order to obtain a maximum output accuracy of within 1% 
at the output of the multiplier, it is necessary for the modulator 
to be accurate to better than 0:1%. This is, however, the 
order of errors caused by the presence of the Vo/A term, and it 
is not possible to justify to this accuracy some of the approxima- 
tions made in considering the effect of waveform distortion at 
the transistor collector. Improvements in the modulator drive 
circuit and drift-compensation of the error and output amplifiers 
would probably increase the accuracy of the multiplier, but this 
would have to be offset against the increased size and cost of 
the unit. 


(7) FREQUENCY RESPONSE 


The filter following the modulator is shown in Fig. 3. It 
comprises Lz, Cj;, Cy and C,3; the anti-resonant frequency 
determined by L, Cj, is at the carrier frequency of 10kc/s, and 
the resonant frequency determined by L, C;3 is at 1420c/s. 
The effect of C,, is neglected in the signal-frequency analysis. 

If Vc is fixed and an alternating voltage Vz applied to the 
filter by the B-amplifier, the voltage at P (the junction of C,3 
and R39 in Fig. 3) will be 

0:787V 3k3 
1 — 9°85 xX 10-9w? + jwl-49 x 1074 


(see Section 10.3). It is arranged that the B by-pass channel 
has a similar transfer to ensure correct cancellation. The overall 
lag in the modulated and by-pass channels is corrected by a 
phase advance network associated with the output amplifier. 

The analysis of the transfer of the C-channel is complicated by 
the sine function introduced by the squaring circuit, which causes 
the transfer to be a function of Vo. The result is, however, 
similar. 

The various correcting networks described enable the ampli- 
tude of the output of the multiplier to be maintained within 
1:5% of its d.c. value at 50c/s, and within 4% at 100c/s, equiva- 
lent in amplitude to a transfer of 1/(1 + 5 x 10-4jw); however, 
the phase rotation at these frequencies is considerably better 
than this transfer suggests, being within 1-7 and 2-8° respectively. 

There is an output from the multiplier when one input is 
earthed and a signal applied to the other; at zero frequency it is 
of the order of 4+-1% of the modulus of the applied signal. 
Its magnitude does not change up to about 30c/s; at 50c/s it is 
1% and at 100c/s 1-5%. 

Under all conditions of input, a residual 10kc/s carrier of 
about 5mV r.m.s. amplitude could be observed at the output of 
the multiplier. 


Vp (4) 


(8) PROTECTIVE CIRCUITS 


The normal signal range of Vc is +50 volts, and the corre- 
sponding range of Vp, 6:9 + 9-6 volts. If these limits of Vo are 
exceeded, the square-wave drive to the modulators will be 
inhibited, as the sine-wave carrier will cease to intersect the 
working range of the grid of the first squaring amplifier. If 
Vo rises positively, the mark/space ratio will increase, thus 
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increasing the effect of V4 on the error amplifier. As the limit 
of Vo is exceeded, however, the amplitude of the drive waveform 
will be reduced; since the drive is capacitively coupled to the 
modulator, this will prevent it being fully opened. Under these 
conditions, the ‘effect of V4 on the error amplifier will be an 
inverse function of Vo, which will constitute positive feedback. 
This will prevent a restoration of the drive waveform when Vo 
regains its normal working range, and a diode V3 was therefore 
included at the output of the error amplifier to prevent this 
limit of Vp being exceeded. 

One of the chief difficulties of using transistors associated 
with thermionic circuits is in protecting them satisfactorily in the 
event of any failure of such associated circuits or their power 
supplies. Protection in this multiplier is based on the provision 
of a stabilized —30-volt supply, which can be rapidly earthed, 
and a detection circuit to initiate this rapid earthing and to 
switch off all other power supplies. 

It is desirable that the following limitations should be applied 
to the transistor electrodes: 


(a) The applied collector voltage should be between zero and 
—30 volts. 

(b) The base voltage should not exceed +1-5 volts. 

(c) The base current and collector dissipation should not rise 
excessively. 


Referring to Fig. 3, it will be seen that the collector of the 
A-channel modulator will comply with condition (a) to the 
extent that the —30-volt supply complies; this is discussed later. 
Condition (5) is applied to both transistors by the same diode 
MRI; any positive rise of voltage during the warming-up period 
at the common drive point A above the fixed bias determined 
by the resistor chain is prevented by this diode. A negative- 
going pulse at this point, such as might occur when the unit is 
switched on, is limited to the potential of the —30-volt supply 
by diode MR2. This, in conjunction with the base-drive resis- 
tance of 2-2 kilohms, limits the base current to —13-:7mA, thus 
easily satisfying condition (c). 

The diode MR3 protects the collector of the B-channel 
modulator against voltages exceeding — 30 volts, and diode MR4 
against positive voltages, thus complying with condition (a). 
Conditions (6) and (c) are dealt with by circuits which are 
common to both channels. 

On the separate chassis which contains the —30-volt stabilized 
supply is the transistor circuit for the detection of voltage 
changes in any of the power supplies (Fig. 5). A resistor chain 
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connecting all the power supplies has its central point Q about 
4 volt negative with respect to earth; this voltage can be adjusted 
by means of a variable resistor. The negative voltage at Q, Vo, 
is applied to the first stage of the detection circuit. This is a 
sign-reversing amplifier T; with a series output 1-kilohm resistor, 
the whole stage being in parallel with a 4-kilohm resistor. Vois 
adjusted so as to increase the collector current of T; until 
saturation conditions are just reached. If Vg then becomes less 
negative due to a change in the voltage of one of the power 
supplies, the collector of T; will become more negative as the 
transistor is cut off. Since changes at the collector of T3 will 
have four times the effect of changes at Q on the point S, due 
to the ratio of the two series resistors, this will cause the base 
of T, to become more negative, and hence its collector less 
negative. 

If Vg, however, becomes more negative, no further increase in 
the collector current of T3; can occur, and hence its collector 
voltage will not change. Thus the voltage of S will follow Vg 
at one-fifth of the rate, and the collector of T, will become less 
negative as in the previous case. The initial setting of Vg is 
made by adjusting for a maximum negative voltage at the monitor 
point on the collector of T,; any change in Vg, which will then 
cause this point to become less negative, is fed via the heavy- 
current sign-reversing stage T; and a diode MR8 to the bistable 
multivibrator, Tg and T;. 


This multivibrator has its stable conditions determined by the ~ 


resistance of the various sections of the transformer winding, and 
the change-over between stable states is assisted by the positive 
feedback provided by the transformer coupling. A sensitive 
high-speed relay, B, is connected between the collector of one 
of the transistors and earth, and is energized in the ‘ready’ con- 
dition of the detection circuit. This provides a fail-to-safety 
feature in the event of failure of the relay or of the 6-3-volt a.c. 
supply. When the multivibrator is triggered by a change in one 
of the main power supplies affecting Vo, the relay B will be 
de-energized, disconnecting the —30-volt line from its supply 
and earthing it. Whilst the contacts of relay B are changing, 
the —30-volt line will remain referred to earth through the 
2-kilohm coil of relay C. This relay disconnects all power 
supplies to the multipliers if the —30-volt supply fails. It will 
be seen that if one of the supplies to the multiplier fails, attempt- 
ing to impose excessive conditions on the transistors, protection 
will be afforded by earthing the —30-volt line until relay C has 
had time to operate. The speed of operation of the whole chain 
is found sufficient to protect the transistors; in the event of a 


s 
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complete failure of one of the supplies, the —30-volt line will be 
disconnected in about 14 millisec and earthed in about 6 millisec. 

It is, however, possible that, instead of failing completely, one 
of the main power supplies may change slightly from its nominal 
setting. From these supplies are derived a number of balancing 
voltages, a change in one of which could cause the maximum 
transistor ratings to be exceeded. “Hence the detection circuit 
should be capable of responding to very slow changes in Vo. 
Since the multivibrator will respond only to a steeply rising 
wavefront, a pulse train is injected into the channel in the first 
stage of the detection circuit. When T; is in the linear region, 
this is provided by the ripple from the transistor power supply, 
and when in the saturated current region, by an injected voltage 
via a 0-02 uF capacitor from the 6-3-volt 50c/s supply. Ampli- 
fication and limiting in the subsequent stages shape these injected 
components sufficiently to enable them to trigger the multi- 
vibrator. Whilst the detection circuit is in the ready condition, 
these triggering pulses lie below the operational threshold of the 
multivibrator, but a change in Vg will cause them to project 
into the operating region, and initiate the change between stable 
states. The device will detect changes of 1 volt in any of the 

power supplies. 

' To prevent T; from being damaged by large excursions of Vg 
in the event of complete failure of a power supply, the diode 
MRS is included. Although biased in the foward direction by 
the negative voltage, Vg, this is below the knee voltage for the 
type ZS10A diode, and the diode resistance is therefore high. 
If Vo becomes more negative, the diode will conduct; the series 
3-6-kilohm resistance will allow Vg to make an excursion which 
is ample to ensure triggering but which will not exceed a few 
volts if a power supply fails. A diode, MR6, in the reverse 
direction prevents Vg from becoming positive with respect to 
earth. 

The combination of these protective devices permits the 
satisfactory interworking of transistor and thermionic circuits; 
there have been no instances of transistor failure with the 
protective devices in use, although they did occur before their 
introduction. 
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(10) APPENDICES 
(10.1) Transfer of the Error Amplifier with Direct-Voltage Input 


Referring to Fig. 1, 


Vo=V, — Va(Vo) — iad 
ae es ore =0 Pp Mauer a(S) 
Vo 
ae AE? ari “Adaeubt (6) 
Misr 22 bareolnt 2 
Therefore — Vyf(Vo) = Vz, Vo AZ (7) 


Let ky = Z,|Z, and k, => (Z, + Z,)[Z,. 

Then —= Vf (Vo) = ky Ve 4 kyVo/A oe AL, (8) 

Since both modulators have the same transfer, the output of 
the B-channel modulator will be 


V, kV, 
—ValVe) = 72(kiVo — 27°) fa fy (8 


Substituting values into the term k,/A gives an error term of 
about 0:05% of Vo. The relative orders of magnitude of Vp 
and Vc suggest that this error will be about 0-1% of Vo. 


(10.2) The Relationship of 7, and Applied Collector Voltage to 
the Transistor Modulator 


It is assumed that power is dissipated in the transistor only 
during the change between states and not when the transistor is 
fully cut off or fully conducting. If the voltage at the transistor 
collector, whose instantaneous value is v, rises linearly to a final 
value V as the transistor is cut off, the instantaneous power 
dissipation in the collector can be expressed as 


Vo — v? 
Ry3 


pou (10) 


where i, the current flowing out of the transistor, is equal to 


(V — v)/Rz3. The average power over the rise is then given by 
Vo — aye V2 

Poor =F aK (11) 
Ry3 ~ 6Ro3 


The transistor is Nera for one-sixth of the cycle in changing 
between fully conducting and fully non-conducting and back 


again. The average power over the whole of the cycle is thus 
y2 
df 2 eet ences Cale 12 
oi 3ORb3 (12) 


When V = 15 volts, P,,, = 0:92mW (i.e. the condition for zero 
B-channel input) and when V = 30 volts, P,,, = 3:68mW. 
Assuming that the base power is independent of V, the change 
in the transistor power dissipation between the two extremes of 
its operating conditions is from +2-76 to —0:92mW. Ata 
temperature coefficient of 0-4° C/mW, this will result in changes 
in the transistor temperature of +1-10 and —0-368°C, and 
resulting changes in J,9 of +10 and —3-5%. 


(10.3) Transfer of the Modulator Filter 


For the purpose of this analysis, the transistor modulator is 
assumed to reduce the input vg to vpf(Vo) and to have no other 
effect on the signal, since signal-frequency components occur 
throughout the network and are not strictly modulated by the 
carrier waveform. The effects at signal frequency of the 
collector-to-emitter capacitance of the transistor modulator and 
of the capacitance C;,; shown in Fig. 3 are neglected. 

The term f(Vo) will be written as a multiplicative factor k3, 
which is a constant when V, is constant. The voltage at P, 
the junction of C,3 and R39 in Fig. 3, is given by 


kywgR3o/(1 + jwC,3R39) 


Vp = : ; t 13 
P R3g + faly + Ry9/(1 + joC13R39) (13) 
ee kp 1 | 
1 =. ke 1 — wk 4772/1 + k4) 
x ; (14) 


(7, + 72)/C + ka) 
1 — w*k47,T2/(1 + kg) 


1 + jw 


where ip = Ci3R39 — AI OPS 10-4 sec, T= L,|R3 = 7:36 x 
10-5sec and k, = R3g/R39 = 0-272. 
Therefore 
ye as 0-787k3vp 


15 
1 — 9-85 x 10-9w? + jwi-49 x 10-4 seh 
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GLEGHORN: ANALOGUE MULTIPLIER WITH TRANSISTORS AS MODULATORS: DISCUSSION 


DISCUSSION BEFORE THE MEASUREMENT AND CONTROL SECTION, 3RD NOVEMBER, 1959 


Mr. G. Herring: A great deal has been said in the past about 
high-accuracy multipliers, and so it is pleasing to see that the 
applications where only modest accuracy is required are also 
being recognized. 

This multiplier must be considered in the light of other 
techniques available. One which has not.been mentioned is the 
servo multiplier, which can provide a satisfactory performance, 
together with the facility for multiple multiplication, if one of the 
inputs has a bandwidth of less than about 10c/s. With present- 
day techniques the size may be even less than for the device 
described. Another possibility is to use the quarter-squares 
principle. Essentially this relies on producing a voltage pro- 
portional to the square of another voltage by using a computing 
amplifier with a non-linear input resistor. One way of obtaining 
a non-linear resistance is to use a group of diodes biased by 
resistors operating from a reference potential to produce the 
required law. However, this can be bulky and expensive even 
with semiconductor diodes, and an alternative where only 
moderate accuracy is required is to use a resistor with an 
inherently non-linear variation of current with applied voltage. 
By using trimming and padding resistors a parabolic characteris- 
tic can be produced, so that this type could be a contender, 
although four computing amplifiers are needed for each full 
multiplication. 

To come to this particular multiplier, the advantages of the 
feedback method of generating the square wave are perhaps not 
stressed sufficiently in the paper. One feature which makes 
it a very attractive scheme is that the error amplifier has to 
handle only low-frequency signals. Other mark/space ratio 
multipliers require that the amplifiers shall handle triangular or 
square waves. 

On the question of transistor modulators, we have recently 
developed some switch circuits at the Royal Aircraft Establish- 
ment which can handle positive and negative input voltages. 


THE AUTHOR’S REPLY TO 


Mr. P. Gleghorn (in reply): In reply to Mr. Herring, I agree 
that the quarter-squares principle may be used with an input 
resistor in which the current does not vary linearly with the 
applied voltage and that this could lead to quite a small multi- 
plier. However, this type of resistor frequently depends for its 
characteristic on a change of resistance with temperature, and 
I therefore feel that the long-term stability of such a device 
should be carefully checked, especially if the setting up of the 
trimming and padding resistors were to involve a lengthy process 
of alternate adjustment and transfer plotting. Also, the effects 
of the thermal time-constant should be carefully considered. 

Mr. Herring’s remarks about the possibility of transistor 
switches capable of accepting either sign of input are most 
interesting. If these proved suitable, the B-channel amplifier 
could be dispensed with, and the opportunity taken to redesign 
the squaring circuit to use transistors instead of thermionic 
valves, which would enable the protection arrangements to be 
simplified. ; 

The matching of transistors for I,,/temperature characteristics 
mentioned by Mr. Faulkner could not be done simply, as, in 
the one case, variations in J,, would be equivalent to changes 


Although we were only interested in inputs in the range +5 volts 
at the time, there is nothing inherent in the design which would 
prevent their being used up to twice this voltage. The speed 
and switching accuracy achieved may be within the requirements 
for this multiplier and a switch capable of handling both positive 
and negative signals would eliminate the need for the biasing 
voltages in the present multiplier. 

Mr. H. Faulkner: The author has produced a multiplier in 
the medium accuracy range of 1-2°% which is quite necessary in 
the computing field for aerodynamics, where several cross- 
product quantities are used. 

On the quéstion of accuracy, 1% for most of the range is 
fairly reasonable. This has been obtained mainly because of 
the feedback on the mark/space squaring device. Other types of 
multiplier go to great lengths to obtain a linear mark/space ratio 
with voltage input, and do not adopt the simpler course of putting 
feedback round the loop. 

With reference to temperature, are the two transistor modula- 
tors matched? It is possible for the ambient temperature in 
computer racks to change between 5 and 10°C between 8 a.m. 
and 10 a.m., especially in laboratories, etc., where space heat- 
ing is switched off over night, and this may lead to a great 
deal of drift in the warming-up period. Is it necessary during 
the setting-up of the multipliers to match the transistors used 
in the modulator for J,,/temperature characteristics? A 10°C 
change may cause J,, to change by a factor of 3. 

Can the author give any information on the effect of drift of 
the 30-volt reference power supply? Any drift could cause 
errors, and it may be that these errors could be worse with 
one input at zero and the other input at maximum. 

Most 4-quadrant multipliers give the facilities of division 
and square-root extraction. Can the author comment on 
whether it is possible to modify the multiplier for this 
purpose? 


THE ABOVE DISCUSSION 


in V4, the divisor, and, in the other, to changes in Vz, the divi- 
dend. The multiplier was originally intended to be used in 
computers where the power was on continuously, thus reducing 
the effect of changes in the external surroundings. 

Drift in the —30-volt reference supply will affect directly the 
input, V4, and hence the output. Section 5 refers to the addition 
of the inputs Vz and V¢, so that the output of the B-channel 
modulator is proportional to (Vg + Vg)(Vce + Voa)|V4. The 
steady error VzV¢/V4 is cancelled by a voltage fed into the 
output amplifier, and the errors proportional to Vg and Ve by 
signals fed via the by-pass channels, Z; and Z, (Fig. 1) respec- 
tively. 
product term VgV-/V, be in error, but there will be incomplete 
cancellation of the unwanted terms which may give rise to 
considerable errors. This is the reason for using a highly 
stabilized source for this supply. 

Division would be effected by varying V4 as the divisor, but 
this would lead to the cancellation errors mentioned above, and 
would therefore be impracticable. It may be possible to con- 
nect the multiplier in the feedback loop of a computing amplifier 
in order to perform a division. 


3 


If, therefore, the voltage V4 drifts, not only will the — 
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SUMMARY Secondly, the effect of attenuation due to series-resistance 
The theory of a parametric travelling-wave amplifier is developed, losses associated with the capacitance is studied. 
including the pumping wave explicitly. Thirdly, consideration is given to the effect of saturation at 


Particular reference is made to two characteristics of such amplifiers large signal levels. 
which theories assuming a constant pumping-wave amplitude fail to 
predict. 

The first arises from ohmic attenuation in the line, and limits the 
useful length of line to a length of the order of («%1«3)—1/2, where «1 l 
and «3 are the signal- and pumping-wave attenuation coefficients. (2) BASIC THEORY 
Further increase in length leads to a decrease in gain. The practical form of travelling-wave parametric amplifier 

The second characteristic is a saturation effect at high signal levels. hich we have in mind is a series of low-pass filter sections with 


| gaa phe eee lake Cea non-linear shunt capacitance, provided, for example, by suitably 
on the other. The maximum power output at the signal frequency is biased silicon apeuen GiOdes.. Us am aMeDnauve practical 
obtainable from the input pump power and the input signal power !Tangement, the diodes can be connected at equal intervals as 
‘through the Manley-Rowe relations. shunt loads along a transmission line. A uniform coaxial line 
or a Shielded helix are two possible forms which the transmission 
line could take. 
The idealized form of travelling-wave parametric amplifier 
LIST OF PRINCIPAL SYMBOLS considered in the paper is a uniform transmission line having a 
constant inductance per unit length and a variable capacitance 
per unit length. 
The capacitance per unit length is assumed to depend at any 
point along the line on the voltage at that point, according to 
the simple relationship 


A new mechanism of periodic transfer of power between the 
various waves is found. 


C = Capacitance per unit length, a function of voltage. 
Co = Small-signal value of C. 
u = Small-signal phase velocity. 
G = Conductance per unit length 
| i = Instantaneous current. 
| [iz Length of line. (Gr Col + nv) pK Ys cyte i (1) 
Lo = Inductance per unit length. 
n = An integer. 
P,, Pz, P; = Power in signal, idling or pumping waves. 
R = Series resistance of crystal diode. 
b=slime; 
} v» = Instantaneous voltage. 
x = Distance along line. 
Zo = Characteristic impedance of line. 
1, &, &; = Attenuation coefficient of signal, idling and 
pumping waves due to ohmic losses. 
a, & = Growth constants of-amplified waves. 
B;. 82, B3 = Phase coefficients of signal, idling and pumping MW to,=o3; . 2. 2 2 2. @ 
waves. 
7 = Constant of proportionality between capacitance 
change and voltage. 


It is further assumed that only three frequencies need be 
considered in analysing the performance of the line. These are 
the signal frequency, w,, the idling frequency, w,, and the 
pump frequency, w3. This assumption is necessary if the 
analysis is to be reasonably tractable, and in certain circum- 
stances can be justified theoretically if the pumping voltage is 
much larger than the signal voltage and the idling voltage, at 
least when the capacitance/voltage law is of the simple form 
described by eqn. (1). The frequencies w,;, wz and w3 are 
related as usual by 


We shall also neglect ohmic Josses in the transmission line in 
the first instance, though attention will be given to this point 


later. 
brb>, Parties pave. angles. The transmission line equations, when C is variable, can be 
4, W, w; = Angular frequencies of signal, idling and pumping IG 5 
waves. 
LS ach) @) 
dx haa or . . . . . 
(1) INTRODUCTION 
The theory of the travelling-wave parametric amplifier has At Capi pie ‘ful apes?) 
been discussed previously by several authors.3 The present ox or 
| ects Pe enrevsously published ‘accounts in several Eliminating i from eqns. (3) and (4) yields the non-linear wave 
In the first place, the starting-point of previous theories is a pen 4 
travelling wave of distributed inductance or capacitance, whilst aes e —(v + nv?) So New a wi egy 
the present paper assumes initially a non-linear distributed ox? w? Or? 
Capacitance excited by a travelling wave of pumping voltage. , 
f Goa ae RE where a ES ERE LE TYG) 
9 Prof. Cullen is Professor of Electrical Engineering, University of Sheffield, V (LoCo) 
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We next assume that v can be written in the form 
v= V, COs (wt —) Bix + $1) + V, cos (wot —S Box + oo) 

+ V; cos (w3t 3 B3x + $3) — U7 + U2 + U3 Say (7) 
in which V,, ¥, and V3 depend only on x. The phase angles 
$1, $2 and ; are arbitrary constants at this stage. The phase 
coefficients B;, 82, 83 are assumed to have the small-signal values 


appropriate to the frequencies concerned. Thus 8B = w/u in 
general, and in particular the ’s satisfy 


Bi + Bo = B3 ay. Cok shahbmennaalt 


Eqn. (7) can be written in an abbreviated notation thus: 


3 
U0 >) Vos 0), MD Opes tn YE 
n=1 
where 6, = Wat — Byx + hy (9a) 
Now consider the term v? which occurs in eqn. (5). We have 
ue = ut + vs + 2 + 2Wyv2 + VQV3 + 30) (10) 


The six terms in this equation contribute respectively the 
following frequencies: 


0 and 2w,, 0 and 2w,, 0 and 2w3, w, + w, and wy — a4, 
W2 + W3 and W3 — Wi, W3 + Ww; and W3— Wy. 


The zero-frequency terms we may ignore. Of the rest, 
1, + @2 = 03, W3— W2 = w1, and w3— w, = wp, so that 
these terms can clearly be accounted for in eqn. (7). In 
assessing the importance of the remaining terms, we have to 
take into account the frequency and the amplitude of each term. 
Thus, whilst terms like v? and v3 may justifiably be neglected in a 
first-order small-signal theory, it is preferable to retain the term 
of frequency w, + w, arising from the product vv. The 
significance of this small term arises from the fact that its fre- 
quency is that of the pumping wave, by eqn. (2). If it is ignored, 
the resulting equations fail to conserve power. The term of 
frequency w,— w, arising from vz is, however, neglected. 
The remaining terms all involve v3, and cannot be neglected 
on grounds of small amplitude. However they are all of fre- 
quencies higher than w3, namely 2w3, w3 + w, and w3 + wy, 
and if it is assumed that a low-pass filter of cut-off frequency w3 
is introduced appropriately at the termination, such frequencies 
will not appear in the output. Of course, they may have 
undesirable effects on the frequencies that do appear, particularly 
if they lead to instability and oscillation. Such effects are not 
considered here. They may well be important in practice, of 
course, but the increased complication of analysis needed to 
allow for them seems hardly justifiable at present, particularly 
in view of the highly over-simplified capacitance variation law 
which has been assumed. 

When these various terms are neglected} we retain as the 
significant part of v*, written sig (v2), the following: 


sig (v?) = V,V> cos (6; + 63) + V2V3cos (8; — 65) 
+ V3V, cos (0; — 0,) 
This can be written 
sig (v?) = VV, cos (83 + #) + V2V3cos (6; — eb) 
+ V3V; cos (0, — B) (11) 


in which the relationship 8, + 8, = 83 has again been employed, 


and in which y¥.is given by 
b=, + b2.— $3 (12) 


We next substitute eqns. (7) and (11) in eqn. (5), remembering 
that V;, V, and V3 depend on x. 
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When this is done, we can separate out terms of frequencies 
@ 1, W and w3, and so we get three independent equations. Eack 
of these three equations is further separable, since components 
in phase quadrature must be separated. Hence six equations 
are obtained. Using the relationship 8,, = w,,/u, these equations 
can be written as follows: 


aY, 


y 


ss ees nBiV2V3 cos ob we (13 
a = —2B,VaVssin ys . (4 
ce = — 763V3V; cos as 
ae = A BVM sings . (16 
fils = — nB3V,V2 cos (17 
He = + 28,V,¥_ sin (18 


A general solution of these equations will not be attempted 
indeed it may not exist, for the equations are themselves only 
approximate, and we have not shown them to be mutually 
consistent. An approximate solution is, however, given i 
Section 3. 


(3) LOSS-FREE SMALL-SIGNAL THEORY 


To obtain an approximate solution we make the followin; 
two additional assumptions: 


(a) Very small signal conditions; assume V3 constant since ver 
little power is extracted from the pumping wave. Note that this i 
consistent with eqn. (18), since dV3/dx is of the second order o 
small quantities if V; and V2 are both very small. ye accordingl 
write V3 = V3, a constant. aV 

(6) Small gain per unit length, so that 7 

iL, 2 


It follows from (b) and eqns. (15) and (17) that cos # ~ 0 
and so sinys ~ +1. (If cos # differs from zero by a first-orde 
small quantity, |sin “| differs from unity only in the second orde 
of small quantities.) 

Eans. (14) and (16) are the only equations of significance, an 
these become 


mae ace Te with suffice 


dV V. : 
= TA sing ag 
dV. V. : 
= =e TBM sin x (20 
Eliminating V, between eqns. (19) and (20) gives 
a?V, _ (nV30\? 
ae = (75%) BibaM Ch 


remembering that sins = + 1. V, also satisfies this equation 

An appropriate solution, bearing in mind that the signa 
voltage will be finite at x = 0, but the idling voltage will b 
Zero, is 


V; = Vio cosh ax (22 
nae aon @) sinh ax (23 
where oy = a (BP) (24 
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NORMALIZED VOLTAGE 
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Fig. 1.—Growth of normalized signal- and idling-wave voltages with 

distance along the line. 

4 41 
(a) Signal wave, Via 5 
» V2 @ 
| (6) Idling bill om / = 
| 
The signal and idling wave amplitudes as given by eqns. (22) 

and (23) are plotted as functions of «9x in Fig. 1. 
_ The useful gain of the amplifier is less than apJ. 
given by 


It is in fact 


| Gain = log. cosh «o/ nepers (25) 
| 

for a line of length /, or in decibels, 

| 

Gain = 20 logjo cosh «/ decibels (26) 


For a long line, a/ will be large, and cosh a/ ~ 4 exp xp. 
Hence, an approximate gain formula, valid only if the gain is 
large, is 


Gain = (7-686a9/ — 6) decibels (27) 


_ This is reminiscent of the gain formula for a beam-type 
travelling-wave tube. In this case, however, only two waves are 
needed to satisfy the initial conditions, so the initial loss is 
only 6dB, whilst in the travelling-wave tube three waves are 
involved, and the initial loss is 20 log; 3, or 9:54 dB. 

Let us now consider the bandwidth obtainable from a para- 
metric travelling-wave amplifier. It follows from eqns. (24) and 


| 


(2) that 
V. 
: ) TO a/[oos(ws — a,)] (24a) 
i 
Using suitably normalized frequencies this can be written 
a = 0,0, — 02 . (246) 


which is the equation of a circle, plotted in Fig. 2. 

It should not be expected that this very wide-band performance 
will be realizable in practice with a periodically loaded line. 
Amongst other things, higher harmonics of the signal and idling 
frequencies and high-frequency intermodulation products may 
well lead to resonances in the short line sections separating the 
crystals at certain specific signal frequencies. These may lead 
\ 


~ 
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oo Os 
Fig. 2.—Gain as a function of signal frequency, w1, at a fixed pump 
frequency, w3. 


_ 1V3003 
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to dips in the gain curve, and may also, more seriously, lead to 
instability. Experimental evidence is needed to establish the 
usable frequency range of an amplifier of this kind.* 

Eqn. (245) also shows that the dependence of gain on pumping 
frequency is parabolic, the signal frequency being fixed. This is 
shown in Fig. 3. Thus, increasing the pumping frequency will 
always increase the gain per unit length. 


ee 


1 oO, ——_» 


Fig. 3.—Gain as a function of pump frequency, w3, at a fixed signal 
frequency, w1. 


(4) CONSERVATION OF POWER 
It will now be shown that eqns. (14), (16) and (18) imply 
conservation of power. To the first approximation, that is to 
say « <j, B», B3, the characteristic impedance of the line is 
the same for all three waves and has the value 


1 
Z= i zal 
0 Ci 
This is easily proved from eqn: (4). If P,, is the power asso- 
ciated with the wave of voltage V,, we have 


(28) 


Vir 
= 2g, 
Pn ae (29) 
with 7.—= 1, 2, 3. 
; aVZ) _ av, 
Since oe 2V, ie 


it is a simple matter to express eqns. (14), (16) and (18) in terms 
of power instead of voltage, using eqn. (29). The result is 


dP 
ah = F nf sin 2ZyP,P2P3)'" . (30) 
dP ; 
ne = F nf, sin f(2ZoP,P2P3)'!? (31) 
= + nBysin QZ P;P,P3)'2 (32) 


* There is also an anomalous behaviour in the vicinity of synchronism, when 
©; ~ 403. This question is not dealt with in the paper. 
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If these assumptions are tenable, the power gain per unit | 
length given by eqn. (30) must be reduced by a power loss per | 
unit length equal to 2«,P,, and similar terms must be included 
in eqns. (31) and (32). 


Using eqn. (8) it is easy to see that 


dP 
ae de a 


and hence 


P, + P, +P; =constant . (33) 


and so power is conserved. 


(5) EFFECT OF LOSSES 


So far, losses have been neglected. Consider now the practical 
form of parametric travelling-wave amplifier shown in Fig. 4. 


A, B Pu P,Y 
Zon z o1 Zon 
oe (e we c = c c 
R R R R 


Fig. 4.—Diode-loaded transmission line. 


This consists of a diode-loaded transmission line. The equiva- 
lent circuit of the diodes is a capacitance in series with a resis- 
tance. It will be assumed that 


pl<1. (34) 


This is not the optimum situation, for the gain per diode can 
be increased by increasing B/. The inequality (34) leads to a 
much simpler analysis, however, for it is then possible to 
smooth out the diode loads into an equivalent distributed load. 
In doing this we replace the equivalent series circuit of a diode 
by the corresponding parallel circuit. Assuming (wCR)* < 1 
the equivalent capacitance, C,, and conductance, G, of the 
parallel circuit are 
(35) 


(36) 


Suppose the capacitance per unit length of the unloaded line 
is C, and the inductance per unit length is Z,. Then the effective 
primary constants of the loaded line at a frequency w, and at a 
very small voltage level are 

Equivalent inductance per unit length = L, 
Equivalent capacitance per unit length = C, + C// 
Equivalent leakance per unit length = w2C?R// 


The secondary constants are 


pong n (ctz) a 7) 

p=on/| ii(c. +9)| (38) 
LOLOARZ 

iy eee may (39) 


It will be assumed that the value of «, in eqn. (39), though 
deduced for a single low-voltage wave of frequency w,,, will still 
hold at least in the first approximation in the presence of two 
waves of different frequencies. 

It will also be assumed that the transfer of power from the 
pumping wave to the signal and idling waves is substantially 
unchanged by a small amount of resistance in series with the 
non-linear capacitance. 


Hence we find 


dP ; 

el = ¥F mf, sin W(2ZyP; Py P3)'!? — 2oe Py 
dP. : 

a = = Py sin Y(2ZP; P2P3)'? — 2a. P. 
ar, 


SSE 783 sin (2 Zo P; P2P3)!/? = 2a3P3 


In terms of voltages, these equations can be written 


A 8 AB, in f4Va— 0 (40) 
dx 

dV. oe) 

cam Se Bo sin  ViV3 — a%2V2 (41) 
dV. § 

ae = 7B: sin bV,V2 — «V3 (42), 


It is assumed that the ohmic losses are small, and it is therefore 
permissible to neglect «,V, and «V2 in eqns. (40) and (41). We 
are also assuming small signals, and it is then possible to neglect 
the term 4783 sin sV,V> in eqn. (42), in comparison with «3V3, 
More precisely, the following inequalities are assumed: 


x1 < 3V3 sin fB, (7) 


: V, 
ky < ; V3 sin PB, Cs) (43) 


ear 173 sin ie Ga 


These conditions are compatible if the losses are small and 
the signal voltage is always much less than the pumping voltage. 
Under these conditions, eqns. (40) and (42) become 


dV, V. : 

—— - == 81 sin bV2 
dV, ~~ nV3 5 

dV. 

ie ean 


It is easily verified that the appropriate solution (which is 
exact) is 


V; = Vio cosh J oxdx (47) 


Vileeazs Vioa/ gsi | aax 


where 


= Tif 


and Vj) and V3 are the values of V; and V3; atx =0. Su 
stituting eqn. (49) in (47), the voltage amplitude of the signal 
wave is found to be 


— ga 
V; => Vio cosh cay 
a3 


V. 

where = TV(BiB») (51) 
| In Fig. 5, eqn. (50) is plotted for several values of the ratio 
03/09. It will be observed that an increase of line length leads 


| to an increase in gain up to a limiting value determined by the 


40 
(a) 
30 
a 
a (6) 
Z 20 
q 
oO 
LIMITING 
GAIN FOR 
a (c) 


. Fig. 5.—Gain as a function of line length with the ratio of pumping- 
wave attenuation coefficient («3) to initial growth constant («) 
as a parameter. 

(a) «3 = 0. 

(6) n = a3/om = 0-2. 

(c) oo a3/a0 =0°5.° 


tatio «3/%9. This is also seen clearly from eqn. (50) in which, if 
' 03x is very large, V, tends to the value 
Vimax = Vio cosh ~~ (52) 
Thus, the maximum gain obtainable is that which would be 
obtained in the absence of losses by a line of length 1/a3, other 
‘things remaining unchanged. 

The validity of eqn. (50) depends, it must: be remembered, on 
‘the inequalities set out in (43). As distance along the line 
‘increases, V3 will decrease relative to V; and V5, partly because 
V, and V, are growing, but also because V; is decreasing owing 
to ohmic attenuation. The last inequality in (43) remains valid 
under these conditions, but ultimately the first two inequalities 
will be reversed, and the signal and idling waves must take the 


form 
V; = Ayer Hix 
Vv, => AE 2 


(53) 
_ Thus, the limiting gain given by eqn. (52) will not be main- 
tained indefinitely as x increases, and indeed it will not quite 
be realized in practice. There will in fact be an optimum 
length of line for maximum gain. Without making a detailed 
Study, it seems reasonable to expect that this optimum length 
will lie between the length at which the optimum gain is almost 
realized, which we take as 1/«, according to eqn. (50), and the 
length at which attenuation begins to become significant at the 
Signal frequency in the absence of a pumping wave, which we 
take as 1/x,. Hence, the optimum length of line is expected to 
be of the order («,«;)~!/2.. The maximum gain will be less than 
that predicted by eqn. (52) by an amount which increases as a 
increases. 
(6) SATURATION EFFECTS 

The foregoing Sections have all neglected the decrease in 

pumping-wave amplitude due to extraction of power from this 
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wave to feed the growing signal and idling waves. This matter 
will now be considered, but to simplify the analysis, ohmic 
losses will be neglected. 

We start with eqns. (14) and (16) together with the equation 


of conservation of power, which may be written 
V2 4+ V2 + V2 =V2,+ V2 (54) 


Eqns. (14) and (16) are satisfied by the following expressions 
for V, and V3: 


V; = Vio cosh [ adx (55) 
be acy) : sinh J ocd (56) 
where = 76,2) (57) 


From eqns. (54) and (57) it is easily shown that 


Vig, pal 1 + re(1 - cosh? | oud x -# sinh? | adr) | 


or a = 1 1D, B,(1 - ve °F sink? | ads) 


(58) 


On physical grounds we know that the signal and idling 
waves cannot grow indefinitely, since there is only a finite amount 
of power available to feed them. The largest possible signal 


corresponds to the largest possible value of | adx, and a maxi- 


mum of | «dx will be associated with the condition «a = 0. 
Putting « = 0 in eqn. (58) we find 
V2 
(sinh? | ade) = SB (59) 
max VioBs 
Remembering that the signal power, P;, is given by 
P, = Pio cosh? J oud (60) 
it follows from eqn. (59) that 
Ww 
Pi max — Pio = P30 
hy, Pi max — P10 _ P30 
WwW, W3 
In the same way, we find the value of P2,,,, to be 
Po max = Pry 
Combining these equations, 
Pine DE A6 elo Pap (61) 
wy w2 W3 


Thus, at the position of maximum gain, the powers associated 
with the signal, idling and pumping waves satisfy the Manley— 
Rowe relations.4 Note that Py), = 0, and that P; = 0 at the 
position of maximum gain. All the pumping power has been 
transferred to the signal and idling waves, the sharing-out being 
determined by the Manley-Rowe relations. The maximum 
power gain can easily be found explicitly from eqn. (61), and is 


(61a) 


= ss -* a 
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Having found a maximum value for | adx, the question of 


the behaviour of P, for further increase in x naturally arises. 
Also, we would like to know the value, J,, of x at which this 
maximum occurs. 
Differentiating eqn. (58) and simplifying, we get 
da 


a (2) BaBaV to sinh 2 | ads - (62) 


If we assume that the maximum gain is small, so that | aax 


is always small, we can replace the sinh term by its argument, 
and get 


& = — (2) BaBsVi0 [ode | 


(63) 
Uy 
~ s [OYnara-o 
The appropriate solution is 
& = MX COS qx (64) 
with oy = av (B1 Bo) V0 (65) 
=FVEBIM0 + + + + 6) 
It follows from eqns. (55) and (64) that 
V;, = Vio cosh (% bal ro (67) 


When qx is sufficiently small, sin gx/qg—> x, and eqn. (67) 
reduces to the equation derived previously for the case in 
which V3; was assumed constant. However, as x increases, V, 
varies periodically, having maxima of magnitude 


Vmax = Vio cosh ©) 


By V (68) 
or Vara =aag cos 1 : al 
1 ma. 10 (F) 3.) Vio 
The maxima occur at values of x given by 
Xmax = Qn+ i, (69) 


where /; = 


7 ve 7 
2g NVigvV/(B283) 


Thus, we see that the position of the first maximum, /,, moves 
towards the input end of the line as the input signal increases. 
This behaviour is reminiscent of that of a klystron, in which the 
first maximum of r.f. current in the beam moyes towards the 
bunching cavity as the drive power is increased. 

Rather surprisingly, eqn. (69) predicts that /, increases with 
increasing signal frequency. This is because the idling fre- 
quency, w>, decreases as the signal frequency, w,, is increased. 
Hence f, decreases, and so, according to eqn. (69), / , increases. 
It is particularly to be noted that /, is independent of V3) under 
the assumed conditions of small maximum gain, depending 
only on the signal amplitude. For very small signal levels, /, 
becomes very large, and would greatly exceed the length of any 
practical amplifier, so that the periodic behaviour would then 
be unobservable. This is physically reasonable, for the amount 
of power extracted from the pumping wave will be very small 
under these conditions. 
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Fig. 6.—Periodic power transfer between signal and idling waves 
__-and pumping wave. 


The general behaviour of the’ three waves, when periodic 
power transference occurs, is indicated by Fig. 6. 

The approximations made in deriving eqn. (68) limit its 
V30 
Vio 
exceed 4 if the approximation employed in deriving eqn. (63) 
is to be reasonably satisfactory. 

In most cases of practical interest, Vig < V3q so that, in effect, 
eqn. (68) can only be employed when f, < 3, ie. when the 
signal frequency is much less than the pump frequency. | 

However, on physical grounds it seems likely that a periodic 
transference of power between the three waves will occur even 


application very severely, for the term a = must not 


when ni (=) oe greatly exceeds unity, and we will now study 
37 V10 


this case. 
To do so, let us write 
y= 2| od 
(70) 
ae —— 
dx 
Substituting these in eqn. (62) we find 
d’y 2 : 
<3 — — 7) BeBsV% sinh » (71) 


There is a one-to-one correspondence between this equation 
and the equation for the vibration of a mass restrained by - 
spring having a non-linear restoring force proportional to the 


F(z) 
Ube eee ios 
en = 


Fig. 7.—Mechanical analogy. Non-linear oscillatory system with 
restoring force proportional to hyperbolic sine of displacement. 


hyperbolic sine of the displacement, as shown in Fig. 7. The 
corresponding equation is 


d2z 
72 
d*z : "4 
Ts = — Ksinhz 


CULLEN: THEORY OF THE TRAVELLING-WAVE PARAMETRIC AMPLIFIER 


It is physically obvious in this case that the motion will be 
periodic in time. It is also clear that the periodic time, 7, will 
decrease as K increases, and also, for a given K, 7 will decrease 
as the amplitude of oscillation z,,,,, increases. The last result 
follows because the ‘average stiffness’ of the spring increases as 
the amplitude of oscillation increases. 

Applying these qualitative results to the parametric amplifier, 
we see that the length of line, /,, at which maximum gain occurs 
will be less than that predicted by eqn. (69) as Vio FOR 

1 
Furthermore, /, will also decrease as the maximum gain | adx 


increases, Vj) being held constant. This is equivalent to oat 
that /, will decrease as V3 increases, with V9 constant. 

It is also of interest to compare eqn.\(58) with the energy 
conservation equation of the mechanical oscillatory system. 
The comparison is simpler if eqn. (58) is written in a slightly 
modified but equivalent form: 


S(2) + (2) BaBs¥i | sith vay = (2) PiBav (79 


1 dz? 
5m(G) + | sinh zd = (74) 
Dims dt 5 

Considering first the mechanical system, we see that the total 

energy, W, is shared between kinetic and potential energy. 
_When the kinetic energy vanishes, the potential energy has its 
maximum value, W. 

The corresponding formula in the amplifier case gives an 
upper limit to the gain, and this is, in fact, eqn. (61) which we 
have already derived. 

A more useful result is obtained by noting that the maximum 
kinetic and potential energies are equal, and using this to get an 
approximate frequency of oscillation, assuming a sinusoidal 
waveform to relate amplitude and velocity. When the corre- 
sponding calculation is carried through for the parametric 
amplifier, it leads to the following result for the length of line 
at which the first gain maximum occurs: 


i 
[ aa 
I~k 2 (75) 


sinh [ aax 
0 


where /, is given by eqn. (69). 

The factor in square brackets is always less than unity, so 
that the distance of the first maximum from the input decreases 
with increase of gain. This is shown in Fig. 8. 

Finally, it is emphasized that the periodic transfer of power 
between signal and idling waves on the one hand and pumping 
wave on the other, discussed in this Section, occurs by quite a 
different mechanism from that discussed by Tien.? In Tien’s 
paper, the periodicity arises from a deviation in the value of 
one of the phase coefficients, so that eqn. (8) is not satisfied. 

In our case, it is assumed throughout that eqn. (8) is satisfied 
and the periodicity arises from the reduction in pumping power 
as the signal and idling waves grow, and from subsequent 
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Fig. 8.—Position of first signal-wave maximum under large gain 
conditions, /, expressed in terms of the corresponding quantity, 1/1, 
l 


under small-gain conditions, and the maximum gain, i adx. 
0 


exchange of energy between these waves. In Tien’s case, sig- 
nals are assumed sufficiently small for the pumping wave to 
be substantially constant in amplitude. 


(7) CONCLUSIONS 

Some factors influencing the performance of travelling-wave 
parametric amplifiers have been discussed. In particular, the 
practical significance of ohmic losses in limiting the maximum 
gain obtainable is discussed, and a saturation phenomenon of a 
periodic character is predicted when the signal power is com- 
parable with the pumping power. 

The need for experimental evidence is stressed, and experi- 
ments are now in hand which are designed to test the theoretical 
results of the paper. 
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SUMMARY 

The paper gives a description of travelling-wave resonance in a 
waveguide ring fed through a directional coupler, and a resonance 
theory is developed which describes the behaviour of waves in the 
ring and the reflection and transmission in the feeder in the neighbour- 
hood of resonance. The theory allows for equal propagation coeffi- 
cients for the ring waves, or for a different propagation coefficient for 
one of the waves, and for a reflecting discontinuity in-the ring. A 
method of investigating the ring resonance is described using a 
travelling probe, and experimental results are given for the case of 
equal ring-wave propagation coefficients, which substantiate the theory. 


LIST OF SYMBOLS 
L, L;, L, = Length of ring and sections of ring. 
= (a + j8)L = Ring propagation coefficient; B = w/v,. 
@, v, = Angular frequency and phase velocity. 
A, we = Wavelength and guide wavelength. 
I’ + fee Total forward wave propagation coefficient, 
where IY” = («’ + j8’)L. 
r,t = Ring discontinuity voltage reflection and 
transmission coefficients. 
r,, a, b, c = Wave reflection and transmission coefficients 
for directional coupler; k = c/a. 
C, D = Coupling factor and directivity. 
p, 7 = Reflection and transmission coefficients in 
waveguide feeder. 
Q = Resonance Q-factor, where g = n7/Q, and 
n is an integer. 
5 = 2n7S = Fractional deviation in resonant frequency 
from fo, where S = df/fo. 
p = 2n7P = Fractional frequency deviation from mean, 
where P = Af fo. 
z, y = Normalized impedance and admittance. 


(1) INTRODUCTION 


Increasing interest has arisen recently in the properties of 
waveguide ring circuits and microwave cavities which are 
excited through directional couplings, because of the pheno- 
menon of travelling-wave resonance. In this introduction, the 
behaviour of a ring circuit and travelling-wave resonance is 
described briefly and applications are mentioned. Subsequently 
a resonance theory is developed for the two cases of equal and 
different propagation coefficients for oppositely travelling ring 
waves, and experimental verification of the theory is given for 
the first case. 

In previous papers the effect of different coupling conditions 
and inequality of wave-propagation coefficients upon the circuit 
behaviour has been considered by Tischer.'»2 The basic analysis 
is similar to that. given by Tischer, but the assumption regarding 
inequality of wave-propagation coefficients is different. In the 
present paper, the equations for the waves and wave ratios are 


Mr. Twisleton is at the Research Laboratory of Associated Electrical Industries 
(Rugby) Ltd. 


developed in terms of the ring resonance parameters, Q-factor 
and frequency, to permit the derivation of the ring and coupler 
properties from experimental data. This representation alsg 
assists interpretation of the resonance behaviour. 


(1.1) Description of Travelling-Wave Resonance 


Ordinarily, waves launched in a ring by a non-directional 
coupler show a resonant build-up when the ring length is a 
whole multiple of the guide wavelength. At resonance, equal 
but oppositely directed waves combine to give a standing-wave 
pattern of field strength or voltage, whose position is fixed by 
the coupler. However, if waves are launched preferentially in 
one direction in the ring, for example by a directional coupler, 
the ring resonances may be characterized by the predominant 
build-up of one travelling wave. With directional coupling, only 
one travelling wave is launched in the ring. At resonance the 
wave reinforces itself after travelling round the ring, and in the 
absence of reflection the wave amplitude is constant at all points; 
this wave build-up is described as travelling-wave resonance. 

The ring-wave amplitude may exceed that of the exciting wave, 
as in an ordinary cavity, and thus the circuit is useful for testing 
waveguide components at simulated high power with travelling- 
wave conditions.2»4 Other applications for the travelling-wave 
ring include the acceleration of electrons, and the idea of the 
feedback loop has been applied previously to a linear accelerator.° 
Alternatively, the directional excitation of resonant cavities is 
possible, and with a suitable field configuration such as that of 
H,,10 oscillations in a cylindrical cavity, the continuous accelera- 
tion of electrons is possible. In these cases the use of a variable 
directional coupler may be advantageous, since it can be shown 
that the coupling factor has an optimum value depending upon 
the ring attenuation. The ring circuit may also be useful for 
measurement of the properties of materials, for example ferrites, 
under travelling-wave conditions. 

In some of these applications the ring propagation coefficients 
may be different for waves travelling in opposite eer 
The difference of propagation coefficients in the accelerator is 
easily understood, since, in order to deliver energy to the elec- 
trons, a wave travelling with the electrons must be attenuated, 
whilst a wave travelling against the electrons may remain unmodi- 
fied because there is no interaction. Similarly, with a ferrite 
device in the ring, phase shift or attenuation of one circuit wave 
may occur, in addition to the normal attenuation and phase 
shift. This non-reciprocity in the propagation can be allowed 
for in the theory of the ring circuit simply by assuming different 
propagation coefficients for oppositely travelling ring waves. 

In the paper it is shown that the effect of unequal wave propa- 
gation coefficients is to modify the Q-factors, or frequencies, of 
the ring resonances. With reflection in the ring, or at the coupler, 
the characteristic voltage pattern is a standing wave, if the total 
ring-wave propagation coefficients are equal. Inequality of these 
coefficients can lead to travelling-wave conditions at resonance. 

It may be noted that the effect of electron interaction with the 
circuit wave in a magnetron has been treated as a case of non- 
reciprocal propagation. In the analysis mentioned on page 1004 
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of Reference 6, it was assumed that currents induced at the 
anode segments were effective in modifying the propagation 
coefficient of one circuit wave. However, this representation 
may be hypothetical since later analyses for these devices” ® show 
the existence of three circuit waves, rather than two waves as 
discussed here, which give rise to a different type of voltage 
pattern. 


(2) ANALYSIS OF THE WAVEGUIDE RING CIRCUIT 
The waveguide ring, coupled to an adjacent feeder by a 


directional coupler, is shown diagrammatically in Fig. 1. The 
T4 13 
I ee 4 3 ra 
‘Sees 1! 2 Sean e 16 


SECTION 1 


(b) 


Fig. 1.—Waveguide ring circuit and coupled wave relations. 
(a) Wave relations with matched terminations: 
T, = rh, Tz = bi), T3 = ah, Ty = ch 
(6) Wave relations in ring circuit: 
WN ile ie lds = ieee ing sil 
Ig = T&—T2-T2, Ig = Tyee P2 


wave pattern in the ring is regarded as a superposition of for- 
ward (anticlockwise) and reverse (clockwise) travelling waves. 
An incident wave, J;, at the coupler input produces a forward 
travelling wave, T3, in the ring, and a transmitted wave, T), at 
the output of the coupler. An electrical discontinuity and the 
coupler divide the ring into two sections. The discontinuity 
produces a reflected wave, r¥;¢—!1, in section 1 and a transmitted 
wave, t7;¢—™ in section 2, where [', = (a, + j8,)L; is the total 
propagation coefficient of section 1. In addition, a contribution 
to reverse waves arises from the imperfect directivity of the 
coupler. 

The relation between the incident waves J,_,4 and the trans- 
mitted waves T;_,4 in the arms of the coupler are usually 


defined by T = [S]/, where [S] is the scattering matrix. If the 
coupler is symmetrical, [S] has the form 
ie Grice 

1, ATI Tae ere ane eaala 6) 
Ce esa, D) 


Con) DT 


In eqn. (1), a, 6, and c are the wave transmission coefficients 
as defined in Fig. 1, and r, is the reflection coefficient in arm 1 
when all the arms are terminated in matched loads. The 
coupling factor, C, and directivity, D, are usually defined as the 
power ratios C=P,/P; and D=P3/P,, so that |b] = 

V(1 — 1/C), jal = 1/\/C, and |c] =+/[DU — 1/C)]. At the 


discontinuity in the ring, the reflected and transmitted waves are 
related by the matrix equation 


ee oso 


if the reflection is the same at each side of the discontinuity. 

The system of equations defined by eqns. (1) and (2) may be 
solved to yield expressions for the waves in terms of the exciting 
wave, J,, by inserting the relations between the incident and 
transmitted waves in the ring. In addition, an equation may be 
derived, putting J; = 0, specifying the resonant frequencies and 
damping of the ring resonances. 

To allow for different propagation coefficients of the travelling 
waves, we assume that forward waves are modified by the factors 
ée—Ti and e—2, in addition to the normal factors e~!1 and e—l2, 
in sections 1 and 2 of the ring respectively. Assuming arm 2 to 
be terminated in a eete load, insertion of the boundary 
conditions I, = 0, 1; = Tse~ My dy Tge ah, do == Tee i 
and J; = T,e~!2 in eqns. (1) and (2) gives solutions for the 
waves and wave ratios as follows. 

The reflection coefficient at the coupler input is 


pe Ts\ 1 _r, |Z 
p i, al (B)s 1+ ke | el si (3) 


and the transmission coefficient in the waveguide is 


T- tly , Jk 
T i, 1 al (B)ke® te tins [fs Jy ps4) 
where IY = I’; + 5, and k = c/a specifies the directivity of the 
coupler, i.e. k = 0 for directional coupling, 1 > k > 0, for semi- 
directional coupling and & =1 for non-directional coupling. 
From eqn. (2), the ratio of the ring waves at the discontinuity is 


Te 
F KS 7, 6) 
6  ge-Ti-T AGG et 
Bk+C Ak + D 
where T; AC ppl Ti Fe Bp"! eer a (O) 
T, Ak+D 


eee Been. 

A= —rrje tie — be - 
B=r,te-? + bre-l2-?2 

f 

! 


7 
C=4—bigt —rrjeS2-72 2 
D = bre“Fi-2) 4 test’ <P j 
The ratio T¢/J, in eqns. (3) and (4) is 
Te _ |(Bk + Ote~Ti-™ + (Ak + Dyre“™] (8) 


ih AC RD 


The frequencies and the damping of the ring resonances are 
found from the solution for w of the equation 


ACG = BDH Oly otis: «yey (O) 


Some solutions are discussed in Section 3. 


(2.1) Ring Waves and the Waveguide Reflection and Transmission 
Coefficients with Directional Coupling 


To simplify the equations of the previous Section it is con- 
venient to consider special cases, and first we assume that the 
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coupler is directional and non-reflecting. The equations for the 
waves and wave ratios which are obtained with reflection at the 
coupler, but no reflection in the ring, show that the theory for 
this case is closely parallel to that given below. Putting k = 0 
and r, = 0, the reflection and transmission coefficients in the 
main waveguide are 


@re-Vi{- 21-0 


= ; 0 
PF = bte-T)E — bt) — Brel” (10) 
aeT [ter — b(t? — r?)] 
| fy : 
t= br piece el = bi = beeen High ap. 
and the ring wave, 73, is 
asl (el — bt) 
= (oF — bte-T\(er — bt) — Brel” (12) 
The ring wave ratios are ; 
Ts a re—hi-T1 = op rel 
i 1 — bte~!” (ee 5 me elt ; (13) 
T, fa bre—T1 a es br 
a t— b(t — rel” \ TJ 6 tel — b(t? — r) (14) 


where (T;/7T3)5 and (T4/T,)¢ are the wave ratios at terminals 5 
and 6 respectively. 


(2.1.1) No Reflection in the Ring. 


With no reflection in the ring, i.e. r = 0 and ¢ = 1, the input 
reflection coefficient is zero and the transmission coefficient is 


@e-l’-T 
T=b4 (epee (15) 
and the ring wave is 
al 
ip : (16) 


jes bem ate 


with T,=0. Since 7, is zero, a purely travelling wave, 73, 
exists in the ring. The ring wave T;, and 7, exhibit a resonant 
behaviour when the imaginary part of I’ + I’ passes through 
zero. This occurs when L = ndAg, where n is an integer equal 
to the number of wave repeats round the ring, and 7; attains a 
value at resonance given by 


+: al, 
13 = 7 be-WFOL 
17) 
2o—(al +oa)L ( 
and He pies 


(= be @/+@)L 


For a given ring attenuation, the wave amplitude in the ring 
depends upon the coupling between the guide and ring, and it 
is of interest to note that, by differentiation of the expression for 
T3;, maximum transfer is obtained when the coupling factor, C, 
is given by 

1 


Cc 1 = e—2@’+o)L 


opt — 


(18) 
Then 7 = 0. 


The existence of an optimum value for the coupling can be 
shown as follows. At resonance, a wave T; launched in the 
ring arrives back“at the starting point in phase with the entering 
wave. The transmitted wave in the waveguide aT; due to the 
ring wave T3 is opposite in phase* to that transmitted through 


* For a directional coupler the coupling factor a in eqn. (1) becomes Ja. 
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the coupler, i.e. b/,;, and hence cancellation occurs when the | 
The magnification | 


magnitudes of these components are equal. 
of T; is determined by the loaded Q-factor of the ring circuit 
which is a function of the coupling and the internal attenuation. 


The amplitudes of the two waves, T3 and bJ,, vary inversely with | 
the coupling factor b, and hence 7 is zero at resonance for a | 


particular value of the coupling. 


In some applications, for example the testing of waveguide | 


components and the accelerator, the power gain which can be 
obtained is important. Referring to Appendix 10.2 we find that, 
if the ring attenuation is small, the power gain with the optimum 


coupling is Qo/2n7. The equation for T7;/I, given there, 
expressed in terms of Q-factor and frequency, shows that gain | 


is obtained at the expense of bandwidth. 


The case of large attenuation, and the use of another form of © 


ring circuit for high-power testing, is discussed in Reference 3. 


(2.2) Ring-Wave Behaviour with Reflection in the Ring 


If reflection occurs at some point in the ring, a standing wave, 


rather than a travelling wave, is set up* as a result of successive 
wave transits and reflections. In addition, each ring-mode 


resonance, corresponding to nAg = L, may be split into two | 
Experimentally we find that as the | 
frequency is varied the ring waves and the reflected and trans- 
mitted waves in the main guide exhibit a double resonant peak. — 


closely spaced resonances. 


The denominator of eqns. (10), (11), and (12) may be written’ 


as the product (et — e!)(el — eT2), where I, and IT, are ) 


solutions of 
(c= bie "(C8 — b) — bre Oe 


which are 


el 12 


maximum values at frequencies near the resonant frequencies 
given by I’, and T,. 
the ring waves has been discussed by Tischer? in terms of a 
vector diagram using a plot in the complex plane of the ‘poles’ 


elb2 and the zeros [for example ¢!3 = br for eqn. (12)] of the - 
Here, as discussed in Section 4, a vector 
diagram representing the wave ratios T;/T; and T,/T, is used to © 


wave functions. 


describe the resonance behaviour of these ratios. 


a 


(19) 


r y : 
beret cosh i + ve cosh? eo (2 3) . (20) | 
The reflection coefficient, p, and the waves T; and T, attain 


The amplitude/frequency dependence of — 


(3) THE Q-FACTORS AND FREQUENCIES OF THE RING ~ 


RESONANCES 


In an experimental investigation of ring-guide properties, the 
quantities measured most easily are the input-voltage reflection 
coefficient in the waveguide, and the standing-wave ratio in the 
ring, from which the frequencies and Q-factors of the resonances 
may be found. It is possible to express the wave functions in 
terms of these quantities. Assuming equal propagation coeffi- 
cients for the forward and reverse waves, ic. 1’ =O, the 


resonance equation (20) becomes 
elv2 = b(t + 1) (21) 


Egn. (21) has solutions for w = w, + jw,, where w, = w,/2Q. 
QO being the loaded Q-factor, as follows: 


w,L 


= 2n7 + arg [b(t + r)] - (22) 
Up 
* The possibility of reflection cancellation by a second discontinuity exists, leading 
to a travelling wave in part of the ring. 


> 
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| ee Oa eee | 
and ee eS oT log, (AG +7). 
° 2, 20 6s a oge [b(t + r)| (23) 


If arg b(t + r) is zero, then since w,/v, = 27/d,, the resonant 
frequency given by eqn. (22) is defined by nA, = L, where A, 
is the ring-guide wavelength at resonance and nis an integer 
equal to the number of wave repeats in the ring, as mentioned 
previously. 

Now assuming arg [b(¢ + 1r)] to be small, the change in 


resonant frequencies f, , from fy are given by 
3) 
ann th? = arg [b(t + r)] (24) 
fo 
and putting w,L/v, = 2n7, the Q-factors are 
JT = al — log. |b +7) (25) 
Q1,2 


It is evident from eqn. (25) that we may define an internal 
Q-factor, Qo, as 


ni 
Q = cL (26) 
and a Q-factor, Q,, arising from the external coupling as 
nr 2ntr 
Q, = = (27) 


ca @ 
| loge (5; 108. @ x 4 


introducing the coupling factor, C. Thus, the loaded Q of the 
resonances is 


ta ata tam lee| 


(28) 
OQ; 2 Q% Q. 

We see that, if |f + r| is unity, the electrical discontinuity 
does not contribute to the loading of the resonance. Thus the 
condition |t + r| = 1 corresponds to a lossless discontinuity. 

In accordance with eqns. (24) and (28), the resonance equa- 
tion (21) may be written: 

ila ami apg , 
em G. + 5. — g, + 2/51) =H 4 

ae (2%) 
em™(5. + 5: — 9, + 2452) =t—r 


Here, S; = df,/fo, and S, = df;/fp are the fractional frequency 
deviations of the resonances 1 and 2 from fy. We note that 
4(S,; + S,) is the mean fractional frequency deviation of the 
two resonances, and S = (S; — S,) is the fractional frequency 
separation of the resonances. 

Referring to Appendix 10.1, expressions for r and t obtained 
from egn. (29) are 


cs eto qe— UGB 4 jE sinh 2— a as 
and (eS e904 90 EF 4g SE coal ae ae 4 a 
where gg =n77/Qo, and s; =2n7S, etc. Using the same notation, 
é sts 
(pS qo +i(e ar “1 *2) 


where p = 2n7P and P = Aff/fy, Af being the frequency devia- 
tion from the mean frequency of the two resonances. 

Equations for the wave ratios in terms of the frequencies and 
Q-factors of the ring resonances can now be obtained substituting 
for r, t, and I as given above, in eqns. (13) and (14). Referring 


to Appendix 10.1 we find that approximate expressions for ring- 
wave ratios are: 


ban 


3) ab mee! eE 
1a’ fas Oe 
Zoe + JP Urey es (30) 

=) = G) § 4 
T¢/¢ T3/5 

Eqns. (30) show that the magnitude of the wave ratio is different 
in each section of the ring. This is unimportant in the analysis 
of the wave ratio/frequency curve, which has the familiar form 


of a resonance curve. In terms of actual Q-factors, frequency 
and frequency separation, the ring-wave ratio (T;/T3);, omitting 


the factor e, is 
U7 | 1 ) 
———)+jS 
2 ACE 2 ‘ 


5.) +22P 


and 


7), = G1) 
oar Q, 


When Q, is equal to Q,, these factors and the fractional frequency 
separation, S, can easily be found from an experimental plot of 
ring-wave ratio against frequency, or wavelength. The deriva- 
tion of these factors from such a plot, and special features of the 
ring-wave ratio, are discussed in the following Section. 


(4) THE DERIVATION OF RESONANCE PARAMETERS 


If the ring discontinuity is lossless, the loaded Q-factors of the 
two resonances must be equal. Eqn. (31) for the ring-wave ratio 
then simplifies to 


7), = aby ew 
T; r 4 j2P 
: (32) 
and the phase angle of (T;/T3)5 is 


5 — arc tan 2PQ 


The wave ratio has a maximum value of SQ at the mean 
frequency of the two resonances, corresponding to P = 0, and 
at frequencies corresponding to P= + S/2 the ratio is 
SQ/\/[{1 + (SQ)?]. Thus, the wave ratio only exceeds unity if 
S>1/Q. Although the ring-waye ratio attains a maximum 
value at the mean resonant frequency, the ring-wave amplitudes 
are greatest at frequencies near to the resonant frequencies, 
corresponding to P = + S$/2. 

Both S and Q can be found from an experimental plot of ring- 
wave ratio against frequency or wavelength. Referring to 
Fig. 2, the loaded Q-factor is determined by the bandwidth of 
the curve at 0-707 of the maximum value and S can be found 
from the maximum value, or from the bandwidth at unit 
wave-ratio. 

ibusss/O' 2 Parand | Si— "Kx 2Pe where 2P 1s. the 
bandwidth at 0-707 of the maximum wave-ratio, R,,. Alter- 
natively if 2P’’ is the bandwidth at unit wave-ratio, then 
S2 = (2P’)? + (2P’”). 

If the ring discontinuity is lossy, Q; and Q, are not equal, and 
to evaluate these factors it is necessary to obtain more data 
than are provided by the curve of ring-wave ratio. The deriva- 
tion of the resonance parameters in this case is discussed in 
Appendix 10.3. 

The resonance behaviour of the wave ratio (T;/T3)5 = 
r/( — bte—?) can be clearly understood from the vector diagram 


rare ont 


AMPLITUDE REVERSE WAVE 
AMPLITUDE FORWARD WAVE 


© RING WAVE RATIO= 


COEFFICIENT 


INPUT VOLTAGE REFLECTION 


Fig. 2,—Frequency variation of ring-wave ratio and input reflection. 
P= Aw/og p = 2nnP 
S = 80/@o s = 2nrS 


UNIT CIRCLE 


-j) 


Fig. 3.—Vector diagram for ring-wave ratio with directional coupler. 
OA rel 
Ring-wave ratio = — = —~—_"__ 
BC jel — bt| 


For lossless discontinuity, r = — j sin jseI25, t = cos sed 48 


of Fig. 3. The magnitude of the wave ratio is the ratio of the 
vectors OA = re? and BC = e! — bt. The vectors re~l and 
el rotate in a clockwise direction with increasing frequency; it 
can be seen that, if |r| > |1 — br|, which corresponds to S > 1/Q, 
the wave ratio passes through unity at two separate frequencies, 
and attains a maximum at an intermediate frequency. 

The case of semi-directional coupling is of practical impor- 
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tance, and the variation in the wave ratio is perhaps best under- \ 
stood in terms of a vector diagram as just described. This is | 
discussed in Appendix 10.4. 


(5) RESONANCE BEHAVIOUR WITH UNEQUAL RING-WAVE | 
PROPAGATION COEFFICIENTS 


(5.1) The Q-Factors and Resonant Frequencies 

So far in the discussion we have assumed equal total propaga- | 
tion coefficients for the forward and reverse waves. We now } 
consider the changes in Q-factors and resonant frequencies which | 
result from unequal total propagation coefficients. ' 
It is convenient to write the resonance equation (20) in the | 
form 


elz = by/(t? — re’ 49 


t 
g = arc cosh Lema cosh 7a 


An approximate expression for ¢ may be obtained if I’/2 i 
assumed to be small and if t/,/(¢2 — r?) is nearly unity. Fro 
Appendix 10.1, the ratio t/\/(¢2—r?) is found to 
cosh 4(g. — q; + js), so that omitting terms of higher power | 
than the second in the series expansions for this quantity and | 
for cosh I’/2 we find that 


ee Vda — qe" 8\? 
$= arceosh| 1 -+3( 5 +5) +5() 
With further approximation, 

¢=Wihe-—a +i)? +P7] . . . (4)] 


Using the expressions for r and ¢ given in Appendix 10.1, we | 
find from eqn. (33) that 


(33) | 


where 


caak 


Ke 1 8 Sle 


Putting [’ = «’’ + j8’, where «”” and B” are the total changes | 
in attenuation and phase shift of the forward travelling wave, | 
the Q-factors, 9,,>, and frequency deviation, 5, >, of the twa} 
resonances are found from eqn. (35) as follows: 


(35) 


wf a’ qd + q 
Cig Se a ae | 


a 
N 
| 
| 
ie 
+ 
fied 
+. 
Ny 
Be 
€ 
sang 


and the frequency separation of the resonances is | 
§=AJ/[Q— 1 + is? +17) 


First we consider how an inequality in ring-wave propagation | 
coefficients influences the resonance Q-factors and frequencies. 

In the simplest case, that of no reflection in the ring, the 
loaded Q-factors of the two resonances given by eqn. (36) are 
do + de +” and gg+q,. It is evident that these factors 
correspond to forward- and reverse-wave resonance respectively. 
The two resonances occur at the same frequency if 8” is zero, 
or otherwise at different frequencies. 

With reflection in the ring, the characteristic wave pattern is a 
standing wave which, as shown in Appendix 10.5, is so oriented. 
that the field couples, or does not couple, with the discontinuity. 
It may be shown that different forward- and reverse-wave 
propagation coefficients give rise to unequal wave amplitudes at 
resonance, and also to rotation of the wave pattern. With a 
lossy discontinuity, travelling-wave conditions lead to equality 


of the resonance Q-factors, and, alternatively, changes in 

Q-factors can arise from rotation of the standing-wave pattern.* 

(6.2) The Ring-Wave Ratio, Waveguide Reflection and Trans- 
mission Coefficients 

Egns. (10), (11) and (12) for p, 7, and T; may be put in terms 

of the g- and s-parameters and I’,, given by eqn. (35), as 

follows: 


=e Daal | ae 
2 2 2 


(ee | 


p=a 


eT 1-204 2P+E (37) 
7=—b+a 
1+ 4 4 
5) + jp 
NA+ , Vite ,— , 
ee PGs tt) 
e-IV+E (38) 
hile COs. 
Ty es ea 
I; ate, Gt Fda 
\ aoe Pe py tes 
7 Pte + ¢ + ip) reuse $ +ip) 
eM. (G9) 
where b = ¢—%, a* = — 2g,, and E is defined in Appendix 10.1. 
The ring-wave ratio at resonance with external excitation is 
obtained by substituting p = — 6’’/2 + 4¢ in eqns. (30). We 
find that 
Iz — 11 
| pei 
2) e. +} — cE. (40) 
3/5 uth + j(-E +54) 


‘Referring to eqns. (37), (38), (39) and (40), the variation in p, 
T;, etc., near resonance is determined by the bracketed quantities, 
| rather than by the exponential factors, which produce only small 
‘changes in magnitude and phase. 

In the general case of unequal propagation coefficients, the 
Tesonance behaviour is complex and we restrict the discussion to 
‘that of attenuation, or phase shift, of forward-travelling waves. 


| (5.3) Attenuation of Forward-Travelling Waves 


To simplify matters, we further assume that the ring discon- 
tinuity is lossless. This implies that g; = q. =o + 4, and 
hence, from eqn. (34), 6 = 4\/(«’ — s?). There are two cases 
to consider, «” greater or less than s. If «” is less than s, 
$ = tj/(s* — «’?). From eqn. (36), the Q-factors, frequencies 
and frequency separation of the pair of resonances are given by 


de a’ } 

Bia 40°F Fc 

- Spr 8 1 As | 1 

a a ea" = 2") | oa 
eee 


The equations for g and § show that the Q-factors and fre- 


* The contribution due to ring attenuation, i.e. gg, and also g,, remains unaltered. 
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quency separation of the resonances are reduced by non-reciprocal 
attenuation, the mean frequency of the resonances remaining 
unaltered. 

With increased attenuation corresponding to «’’ greater than 
5, = 4h\/(a’? — s*), the frequency separation of the resonances 
remains zero but the g-factors become 


= a’ + 1] * 
Gia eater? + 5V (a = 182) (42) 


2D 

Referring to eqns. (37), (38) and (39), we find that, for «’’ < s, 

the reflection, transmission, and wave amplitude, 73, exhibit 

double maxima in the neighbourhood of resonance, whilst for 

a’ > s only a single maximum occurs. With the latter condi- 

tions, the ring-wave ratio at resonance, from eqn. (40), has its 
maximum value of 


Goa se 
z).= ec iy gaeacleen? 
T; a+ 

2 


(5.4) Phase Shift of Forward-Travelling Waves 


In this case [TY = j8” and when q; = qp, h = tj (s? + B”). 
The g-factors and resonant frequencies are given by 


N1,2 = 40 + We 
4s ] 
and Seri is + 82 + s/s + V(s? + B’)) (43) 
with §=V/(s? + 8’) 


The effect of phase shift is to increase the frequency separation 
of the resonances. If 6’ is appreciably greater than s, the fre- 
quencies are given approximately by 5, = (s; +52) and 
§, = Hs, +s.) — B”. 

With external excitation at these frequencies, the ring-wave 
ratios are obtained by substituting p = 0, and p = — f” respec- 
tively in eqn. (30). Thus at one resonant frequency near to fo 
the ring-wave ratio has its maximum value, and at the other 
resonant frequency this ratio is less than unity. 

The analysis for g. — q;, «’’ and ” each finite, is not given, 
but the two cases discussed with g,; = q, and «” or B” zero 
independently show how the resonance Q-factors are modified. 

Summarizing: inequality of propagation coefficients does not 
influence the variation in ring-wave ratio observed with external 
excitation, but the reflection and transmission in the waveguide 
are modified. Attenuation of the forward wave appears to 
counteract the effect of reflection by reducing the frequency 
separation of the resonances, ultimately to zero, to give a single 
resonance at fy. With external excitation, the amplitude of the 
reverse wave exceeds that of the forward wave. Thus, for 
example, in the accelerator application it would appear preferable, 
provided low attenuation is obtained, to accelerate particles with 
the reverse rather than the forward wave. 

Phase shift of the forward wave increases the frequency 
separation of the resonances without changing the Q-factors, 
and at resonance the ring-wave ratio is thereby modified. With 
sufficient phase shift the travelling-wave conditions can be 
approached. 


(6) SOME EXPERIMENTAL RESULTS 
Fig. 4 shows a waveguide ring constructed for an experimental 
investigation of travelling-wave resonance. A two-slot direc- 
tional coupler was used, which could be changed by removing 
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Fig. 4.—Experimental waveguide ring. 


one half of the waveguide ring. The radial electric field in the 
ring was detected by a travelling probe located in a slot separating 
the two halves, and the ring-wave ratio was found from the 
v.s.w.r. in the normal manner. The waveguide was size No. 16, 
and the mean perimeter of the ring was 17-9cm; therefore 
resonances were expected at guide wavelengths of 5-96cm, 
4-47cm and, 3-58cm, corresponding to m equal to 3, 4, and 
5 respectively. 

With a 10dB coupling block, a double-peaked resonance was 
found at 3-20cm corresponding to re = 4-48cm and hence 
n=4. This was confirmed by measurement of the ring wave- 
length in angular degrees. The variation in ring-wave ratio and 
input-voltage reflection coefficient is shown in Fig. 5, plotted 
against the reading of a wavemeter. These curves had the form 
predicted by the theory, but some asymmetry was evident. The 
asymmetry might have been due to a variation in effective 


ij 


TRAVELLING-WAVE RESONANCE WW 
coupling through the directional coupler with position of the 
standing wave in the ring relative to the slots, but this feature 
was not investigated. 

Comparing the experimental results with theory, the maximum 
ring-wave ratio was 3:16, and the bandwidth of the curve at 
0-707 of the maximum was 0:00872cm, thus giving, from 


eqn. (31), 
2) 
on eee pant 
2\0Q,; Q) 3-20 3-20 187 
It was not possible to determine any difference between Q; 
and Q,, so that we might assume Q; = Q, = 187. For a 


coupling factor of 10dB, the external Q-factor calculated from 
eqn. (27) was ( 


O, = 8n/(2-303 logy) 1°11) = 241 f 


The measured loaded Q-factor and the calculated extern 
Q-factor gave an internal Q-factor of 852, which was a low 
value compared with that estimated from the theoretical guide 
attenuation. Referring to Appendix 10.3, the relation between 
the frequencies at the maximum and minimum values of the 
input reflection coefficient given by eqn. (61) was not satisfied, 
the p values being 0, —1-36, and 1:09 wavemeter divisions. 
The check of eqn. (56) between the curve bandwidth at 0-707 
of the maximum height and the bandwidth at unit wave ratio 
was +/(R2, — 1) = 3, whilst the ratio p’/p’ was 3-11. These 
discrepanciesresulted from the asymmetry of the curve, mentioned 
previously. 

Two further experiments may be mentioned briefly. With a 
20 dB coupling block, travelling-wave conditions in the ring were 
almost obtained, the v.s.w.r. being 0-9 at resonance; thus it 
appeared that, with the 10dB coupler, the reflection causing 
splitting of the resonances arose at the coupler. 

Some measurements were carried out with one slot of the 
10 dB coupler partially blocked, to obtain semi-directivity. With 
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Fig. 5.—Measured ring-wave ratio and input-voltage reflection coefficient with 10 dB directional coupler. 
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arms 2, 3 and 4 of the coupler terminated in matched loads, the 
wave ratio T;/T, was 0-75, and the input reflection coefficient 
was 0:3. These ratios varied appreciably in the frequency band 
of the ring resonance. Hence, a symmetrical curve of ring-wave 
ratio was not obtained, but its general behaviour was in accor- 
dance with that described in Appendix 10.4. 


(7) CONCLUSIONS 


The theory of travelling-wave resonance given in the paper 
shows how the wave ratio in a waveguide ring fed through a 
directional coupler varies in the neighbourhood of resonance. 

Experimentally, the use of a moving probe in the ring has 
clearly illustrated the properties of travelling-wave resonance. 
In the case investigated, i.e. that of equal ring-wave propagation 
coefficients, the experimental behaviour was in accordance with 
the theory. 


(8) ACKNOWLEDGMENTS 


The work was carried out under a contract placed by the 
Admiralty, to whom acknowledgment is made for permission to 
publish the paper. The author thanks his colleagues for advice 
and assistance. 


(9) REFERENCES 

(1) Tiscuer, F. J.: “Resonance Properties of Ring Circuits’, 
Transactions of the Institute of Radio Engineers, 1957, 
MTT-5, p. 51. 

(2) Tiscuer, F. J.: “Resonant Properties of Nonreciprocal Ring 
Circuits’, ibid., 1958, MTT-6, p. 66. 

(3) Mitosevic, L. J., and VAuTEy, R.: ‘Traveling Wave Reso- 
nators’, ibid., 1958, MTT-6, p. 136. 

(4) SFERRAZZA, P. J.: ‘Traveling Wave Resonator’, Tele-Tech 
and Electronic Industries, November, 1955, p. 84. 

(5) SAxon, G.: “Theory of Electron Beam Loading in Linear 
Accelerators’, Proceedings of the Physical Society, 1954, 
67 B, p. 705. 

(6) WiLLsHAw, W.E., et al.: “The High Power Pulsed Magnetron 
Development and Design for Radar Applications’, Journal 
LE.E., 1946, 93, Part IIIA, p. 985. 

(7) Pierce, J. R.: “Traveling Wave Tubes’ (Van Nostrand, 1950). 

(8) Dunsmuir, R.: ‘The Theory of Circular Magnetrons with 
Uniformly Rotating Space Charge’, Proceedings I.E.E., 
Paper No. 2639 R, ee 1958 age B, Suppl. No. 10, 
p. 431). 


(10) APPENDICES 


(10.1) Derivation of Expressions for the Ring-Wave Ratio in 
Terms of the Resonance Q-Factors and Frequency Separation 


Introducing the notation g = n7/Q, s = 2n7S, where S = Sf/fo, 
addition and subtraction of eqns. (29) gives 


r = cEsinh F } 
t = e€€ cosh F 


Giand> Ge SSi tS 


where E=q+4@ 5 5 (44) 
mado 1 od ma} 
and Fr 5) aie. 5) | 
Therefore P —r? = EF 
(45) 
and = cosh F 


t 


Omitting terms of higher order than the first in the series expan- 
sions for e¥ and sinh F, etc., the following approximate expres- 
sions are obtained for r and f: 


’ ae se thade +77! 72) (2 eet 7 — 55 
; (46) 
and wrt cota 1 qq = q2 HS 4 55 


Using the notation p = 2n7P, where P = Af/fo, and Afis the 
frequency deviation from the mean frequency of the two 
resonances, we find that 


T =a ti(e 4 


Thus, substituting for r, ¢, and e? in eqn. (13), the expression 
obtained for the wave ratio in section 1 of the ring is 


Sy ae 


5 (47) 


942 — UN -S4i apa, 
) be igen MLW Tint notte 28 I RAE No kDa 
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é 
1+ 2 , ay, ely 17s, — 2), 
2 2X2 2X2 


reat (30) is obtained by neglecting the terms eS iy and 


(48) 


2 
s,s 
(5 : “ in the above equation. 


O ccas the wave ratio in section 2 of the ring is 


= jt Ey 
67 6 q 5 q2 + jp 


(10.2) Power Gain in the Ring Circuit 
In the testing of waveguide components and the acceleration 
of electrons, the power circulation which can be obtained in the 
ring circuit is of prime importance. 
With no reflection in the ring, the gain in the wave amplitude, 
T3, is 
T3 ee a 


Te Ut SAber® OO) 


The reflection in the waveguide is zero and the transmission 
coefficient, 7, is 
bel — 1 


SE (51) 


pss 


With low attenuation in the ring and weak coupling to the 
waveguide, b and I may be expressed in terms of the resonance 
Q-factors and frequency, as shown in Section 3. 

Eqns. (50) and (51) then become 


T; re V (240) 
I aE wi dl 
1 Jo + Y me (52) 
_ 4% — 4 + IP 
qo a Uc + jp 


At resonance, p = 0, and the power gain, proportional to 


Pele 
7, | > 8 2adl Go + 42. 
The maximum possible power gain is found to be 1/2dp, i.e. 
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Qo/2n7z, which is obtained when gp = q. 
condition, 7 is zero at resonance. Otherwise transmission occurs 
at and off resonance. We note that low attenuation is necessary 
to obtain high gain, and that gain is obtained at the expense of 
bandwidth. Finally, we find that, with directional attenuation, 
the optimum coupling condition becomes gq, = dg + a”. 


With this optimum 


(10.3) Derivation of the Resonance Parameters with Unequal 
Q-Factors 


If the ring discontinuity is lossy, Q,; and Q, are not equal, 
and to evaluate these factors it is necessary to obtain more data 
than are provided by the curve of ring-wave ratio since Q;, Q> 
and S cannot all be derived from eqn. (31). 

The information provided by that curve is summarized in the 


following equations. Using the abbreviated notation of 
Appendix 10.1 we have 

M1 + 42 = 2p’. (53) 

R21 + 9)? =(@ — 1)? + 3? (54) 

and (a1 +)" + 2p’? = G2 — 4) + 8? (55) 


Subtracting eqns. (53) and (54), and substituting for (¢. — q) 
from eqn. (55), we have 


(RR, — 1p’? = (2p? (56) 


49192 = Se (2p)? : (57) 


Multiplying eqn. (53) by q; or gp, and substituting for g,q from 
eqn. (57), a solution for g, and q, may be obtained as follows: 


41,2 = 342p’ t+ V[2p’? + 2p’)? — sy} Y 


Thus, the Q-factors can be found when the frequency separa- 
tion of the resonances is known. This separation is approxi- 
mately equal to the frequency separation between the maxima in 
the ring-wave amplitude, or between the maxima in the input- 
voltage reflection coefficient, p, measured in the waveguide. 
Measurement of p provides the most reliable data, so we con- 
sider analysis of the p/frequency curve. Referring to eqn. (10) 
we find that 


and 


(58) 


1 | 
ee fi — b(t + rjeT][i — 6 — re*]| 


Substituting for b, r, t and e! in terms of g, s and p from 
Appendix 10.1, the proportionality is 


1 


[@+(e-3) ]a+(+3)) 


Differentiating eqn. (59) with respect to p and equating to 
zero, we have the following equation in p for the maximum and 
minimum values of |p|: 


p+ pf ta -(5) |+ sl | mee Yt 


First we note from eqn. (60) that if g, = g2 the turning values 
of |p| are p = 0, and p = + /[(s/2)? — q?]. 

Thus, the fractional frequency separation between the peaks 
is always less than S unless there is no external coupling and the 
internal losses are zero. 

In the general case |p| has maxima at frequencies correspond- 


|p| x (59) 
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ing to p = + s/2 approximately, and a minimum at approxi- 
mately p = 0. 

Denoting these frequencies by Pr Pz and p3, we have, from | 
egn. (60), 


Py: tz, ae (61) | 


ees 


PiP2 + P2P3 + P3P1 = (62) 


bs (5) 


and PiP2P3 = 7B — qi). (63) 


From eqns. (53) and (57), 

= 3[(2p’? + (2p)? — 2s]2)7] 

so that s/2 can be obtained from eqn. (62) as follows: 
(512)? = [@vP + 42p'?] — MOP2 + Paps + PsPr) 


q, and q, can then be found from eqn. (58). We also see that, | 
from eqns. (58) and (63), the difference g,; — qp is 


Maj + 4 


. (64) | 


ia 2P1P2P3 


= VIG? + Gp"? — 2 : 
P) 


1 — % . (65) | 


The agreement between the experimental turning points of |p| } 
and theory can be checked by eqn. (61), and the consistency : 
between R,,, p’ and p” can be assessed by eqn. (56). 


(10.4) The Ring-Wave Ratio with Semi-Directional Coupler 
The ring-wave ratio in section 1 of the ring is 


Ts ph ON ale 
aa 7 pee! — at 
T; LEG ote ( 7) 


(66) 


fy Mbre Teeth bers a 


h - ; 
oe T, kbre-13-0, £ bee) 


(67) 


with r; = 0. | 
The expression for T;/T3 simplifies if we assume that the diss 

continuity and the coupler divide the ring into equal sections SO 

that P} = 1, = 1/2. With Ty = P, = 0, the ring-wave ratio: 


at terminal 5 is 
Ts te kel — b(kt = r) 
B) = r+ — b(t — kr) } © 


Similarly, we find that the wave ratio at terminal 6 in section 2 
of the ring is 
-) red 
T6/6 


Eqns. (68) and (69) become identical with eqns. (13) and (14) 
respectively when k = 0. If we assume that the discontinuity 
is lossless, then from Appendix 10.5.1, eqns. (75), we find that the 
expressions for kt — r, t + kr, and 1? — r? are those given in 
Fig. 6. 

If s is small, then |kt — r| <|t + kr|. Therefore the position 
of the numbers kt — r, t + kr, and # — r? in the complex plane 
is as shown in Fig. 6. With b real, b(kt — r) and b(t? — r?) lie” 
in the first quadrant and hence the magnitude of the wave ratio 
given by eqn. (69) is the ratio of the ae O’A = ke? — 
b(kt — r) and B/C = (t + kre? — b(t? — 

The vectors ke~F and (t + kr)e~P sd in a clockwise 


Eo 


T _ b(kt —r) 
(t + kr)e? — b(? — r?) ~ 


(69) 
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UNIT CIRCLE 


~j 
Fig. 6.—Vector diagram for ring-wave ratio with semi-directional 
coupler, and for lossless discontinuity. 
OA kel — a(kt — r)| 
BC [+ kel — (2 — 7?)| 
For lossless discontinuity, 
kt — r = V(k2 cos? $s + sin? 4s) e/[8 + are tan (tan 4s/k)] 
t + kr = (cos? 4s + k2 sin? 4s) -/ls + arc tan (k tan 4s)] 


Ring-wave ratio = 


2-—p= eS 


direction with increasing frequency, and the diagram shows that 
the wave ratio has a single maximum in the neighbourhood of 
A= 


(10.5) Voltage Patterns of the Ring Resonances 


First we consider the voltage patterns of resonances in a closed 

ting. Inserting the appropriate boundary conditions in eqn. (2), 

we obtain three expressions for the wave ratio at the discon- 
_tinuity as follows: 


Ue Oe PAT 4 me 
| Eqn. (70) shows that all the resonances have a standing-wave 
field pattern if I’ is zero, with either a voltage maximum or a 
voltage zero at the discontinuity, corresponding to 7;/T; = 1 
_or —1, respectively. 

If we represent the discontinuity by a shunt impedance, the 

. frequency and Q-factors of the resonance with T;/T; = — 1 are 
_ those of the plain ring, since no current flows into the impedance. 
_ The converse is true for the resonance with a voltage maximum 
at the impedance, and hence-the frequency or the Q-factor, or 
both, may be different from that of the plain ring. 
_ With I” =0 we have shown that the equation giving the 
resonant frequencies and Q-factors is, in this case, ef»2 = ¢ +r. 
__ Referring to Appendix 10.5.1, we see that, for a shunt admit- 
tance,t —r =landt+r=1+2r. Thus, for one resonance, 
corresponding to the solution «' = ¢—r=1, the frequency 
and Q-factor are those of the plain ring. For the other reso- 
nance, corresponding to ef =1 + 2r, both frequency and 
Q-factor may be different from fp and Qy respectively, depending 
upon whether the impedance is reactive, resistive or both. 

For a shunt resistance, arg(¢-+ pr) is zero, so that both 
resonances have the same frequency, fo, but different Q-factors. 
For a shunt reactance, |¢ + r| is unity so that both resonances 
have the same Q-factor, Qo, but the frequency of one resonance, 
corresponding to arg (t + r) +0, is different from fp. For a 
shunt impedance, | + r| ~ 1 and arg (t + r) £0, so that both 
the frequency and Q-factor of one resonance differ from fy and 
Qy respectively. 

For a series impedance, (t +r) = 1, and (t —r) = 1 — 2r. 
The relation between frequency and Q-factor may be found for 
VoL. 107, Part B. 
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series resistance, reactance or impedance in the way described 
for the corresponding shunt values, and the results are identical. 
However, the field pattern of the resonances is displaced by 
A,/4 relative to the pattern with a shunt impedance, so that 
maximum current and zero voltage occur at the series impedance 
for the resonance with modified frequency and Q-factor. 

Summarizing: the wave pattern at the resonant frequencies is 
oriented so that there is coupling or no coupling with the dis- 
continuity, depending upon whether the waves are in phase or 
in phase opposition at the discontinuity. 

With unequal ring-wave propagation coefficients, and taking 
account of the directional coupler, the ring-wave ratio at reso- 
nance is found to be 


Bo Ms, 7S 
Ts) Ba Ba 
—) =|—s WL 
Ts 


= P 
5 —_ 
zi¢ 


5 KOEN 


Detailed investigation of this equation shows that both 
attenuation and phase shift of the forward wave result in unequal 
wave magnitudes, and reorientation of the field pattern. The 
change in the resonance frequencies and Q-factors is discussed in 
Section 5.1. 


(10.5.1) Expressions for r and 7 for Shunt and Series Impedances in 
Terms of the Resonance Q-factors and Frequency Separation. 
For a normalized admittance y = 1/z shunted across a trans- 
mission line, the voltage reflection and transmission coefficients 
arer = — y/2+y), andt = 2/22 + y). 


Therefore t—r=1 
t+r=14+2 
‘Sraaaiiens (72) 
and pee eases 
ae 2 


Putting b = 1, the ring resonance equation (21) can be written 
€-4xtJs =t¢+r, The contribution to the loading of the reso- 
nances, and their frequency separation, is found from 


es) 2 v4 
e74axtis — |S = a - 2 Je-aces [4614—92—09) : (73) 


For a shunt conductance, g, the solution of eqn. (73) is 
g = 2 tanh q,/2 and hence 


with V(t? — r?) = eel? (74) 
ears & Ix 
and OCD cosh 5) | 
Similarly, for a shunt susceptance b, the solution of eqn. (73) 
for s is s = — 2 arc tan b/2 and therefore 
See) 
r=-—j sin 56/2 
So 
t = cos ae? 
ey ee 
a/(t? — r?) = €72 
E cos 
Ne Sr) 2; J 
5 
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For a shunt admittance, y = g + jb, we find that approximate 
solutions of eqn. (73) are b = — 5 and g = qx when s and qx 


are small. Therefore the reflection and transmission coefficients 
are 
= GF IS. ae SS 
244,—-8 2 
‘ patent (76) 
1 i OER alee INBEV fe ee 
s ar qx js 2 4 Z 


Putting go = Ie = 2 = 9, and G1 = 4x in the equations for 
rand f given in Appendix 10.1, we find those expressions become 


identical with eqn. (76). For a series impedance, z, the voltage 
reflection and transmission coefficients are r = z/ +z) and 
f= 2/2" 2). 


Therefore ey do | 

t—r=1-—2r (17 
and Bhp pe seed 

2 


We find that the equations for r and ¢ are unchanged except’ | 
that for a series resistance, r = 471 — e~%), and for a series | 
reactance t = j sin tse/#5. j 
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SUMMARY 

The equations governing the voltage distribution along a parametric 
travelling-wave amplifier can, under certain conditions, be solved in 
terms of elliptic functions. 

The solution shows that there is a spatially periodic transfer of energy 
between the signal, idling and pumping waves. The maximum satu- 
rated power gain that can be achieved is 

ane @1 pump input power 
@3 signal input power 

where w, and w3 are the angular frequencies of the signal and of the 
_ pump, respectively. The positions of these gain maxima can be cal- 
_ culated explicitly without invoking small-signal conditions. 


LIST OF SYMBOLS 


C = Capacitance per unit length. 
| Cp = Small-signal value of C. 

K = Complete elliptic integral of the first kind. 

k = Modulus of elliptic function. 

k’ = Complementary modulus of elliptic function, 
Imax = Distance of first saturated gain maximum. 
P,, P>, P3 = Power in signal, idling and pumping waves. 


Vi, 


V,, V3 = Amplitude of signal, idling and pumping waves. 
x = Distance along transmission line. 
%, % = Constants associated with the growth of the 
amplitudes. 
B;, Bz, B3 = Phase constants of signal, idling and pumping 
waves. 


| 7 = Constant of proportionality between capacitance 
change and applied voltage. 
Ab Az, 3, A, = Wavelengths of voltage and power transfer 
between the three waves. 
= Angular frequencies of signal, idling and pumping 
waves. 


Wy, W2, W3 


(1) INTRODUCTION 


A travelling-wave parametric amplifier in which interaction 
between pump, idling and signal voltages is achieved along a 
_ transmission line with distributed non-linear capacitance has 
been described by Cullen.! The voltage equations [eqns. (13)— 
(18)] of Cullen’s paper are here taken as the starting point. 
The usual assumption is made that the second derivative of the 
amplitude of the voltage wave with respect to distance can be 
neglected. The resulting equations can then be solved exactly 
and the solutions are discussed in some detail. Cullen gives 
only approximate solutions of these equations. 


(2) BRIEF SUMMARY OF BASIC THEORY 
_ The model is assumed to be a lossless transmission line having 
constant distributed inductance, Lo, per unit length and a dis- 
tributed non-linear capacitance per unit length which obeys the 
simplified law, C = Co(1 + nv). It is further assumed that 
only three frequencies need be considered. These are the signal 
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frequency, w 1, idling frequency, w, and pump frequency, w3, 
related by 
Dy Gey ee ike luca Mau ean mureanad (8) 


It is shown in the Appendix that, if the upper idling frequency, 
W4 = W3 + wy, is also included, there is no gain at the signal 
frequency. 

Following Cullen,! the voltage wave is written 


v = V; cos (wt — Byx + 44) + V2 cos (wot — Bx + do) 
+ V3 cos (w3t — B3x + 


where V;,, V2 and V3 are functions of x, and the phase coefficients 
B,, Bz and B are assumed to be related by 


Baris ea he ek eset we MR) 


Cullen then derives the following equations to be satisfied: 


TV  nBy,Vjcosp . . . . @ 
ee =— 3B VaVs Si Ds eee ee edi C3) 
BS Sar peraVycos ye fw et. 1G) 
ae =— 3B2Vs Vy Stabibyst na ais: 0(6) 
ey = — n62V,V,c0s 8 wt a. sD) 
ee =f 3B; RVers Ut ie PERIL M8) 


where = $1 + bo — $5. 


(3) SOLUTION OF EQUATIONS 


If we consider eqns. (3)-(8), which are not self-consistent, we 
notice that self-consistency is ensured by assigning to ys a value 
such that cosy =0. Alternatively we can consider that this 
amounts to neglecting second derivatives, i.e. considering as 
solutions only slowly varying functions. Since the resulting 
solutions are shown to be in agreement both with the Manley— 
Rowe relations and with power conservation, the procedure 
seems to be justifiable. 

We put thus sin ys = + 1, and consider only the positive sign; 
it can be clearly seen from the solutions that taking the negative 
sign is equivalent to reversing the phase of the idling-wave 


amplitude. The equations to be solved then reduce to: 
oA ane 4B, V2Vs Riad N AME 
ee er, ABV; (10) 
a =+ 2BsViV2 (11) 


[119] 
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- These equations have the same form as Euler’s equations of 
motion for a rigid body moving about a fixed point with no 
external forces applied. In this case, time ¢ is replaced by 
distance x, and the three components of angular velocity about 
the principal axes by the amplitudes of the pump, idling and 
signal voltages V3, V, and V,, respectively. 

From eqns. (9) and (10), 


dV, 
dV 


_ Bil, 
~ BV; 


Vi= Bry, + constant 


B. 


When the idling voltage V,is zero at x = 0, the signal voltage 
has its initial value Vio. Hence eqn. (12) may be written 


Integrating (12) 


(13) 


Similarly, taking eqns. (10) and (11) together, and eqns. (9) 
and (11) together, 


Vi Givi + Vo 


pee BV evs (14) 


and Vi= Bry 


Bs 


Substituting eqns. (13) and (14) into eqn. (10) and taking only 
the positive square roots in both cases, 


as is ae e(Bv% x Ee + vay)" . 6) 


Vio) + Vio (15) 


Writing A= (17) 
3 
a Sea ts) ees) 
eqn. (16) becomes, putting in the limits of integration, 
dV, jae n x 
I, (42 — V3)12(B2 4 y72)1/2 ees V(PiB)| ax . (19) 


The integral on the left-hand side of eqn. (19) can be reduced to 
the standard form of an elliptic integral of the first kind by 
writing A? — V3 = A?T?. 

Eqn. (19) then simplifies to 


(1— V3/A%112 
i 7 
@ + a | C— Ted = Pry 5V (BiB3)x (20) 
1 
Az 
where k2 = a2 + B2 (21) 


The integral can be written as 


nee etae 1 
1 0 \, 


The first integral is an incomplete elliptic integral of the first 
kind whose solution is sn~'(1 — V3/A?)'/? and the second is 
a complete elliptic integral 


-*(63) 


Evaluating the integral in eqn. (20) and also using eqns. (17), 
(18), (21) and (22) we obtain, after some reduction, 


pee VG °) Va cn (K a ox) 


(22) 


(23) 
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V. ‘ 
where ep = TV Bo) . (24) 
B3Vin\— 12 
and kK=(1+ (25) 
( av) 
This can be reduced to one of the alternative forms 
= Bo Xo 

Vy = a (3) Viok sd (72x) (26) 

or V,=—- a @) V3ok’ sd (72x) , (27) 


where k’ = @ ae Bi aye) 
B3Vio 
the elliptic function. 
Expressions for V; and V3 can now be obtained by substituting 
eqn. (23) in eqns. (13) and (14), whence 


is the complementary modulus of 


2 Bi 1 Xo 
Ves a (z) Vso7, da (K a ox) (28) 
which can be reduced to 
% 
Vi, = Vio nd (? x) : (29) 
ie By k’ Xo 
or Vee ( 2) = Vso nd (Fx) (30) 
and V3 = V3o sn (x aR 2x) (31) 
which can be reduced to 
V; = V3 cd (2) (32) . 
Bs B3\k a0 | 
or eee Mae Vio cd (F x) (33) 
The form of these expressions is shown in Fig. 1. It will be 


seen that there is a periodic variation in the amplitudes of all 
three waves. If we write A,, A, A; for the spatial wavelengths of 
the signal, idling and pumping amplitudes, respectively, then, 
from eqns. (26), (29) and (32), 


' 
+ 


NORMALIZED VOLTAGE AMPLITUDE 


Vee ie 
\\ ea 
| Leh dol boi aa 
° a 4 6 8 10 12 14 16 18 20. 
a ° x r 

en 


Fig. 1.—Variation of the amplitude of soa, ae and pump 
voltages along the line for k2 
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Xo 
4Kk 
A, =13 = Se aa (35) 
0 


It is interesting to note that the wavelength of the signal voltage 
is one-half that of the pump or idling voltage. 

The power expressions can readily be obtained from eqns. (26), 
(29) and (32) on the assumption that the characteristic impedance 


of the line:is the same for all three frequencies. Hence 
Py = Py ne? (32x) (36) 
W2 Xo 
Py = 2 P ok? (2 ) De 
2) ry 10k sd je x (37) 
P3 = Py cd? (32x) (38) 


These expressions are shown plotted in Fig. 2. The wavelength 
of the spatial power distributions in all three waves is now the 


same and equal to, say, A,. 


i.e. A (39) 


NORMALIZED POWER 


Fig. 2.—Variation of signal, idling and pump power along the line 
for k2 = 0-8. 


if 3 —10 <1,k tends to unity and the elliptic functions reduce 


1 1 30 
to hyperbolic functions. Eqns. (36), (37) and (38) can be 


written under this condition as 


P, = Pio cosh? (ax) (36a) 

P, = —*P io sinh? (cx) (366) 
1 

P3 => P39 (36c) 


__ They may be recognized as the solutions Cullen gives under 
“small-signal conditions. 
| (4) CONSERVATION OF POWER AND MANLEY-ROWE 
| RELATIONS 

Since the line has been assumed lossless, the total power must 
be conserved; this can readily be proved from eqns. (36), (37) 
and (38): 
| Bien Pols Pig-b-P30 


for all values of x. 
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Differentiating eqns. (36), (37) and (38) with respect to distance 
x, we find 


Ai dP i 
Wy dx 


hg dP hasten bg, 
W2 dx 


W3 dx 


This shows that energy is transferred between the three fre- 
quencies according to the Manley—Rowe relations. 


(5S) SATURATION EFFECTS 


It is clear from Fig. 2 that there is a maximum signal power, 
Pt max, that can be obtained, and this occurs when all the power 
has been extracted from the pumping wave. The power 
extracted from the pump is divided between the signal and 
idling waves through the Manley—-Rowe relations. The maxi- 
mum obtainable power gain can be readily obtained from 
eqn. (36) and is given by 


Pimax _ (1 Be) bl 
Pro @3Pio/ Kk? 


Again from eqn. (36) it can be found that the first maximum of 
gain occurs at a distance from the origin given by 


Kk 


Xo 


(40) 


[feesioes (41) 
It is instructive to observe how the position of this first maximum 
varies as (a) the gain is decreased by increasing the signal input 
power and keeping the pump input constant, and (b) the gain is 
increased by increasing the pump input power and keeping the 
signal input constant. 


5 SET ane ee ae 
+44} +- 
4 +——+ ana + cl 1 | 
3 HiT | a 
e LN 9 I 
A ool rH co 
14 i} poet cil 
1 - ++ i: 
+1 if ML 


oe 
1 2 4 6810 20 40 60 100 200 400 1000 
(k’)7 


Fig. 3.—Position of first saturated gain maximum for constant 
pump input. 


In the first case, we can use eqn. (41) directly. Fig. 3 shows 
Xglmax Plotted as a function of the saturated power gain (k’)~?. 
It is seen that under these conditions the distance of the gain 
maximum from the input increases as the gain increases. 

In the second case, eqn. (41) is most suitably written in the 


form: 
lo. = KK’. 


a = 2 Vi0v (Bobs) 


In Fig. 4 «;/,,., is plotted in terms of the saturated power gain. 
It is seen that the distance of the first gain maximum starts at 


(42) 


where (43) 


(44) 


pane aaa anak 
1) Viow (B23) 


when the gain is unity, and decreases to zero as the gain increases. 
The corresponding approximate curve given by Cullen is also 
plotted in this Figure. It is seen that there is a considerable 
difference between the two curves. 

In Fig. 5 the variation of the signal power with distance is 


Dies 
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Fig. 4.—Position of first saturated gain maximum for constant 
signal input. 
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Fig. 5.—Variation of signal power along the line for three values of 
saturated gain. 


oO 


(a) k2=0°9, 
(b) k2 = 0°8. 
(c) k2 =0°5. 


shown for three values of maximum gain. It can be clearly seen 
from this diagram that, if the amplifier were working under 
saturation conditions, an increase in pumping power, for 
example, might not necessarily result in an increase in gain, as 
would be the case under small-signal conditions. 

Fig. 5 could also be interpreted as resulting from a change in 
signal frequency. It follows then that the gain of an amplifier 
of a given length may, under large-signal conditions, fall to 
unity several times within the frequency range of w, from 0 to 
@3. This is to be contrasted with the gain under small-signal 
conditions when the gain rises from unity to a maximum at 
@, = w@3/2* and falls again to unity when w, = w3. 


(6) CONCLUSIONS 


In the type of travelling-wave parametric amplifier considered, 
it has been shown that, under large-signal conditions, there is a 
periodic transfer of power between the signal, idling and pumping 
waves, respectively. 

The initial eqns. (9), (10) and (11) governing the spatial varia- 
tions of the three voltages have been solved exactly. However, 
in order to achieve this, a number of restrictions had to be 
imposed. The law of capacitance variation, for example, is 
somewhat simplified, and no account is taken of the power that 
will reside in the harmonics. This last restriction can, however, 
be justified by the fact that the practical form of the amplifier 
at the moment has lumped non-linear capacitances instead of 
the continuously distributed medium assumed in the analysis. 
It can be defined essentially as a low-pass filter, rejecting most 
of the frequencies higher than the pump. In fact, interaction 
between the upper sideband and the other frequencies can be 
prevented by other means. For instance, the dispersion charac- 
teristic can be such that the upper sideband gets rapidly out of 
step with the other waves. 


* This point is a critical one, since conditions of synchronism must now be c 
4 - ‘4 rae 4 on- 
sidered. This case is not studied in detail here. 
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The bandwidth of the amplifier will be limited by the dispersion 
characteristics of the line in small-signal operation. Under large- 
signal conditions an additional limitation will be imposed owing 
to the variation of the period of power transfer with frequency. 

Measurements on the type of line described are currently being 
undertaken and it is hoped to publish the results later. 
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(9) APPENDIX 


If both upper and lower idling frequencies are considered, the 
equations can be written 


dV, 


Te + ABiVa(V2 + Va) =0 (45) 
£2 + 1B,VVy = 0 (46) 
Ms _TevV,— Vy) =0 47 
as — FBVVs = 0 (48) 
where Bo = Bs — By (49) 


By = Bs + Bi 


Eqns. (45)-(48) can be shown to satisfy the Manley-Rowe 
relations, which are now written: 


yet ee 1 dP; bid 
@> dx W3 dx Ws dx e i : C7 
_ 1 aP, i Py 1 dP, 9 (51) 


Gia,.dX. ing ate eo ae 


The solutions of eqns. (45)-(48) can be obtained in the same 
manner as in the three-frequency case; we shall only show here 
that no amplification is possible when the sum idling frequency 


is present. 
From eqns. (46) and (48), 
YOarsy ce aee 
ai de wh de aie 
Substituting this in eqn. (51), 
1 dP, __ 2o dPr 
w, dx wz dx 


Since P, = 0 at x = 0, dP,/dx can only be positive. There- 
fore dP,/dx is negative, and power is extracted from the signal 
frequency. 
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DISCUSSION ON THE ABOVE THREE PAPERS AND ON 
‘THE GAIN OF TRAVELLING-WAVE FERRO MAGNETIC AMPLIFIERS’* 
BEFORE THE ELECTRONICS AND COMMUNICATIONS SECTION, 9TH NOVEMBER, 1959 


Mr. A. F. H. Thomson: Dr. Clarricoats showed that large 
amounts of pump power were required in the type of amplifier 
which he was considering, and the main reason for this is that the 
pump power is being used to excite the precession of the magneti- 
zation vector. This, however, is not the only form of amplifier 
which can be set up. By putting the pump field in the direction 
of the d.c. field and the signal and idler fields in the plane at 
right angles to it, parametric amplification should, ideally, be 
possible without exciting precession. In experiments of this sort 
we have, however, found a new type of absorption in these 
materials. With a d.c. field corresponding to half the pump 
frequency it was hoped to observe amplification in the non- 
degenerate mode with idler and signal frequencies close together. 
As the pump field was increased an absorption of pump power 
was observed above a critical pump field of about 0-5 oersted for 
an yttrium-iron garnet single crystal. 

In Fig. A the absorption of the pump power is shown vertically 


Fig. A 


and a small sweep of the d.c. field horizontally, representing a 
sweep of some 40 oersteds over the mean of about 4000 oersteds. 
At almost half the pump frequency we get an absorption which 
appears only above a certain amplitude of the pump field. This 
photograph was taken with the amount of power fed in about 
1% above the threshold value. 

In Fig. B we have gone up to 2% above threshold power, and 
the absorption has increased and widened. The absorptions on 
the forward and return traces are not the same and for some time 
I thought this was due to imperfections in the experiment, but 
subsequently found that the form of the absorption curve 
depends on the rate at which the field is swept, and also on 
whether it is increasing or decreasing. I have not been able to 
determine whether the higher peak is due to a rising or falling 
field, but I think the former. 

Fig. C shows the relationship between the absorption on an 
arbitrary scale and the amplitude of the r.f. field. The curve is 
much steeper than it looks, because the absorption has reduced 
the r.f. field and has almost certainly maintained it at a constant 
value. The ordinates are the fields which would exist had there 
not been any absorption. This mechanism of absorption 


* Crarricoats, P. J. B., Monograph No. 334 E, May, 1959 (see 106 C, p. 165). 
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Fig. D 


differs from that reported by Suhl and Walker, as is seen in Fig. 
D, although it is certainly due to spin-wave excitation. 

The curve in Fig. D was obtained by continuously varying the 
angle between the pump and d.c. fields. The Suhl and Walker 
phenomenon, which is more difficult to observe, seems to have 
a minimum threshold of about the same value as ours. It 
differs, however, in that this subsidiary absorption occurs, not at 
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half the field appropriate to the pump frequency, but near 70%. 
Our curve corresponds almost exactly to a 1/cos? @ form, which 
one would expect if it were merely due to the resolved component 
in the d.c. field direction. We think we have an explanation for 
the mode of excitation of these spin-wave modes, but we have 
not yet managed to prove it. 

The time-constant of build-up of this absorption can be 
extremely long. It is measured in milliseconds for a power of 
about 2% above threshold. We now have a better method of 
measuring the threshold field without varying the d.c. field at all, 
so that a true c.w. threshold is measured. To find the order of 
the spin-wave modes which are excited, we have tried grinding 
the samples to see whether we could reach a size where the 
threshold field begins to increase. This would give an idea of 
the spin-wave-mode wavelength. We have found that this begins 
to go up rather suddenly at about 200 microns. This is hard to 
understand, because with such wave numbers we should have been 
able to detect radiation from the signal and idler. We have 
looked for it with a sensitive receiver but have never observed 
any radiation. There are, therefore, still a number of points 
to clear up. However, spin waves again limit the value of 
permissible pump field, as in the configuration discussed by 
Dr. Clarricoats. 

Mr. R. W. White: With regard to Prof. Cullen’s paper, Iam a 
little disappointed that it is concerned with uniformly distri- 
buted voltage-dependent capacitance and suggest that it is of 
much greater importance at the moment to consider a line 
structure having discrete voltage-dependent shunt capacitances 
distributed regularly, or perhaps in some more complex pattern, 
along the line. Can Prof. Cullen’s work be extended rigorously 
to such cases? 

The theory of periodically-loaded parametric amplifiers deals, 
in general, with cases where the diodes are all identical; yet there 
is very great difficulty in realizing matched sets of more than 
three or four diodes, even when individual bias adjustments can 
be used. This practical restriction is particularly serious when 
uniformity of gain in the pass-band and good matching are 
required. 

In theoretical treatments some simplification of the diode 
characteristic is undoubtedly necessary; but some variable- 
capacitance-diode simplifications seem a little too far away from 
practical realities. 

Simple parametric amplifiers using a single diode have marked 
limitations in bandwidth and gain stability. Travelling-wave 
types offer much greater bandwidth, but there are still serious 
difficulties in their practical realization outside the laboratory. 
There is much to be said for some form of amplifier using two 
(or at most four) diodes and offering characteristics intermediate 
between these two types. 

Finally, have any of the authors yet obtained consistent and 
repeatable experimental results which show conclusively that 
travelling-wave parametric amplifiers have really marked advan- 
tages in gain, stability of gain, bandwidth and noise factor over 
the best travelling-wave valves? 

Mr. R. A. Waldron: There is a fact concerning ferromagnetic 
resonance which may not be generally appreciated, and which has 
a bearing on Dr. Clarricoats’s amplifier. Polder has shown that 
for a certain value of o, the internal polarizing field, the elements 
of the permeability tensor of a ferrite become infinite in the 
lossless case. Kittel has shown that for a certain value of o 
dependent on the shape of a ferrite specimen, as well as on 
frequency, the absorption of energy in a cavity containing the 
specimen is a maximum. At the Polder value of o, microwave 
energy is almost entirely excluded from the specimen, while at 
the Kittel value, which for most shapes of specimen is different 
from the Polder value, energy is concentrated in the ferrite. 
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The non-linear behaviour of a ferrite specimen, on which the 
amplifier depends for its working, is due not to the polarizing 
field being such as to give ferromagnetic (Polder) resonance, but 
to the high concentration of energy in the specimen. 

A weakness of the amplifier is that the signal, not being at 
Kittel resonance, is not concentrated in the specimen and so is 
not strongly coupled to the pump. If a very large pump power 
can be generated, so that there is still a large pump power in the 
ferrite even away from the Kittel condition, it might be possible 
to improve the performance by arranging for the signal to be in 
the Kittel condition. 

Mr. J. Dain: I should like to ask Prof. Cullen about the 
phenomenon of gain saturation which he describes as taking 
place in the travelling-wave parametric amplifier. 

Gain saturation appears not to take place in the quadrupole 
electron-beam amplifier described by Adler. Provided that the 
electron orbits are not increased in diameter so much that elec- 
trons are intercepted by the electrodes of the tube, the gain in 
the quadrupole amplifying section increases indefinitely with 
increasing pump power. 

In the quadrupole amplifier the phase velocity of the wave is 
infinite, while in the travelling-wave parametric amplifier it is 
finite; is this the clue to the difference in behaviour ? 

Mr. C. R. Russell: In the curve of output power shown by 
Messrs. Jurkus and Robson, I was rather surprised to see that 
the idler power was larger than signal power. Could they say 
something about this, particularly from the physical point of view ? 

Mr. J. F. Hyde (communicated): In the literature on parametric 
amplifiers confusion is often caused because of loose definitions of 
terms. This applies particularly to the definition of capacitance. 
Consider the typical charge/voltage relationship of Fig. E such 


A 


SLOPE C, 


CHARGE 


TOTAL BARRIER VOLTAGE 


Fig. E 


as arises for a semiconductor diode ‘varactor’, Here Q is the 
total unneutralized charge in the high-resistivity side of the 
depletion layer and V is the total barrier voltage. In the 
analysis of parametric amplifiers based on such devices we are 
primarily concerned with the rate of change of this charge with 
time, i.e. with i= dQ/dt. The analysis can proceed in two ways. 
In the first we write 


ods sds) dV 
ar eae CaVs, (A) 
Here, C,(V) is the dynamic capacitance, which is defined as 
dQ/dV at V. Alternatively, we may consider the problem in 


terms of the static capacitance C, = Q/V at V. Then 


[6 ee Oe ce 
dt dt 


+Ve 


(B) 


Ad G 
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It will be noted that these two methods are equivalent and that 


dC, 

—s Sc 
wW (C) 
Clearly it is simpler to deal with the dynamic capacitance directly 
and to analyse in terms of a prescribed variation of C, about the 
value Cjg at the working point defined by Vo, say. For a 
limited excursion of voltage V — Vy about Vo we may write 


Ca = Cgol1 + eV — Vo)] (D) 


As well as yielding simpler analysis, the use of dynamic capaci- 
tance is also desirable because it is the dynamic capacitance 
which we are readily able to measure. 

In eqn. (3) of Prof. Cullen’s paper, d(Cv)/dt is equated to the 
change of current per unit length along the line. We must 
therefore interpret v and C as being the total instantaneous 
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voltage across the line and the instantaneous static capacitance 
respectively. In his eqn. (1), however, v must be interpreted as 
the difference between the instantaneous total voltage across the 
line and the working-point voltage, Vp. These equations are 
not, therefore, mutually consistent. The difficulty may readily 
be resolved by writing his eqn. (3) as 

Ol ov 

ax — Casy . . . ° . ° (E) 


where dv/d¢ is simply the rate of change of voltage across the 
line, and by defining the dynamic capacitance as 


Cg = Call + 2yv) (F) 


His eqn. (5) is then unchanged. We note that the wave velocity, 
u, is equal to +/(LoC jo), i.e. it is specified in terms of dynamic 
inductance and capacitance. 


THE AUTHORS’ REPLIES TO THE ABOVE DISCUSSION 


Professor A. L. Cullen and Messrs A. Jurkus and P. N. Robson 
(in reply): Mr. White’s remarks on the far-reaching simplifications 
adopted in the analysis are certainly justified. On the other 
hand, it must be noted that some simplifications are necessary 
in order to achieve any theoretical treatment at all. 

The first point raised by Mr. White has already been partly 

met by the publication of two papers dealing with chains of 
identical quadrupoles loaded with diodes,4-8 though these papers 
both assume lossless quadrupoles and small-signal conditions. 

It is true that lack of uniformity of the diodes presents a very 
serious problem in experimental work at present. One hopes 
that the position will improve in this respect and that it will 
ultimately be possible for manufacturers to supply diodes having 
a much closer tolerance than at present. 

The linear voltage/capacitance characteristic is certainly a 
fair approximation over a small range of variation, and it can 
probably be assumed that higher-order terms will bring only a 
quantitative correction without changing the qualitative aspect 
of the interaction, at least when only three frequencies are 
involved. 

Experimental work by Engelbrecht© and Lombardo and SardP 
has shown that travelling-wave parametric amplifiers can be 
made to work. However, it would be premature to answer all 
the questions raised by Mr. White in his final paragraph, particu- 
larly with the adverb ‘conclusively’. ~ 

In reply to Mr. Dain, it should be noted that the gain of 
the travelling-wave parametric amplifier can be increased by 
increasing the pump power, though for a given length of line the 
gain will not increase monotonically with pump power. How- 
ever, there is a practical limitation on the maximum gain, which 
is set by the useful range of voltage of the diodes. This is 
somewhat akin to the electron interception effect in the Adler 
tube, 

The saturation effect referred to by Mr. Dain occurs in the 
travelling-wave parametric amplifier if the pump is held constant 
and the input-signal power is increased. In the Adler tube it is 
obviously true, if r.f. magnetic fields are ignored, that the output- 
Signal power cannot exceed the sum of the input-signal and pump 
powers. The usual treatment of the theory ignores the pumping 
power, but assumes a constant pumping voltage. In fact, the 
transverse motion of the electrons induces a current in the 
quadrupole structure, and the pumping power is finite. There- 
fore as the input signal power increases, the pumping voltage 
must fall if the pump power remains constant. Hence a satura- 
tion effect occurs, whether the phase velocity is infinite or not. 


However, the character of this saturation effect is, of course, 
different in detail from that described in our papers. 

Referring to Mr. Russell’s question, the maximum power at 
the idling frequency is given by 


a 
P2 max = eye 


and the maximum power at the signal frequency by 
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Pamaxi = 20 ate 30 
W3 


Fy AND Fp x 10 
nN 


0 0-1 0-2 0-3 0-4 0-5 0-6 0-7 
ar, Dro 
Fig. F.—Attenuation factors for Hj1-type mode propagating in a 
circular waveguide of diameter such that 2ro/Ag = 0-685, containing 
a rod with w’/uo = 1-6, €’/en = 11-4. 
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The relative magnitudes of Py 9, ANd P29, are thus determined 
by the initial conditions and the frequencies. 

We are grateful to Mr. Hyde for drawing our attention to the 
significance of the bias voltage in dealing with parametric 
amplifiers using practical variable-capacitance diodes. We 

“entirely agree that the best way to allow for this is to use the 
dynamic rather than the static capacitance, and we accept his 
suggestion that the law of the capacitance variation should be 
eqn. (F); eqn. (E) should then be substituted for eqn. (3) in 
Prof. Cullen’s paper. 

Dr. P. J. B. Clarricoats (in reply): Mr. Waldron points out 
correctly that in the case of a ferrite with certain small dimen- 
sions, e.g. a thin rod, the signal is not concentrated within the 
ferrite; thus the amplifier gain is rather low. However, by 
increasing the diameter of the rod, there is reason to expect that 
the signal amplification will increase in much the same way as 
signal attenuation increases when the pump is absent. Fig. F 
shows the dependence of attenuation on rod diameter for an 
isotropic rod possessing (a) dielectric loss and (6) magnetic loss. 
The curves are normalized so that attenuation can be determined 
for any value of €” and ju”, provided only that these values are 
not so large as to cause the attenuation coefficient, «, to approach 
the value of the phase coefficient, 8. The difference in the 
attenuation scales arises from the relatively large value of €’/ég 
compared with y/o. It is of interest to note that an increase 
in normalized rod diameter from the value 2r,/Aj = 0-1 (above 
which the perturbation method for determining gain becomes 
increasingly invalid) to 2r,/Ay = 0-2, causes the attenuation factor, 
Fy, to increase from about 0-002 to 2:0. Thus, significantly 
greater amplification may be expected from an amplifier using a 
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rod of larger diameter than that employed in the perturbation 
calculation described in my paper. 

With regard to Mr. Waldron’s last suggestion relating to the 
use of the pump in a non-resonant condition, calculation reveals 
that prohibitively large amounts of pump power would be required 
for appreciable gain. Even with the pump frequency adjusted 
to coincide with the Kittel absorption resonance, the large pump 
power required sets a limitation on the practicability of this 
type of amplifier. In this respect Mr. Thomson’s proposal 
appears more promising. 
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THE PROPAGATION OF HIGH-FREQUENCY RADIO WAVES TO LONG DISTANCES 


By F. KIFT, Associate Member. 
(The paper was first received 2nd June, and in revised form 2nd September, 1959.) 


SUMMARY 


The parabolic-layer transmission equation of Appleton and Beynon 
has been solved for a wide range of its main parameters. A method 
of applying the equation to any long-distance circuit, in which the 
successive hop lengths of each transmitted ray are adjusted to accord 
with ionospheric variations along the path, is described. The only 
data required are directly obtainable from published ionospheric 
predictions. The results are displayed on mode plots, which comprise 
(a) a mode-angle plot, showing the angles of elevation of all rays and 


the modes in which they are propagated to all points along a great 


circle of any extent, and (5) a mode-delay plot, showing the time of 
travel of all rays instead of their angles of elevation. The effect on the 
mode plots of diurnal and longer-term changes in the ionosphere is 
discussed. Two long paths are examined experimentally and it is 


_ shown that the number of signal components observed, their relative 


time-delays, their angles of elevation and their response to varying 
ionospheric conditions, all agree well with those determined theo- 
retically from the mode plots, provided that the effect of the tropical-Es 
layer is included. Mode-angle plots may also be used without modi- 
fication to find both the angular spectrum of back-scatter patterns 
and the most probable paths taken by atmospheric noise energy 
arriving at a receiver. Mode-delay plots also provide direct back- 
scatter patterns. The information on the plots may be used to improve 
aerial design and also to choose an optimum signalling frequency such 
that the number of active modes may be reduced, with a possible 
improvement in delay distortion of the signal. The choice of an 
optimum signal frequency is made possible by means of a mode-time 
plot, which shows the diurnal changes to be expected in propagation 
characteristics as determined by predicted changes in the ionosphere 
over the path. 


LIST OF PRINCIPAL SYMBOLS 


E, Fl, F2 = Main thick ionospheric layers. 
Es = Sporadic-E layer. 
D = Spherical (ground-range) distance from trans- 
mitter, km. 
D,, D> = Part ranges. 
P’ = Slant range: equivalent path length, km. 
Ff, = Signal frequency. 
fo = Ordinary-ray critical frequency. 
Sz; = Minimum Es penetration frequency of vertically 
incident waves. 
x = f,/fo = Frequency factor. 
h,, = Height above earth of maximum ion density of 
a parabolic layer. 
ho = Height of lower boundary of a parabolic layer. 
Ym = Mm — ho = Semi-thickness of a parabolic layer. 
ig = Angle of incidence of a ray on a layer at height 
ho, rad. 
6 = Angle of elevation of a ray at the ground, rad. 
Smax = Maximum angle of elevation of Pedersen rays, 
ive. the critical angle. 
S skip = Maximum angle of elevation of normal rays, 
i.e. the skip angle. 


_ Written contributions on papers published without being read at meetings are 
invited for consideration with a view to publication. 

The paper is an official communication from the Radio Research Station, Depart- 
ment of Scientific and Industrial Research. 


n = sin ig = (R/r) cos 6. 
3F2, 2Es = Multiple-hop modes. The number of consecu- 
tive hops precedes the layer designation. 
R = Radius of the earth (6370 km). 
ro = R + ho. 
R = Receiving aerial. 
T = Transmitting aerial. 
N = Electron density, electrons/cm?. 
t = Propagation time, millisec. 
to = Theoretical minimum of t. 
At = t — to = Excess time. 


(1) INTRODUCTION 


As early as 1938, Millington,! in discussing Eckersley’s work? 
on the oblique propagation of high-frequency radio waves by 
way of the ionosphere, pointed out that long-distance paths 
would consist of unequal hops and that a knowledge of the distri- 
bution of ionization at every point along the route was desirable 
in solving the problem of how energy travels from one point on 
the earth’s surface to another. The object of this paper is to 
give an approximate solution to this problem for any given 
state of the ionosphere over the path, and to present the solution 
in a form readily applicable to any long-distance circuit. The 
two main simplifying assumptions are that a parabolic relation 
between height and electron density holds in all thick ionospheric 
layers and that the angle of elevation of a ray at take-off is 
equal to its angle of elevation upon arrival at a point, however 
distant. The treatment employed is based on the parabolic- 
layer transmission equations of Appleton and Beynon? and uses 
ray theory throughout. Emphasis is placed on the paths 
followed by the rays between the transmitter and the receiver 
rather than on the strength of the resulting field, which cannot 
normally be calculated until these paths are known. 

The paper has been written primarily with the needs of the 
communication planning engineer and the aerial designer in 
mind. Some of their problems to which it proposes an approxi- 
mate answer are: (a) the choice of an optimum signalling 
frequency to ensure the longest operating time consistent with 
low signal distortion, (b) the design of aerials which will radiate 
economically despite the variability of the ionosphere, or which 
will have maximum pick-up of wanted signals and minimum 
pick-up of atmospheric noise or interfering signals, (c) the causes 
of circuit failures, and (d) the understanding of the propaga- 
tion processes likely to apply along a given path at a given 
time. 

The effect of the earth’s magnetic field has been ignored and 
ordinary-ray propagation considered only. The theory never- 
theless appears to give a good first approximation to the 
observed facts. The day-time ionosphere often departs from 
the parabolic model, particularly in equatorial regions, but the 
overall effect of this departure on long-distance propagation is 
probably small. Some comparisons between the true ionosphere 
and the assumed model are made in Section 11. 

The method currently in general use for finding the length of a 
hop made by a ray at a given angle of elevation is that described 
in Reference 4. It is based on a mirror analogy of the ionosphere 
and requires either a set of vertical-incidence ionograms for all 
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‘points along the path, which are never available, or the use of a 
rule of thumb in which the heights of reflection are supposed 
invariable at /,,;,, the minimum virtual height of the layer, a 
supposition known to be untrue. A number of approximations 
are used in correcting from vertical to oblique transmission con- 
ditions, and the assumed law of electron distribution is not 
formulated.> 

The present method uses the mirror analogy only when rays 
are propagated by way of the thin sporadic-E layer. For all 
thick layers the true path of a ray through a parabolic layer is 
used to determine its hop length. The effect on the ray paths 
of large layer tilts, which may give abnormal hop lengths, of 
auroral reflecting curtains or of deviations from the great-circle 
path are not considered. 


(2) RAY-PROPAGATION CHARACTERISTICS 

Figs. 1 and 2 show the symbols used to describe the geometry 
of layers and hop lengths. In describing the dispersive-properties 
of a layer, the symbol x with a subscript to denote the active layer, 
€.2. Xpp, is used to denote the ratio signal/ordinary-ray-critical fre- 
quency; this ratio, f,/fo, is called the ‘frequency factor’ through- 
out. For a fixed signal frequency, the frequency factor is thus 
inversely proportional to the square root of the maximum 
electron density of a layer. For a single hop to a given distance 
a value of x exists above which the ray will skip. This value, 
X skip» 18 the maximum-usable-frequency (m.u.f.) factor for that 
distance, and is normally the subject of much emphasis. The 
present treatment is concerned, however, more with propagation 
when frequency factors are below their maximum, since in 
practice the m.u.f. is rarely used. 

The length of a single hop is the ground range, D, and depends 
on the angle of elevation, 5, of the ray, the frequency factor 
and the geometry of the layer as described by h,,, ho, and 
Ym Examples of the notation for multiple hops are: 
(a) 2F2 + 1Es + 1F2, which describes the sequence of hops, 
(b) an M mode, in which an intermediate reflection occurs from 
the top of a lower layer, and (c) a ‘guided’ mode (the G mode) 
in which a ray undergoes more than one consecutive interlayer 
reflection. 

Solution of the Appleton and Beynon equation shows that the 
main factors controlling the ground range of a single hop are 


KIFT: THE PROPAGATION OF HIGH-FREQUENCY RADIO WAVES TO LONG DISTANCES 


oOOkm 


oe 


nes=! 


Fig. 1.—Symbols for Es propagation. 
(Not to scale.) 


Fig. 2.—Symbols for thick-layer propagation. 
(Not to scale.) 


6, x and h,,. The factor y,,/hg often has little effect because, 
for fixed h,, and x, a decrease in y,, causes an increase in hg, 
and vice versa; but a decrease in y,, reduces D,, while the asso- 
ciated rise in fg increases D,. Hence the total ground range D, 
which is the sum of D, and Dy, tends to remain constant. 

Fig. 3 shows the changes in the first-hop ground range when 
hy, alone varies. To avoid complicating the Figure, the Pedersen 
(high-angle) rays have been omitted, and only two of the normal 
rays are shown—the tangent ray (6 = 0) and the skip ray 
(6 = 6,). In practice, the energy downcoming on the illuminated 
zone will consist of both Pedersen and normal rays. When x 
is low, Pedersen rays will contribute effectively only to the first 
few hundred kilometres along the zone, so that at more distant 
points the normal rays alone will be detectable. When x is high, 
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however, both Pedersen and normal rays may contribute to the 
illumination over the entire zone. As x approaches its maxi- 
mum, Pedersen rays may be detectable at 5000km or more,® 
well beyond the single-hop limit of the tangent ray. This 
condition is discussed in Section 6.1. 

Fig. 4 shows the dependence of first-hop ground range on 
changes in the thick-layer frequency factor. Again, Pedersen 
rays have been omitted. 

Fig. 5 shows how the illumination pattern varies with the 
frequency factor of a sporadic-E cloud below a thick constant 
layer. 

In practice, both ,, and the frequency factor of each layer may 
vary from point to point above the great circle, so that the effects 
illustrated may all operate at once. The method described in 
Section 3.3 has been developed to enable these variations to be 
taken into account. 


(3) TRANSMISSION EQUATIONS 


The basic problem to be solved quantitatively is to find the 
points to which energy, projected at any frequency and angle 
of elevation towards a multi-layer ionosphere, will return to 
earth if the layer characteristics vary with distance away from 
the source. A point at which a ray returns to earth from the 
ionosphere will be called its arrival point. The equations used 
in solving this problem are given below. 


(3.1) Parabolic-Layer Equations 


The Appleton and Beynon equation for the single-hop ground 
range, D, of a ray launched at an angle of elevation, 6, towards 
an ionospheric layer may be written 


D=D,+D,= 


Ce 
VC | + arccosn—a} pl) 


R+hpo. 


2R 3 Yh arc tanh | 


where 1 = (R/ro) cos 6 and rp = 
frequency factor cannot exceed 


_V/[l— #0, =4nlrol — V0 0) 
2n*ymlro 


From egn. (1), the 


Xmax (2) 
and D, then tends to infinity. 

Eqn. (1) is plotted in Fig. 6 for an 8° ray and an F2 layer for 
which y,,/49 = 0:4. The range of the Pedersen rays has been 
restricted because, although theoretically they extend to infinity 
in accordance with eqn. (2), they are likely to be very weak at 
extreme ranges. Further, the longer their range in a varying 
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Fig. 6.—Parabolic-layer transmission curves. 
Ymlho = 0°4 
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ionosphere the less is the probability of their hop remaining sym- 
metrical. The broken line represents D,[=2R (are cos n — 8)]. 

Using an automatic digital computer, eqn. (1) has been solved 
for the thick layers for the range of values shown below. 


E layer: h,, = 110 and 120km, y,,/Ay = 0-2. 
FI layer: h,, = 190 and 220km, y,,/A9 = 0-4. 
F2 layer: h,, = 220 — 500km, in 20km steps, 


Vmlho = 0:4 and 0:8. 

In all cases 6 = 0-60°, and x varies from x = 0 to x = Xngx 
in suitable steps. 
The values of D corresponding to these figures are used in all | 
thick-layer work throughout the paper. 
The equation for the equivalent path length, P’, for a single | 
hop has been given by Shearman.’ It may be written 


prs D, (7 9) + aaa) 2 saad @ | 


where 0 = arccosn — 6. 
The excess path, P’ — D, is more convenient in practice. Itis — 


6 
Piso p, (2-1) +, —1) . oF 
Eqn. (4) has also been solved for the range of parameters | 


listed above. The excess time, t — fg, is 


P’—D 
to = a 


At=t (4a) 


Eqn. (4a) has been used throughout to find the relative delay 
between signals arriving after different modes of propagation. 


(3.2) Thin-Layer (Es) Equations 
Putting the thin-layer condition D,; = 0 in eqn. (1), 


D=2R'(arc.cos'n — 6) - 5 ee 

The upper frequency-factor limit has been assumed to be 

1 

X Es > Vd — n) A ‘ ‘ ° . (6) / 

which is equivalent to x + sec ig. 
Putting D; = 0 in eqn. (4) gives the excess time as 

P—D _ Dssin@ 
ima! Dae Sn 

F = aa 1 ogee 


which has been solved for the same conditions as eqn. (5). 
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(3.3) Application of Equations 


Before the various arrival points of a ray in its progress 
towards the receiver can be found the state of the ionosphere at 
the control points of each hop along the great-circle path must be 
known, and therefore the positions of these control points. One 
technique we have developed uses a transparency on which are 
plotted the variations in critical and maximum usable frequencies 
(or h,,) along the path, as determined from published works.®: ° 
This transparency is laid over a family of transmission curves 
drawn from egns. (1) and (5) for a particular angle of elevation, 
i.e. for a particular ray. 

For a given signal frequency, the technique automatically gives, 
for a particular ray: its control point, the ionospheric conditions 
prevailing there and its arrival point, which is then taken as the 
launching point for its next hop. The control points are found 
not by successive approximations but by intersection, so that 
their accurate positioning depends only on the accuracy of the 
parabolic or thin-layer models and of the predicted contours. 
The technique will not be further described here. 

Inaccuracies due to errors in predicted contours may be 
reduced by correcting the transparency with observed data from 
ionosondes on or near the great-circle path. Inaccuracies due 
to departures from the parabolic model are discussed in 
Section 11. 

In applying the technique, a theoretical aerial directed along 
the TR great circle, and radiating equally at all vertical angles 
from 0-90°, is assumed at the transmitting site, T. The rays 
leaving T are then dealt with in turn, starting with the tangent 


T 
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ray (6 = 0) and proceeding at regular intervals of 5, the various 
arrival points of each ray along the great circle being plotted 
against its angle of elevation until it either penetrates the iono- 
sphere or overshoots the receiving location, R. The effect on 
each ray of all active layers, including M reflections and guided 
modes (G modes), is directly apparent using this method. The 
process is continued until the critical angle for the path is reached 
above which no ray leaving T is returned to earth. 

The resulting sets of arrival points, when joined by smooth 
curves to include those of the unsampled rays, show not only 
the extent of all zones illuminated along the TR great circle by 
the radiator at T but also the active modes of propagation at 
all points (including R), their associated angles of elevation and 
the areas of the ionosphere which are determining them. 

A similar technique, using eqns. (4) and (7), provides the delay 
times concerned with each mode of propagation at all points 
along the great circle. 

When each set of arrival points is labelled with its correspond- 
ing mode of propagation, the resulting diagram is conveniently 
termed a mode plot. A mode plot with 6 as ordinate will be 
called a mode angle plot, while a mode plot with At as ordinate 
will be called a mode delay plot. An example of each kind of 
plot is given in Fig. 7, which will be discussed in more detail. 


(4) MODE PLOTS 


Referring to the mode plots of Fig. 7, the following is a brief 
summary of the information yielded by this method of 
presentation. 
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Fig. 7.—19-87 Mc/s mode plots: Ascension Island to Slough. 


(a) hy-plot. 
(6) x-plot. 


(c) Mode-delay plot. 
(d) Mode-angle plot. 


17th April, 1956, 0930-1020 U.T, 


132 


(4.1) Mode-Angle Plots 

A mode-angle plot applies to a particular state of the iono- 
sphere above a great circle at a given instant of time. It shows 
the angular distribution of energy along the path. 

The ionospheric conditions prevailing above the Ascension 
Island—Slough great circle, at the date and time for which the 
plots were made, are shown at Fig. 7(a) and (b). These curves 
were based on predicted characteristics but corrected with 
observed data from ionosondes at the four points shown 
(Section 5.1). The curve marked x;y is simply a plot of the 
F2-layer frequency factor, ic. 19-87/for2. The curve marked 
Xp; is similarly a plot of 19-87/f;,, where f;, is the predicted 
minimum frequency at which vertically incident energy will 
penetrate the tropical-Es layer. 

The lines marked 1Es, M, G, etc., within the x,, curve define 
the great-circle extent of the tropical-Es layer zones illuminated 
by energy propagated in those modes, i.e. the great-circle extent 
of the 1Es, M, G, etc., control points. At each control point 
there exists a maximum value of the Es frequency factor above 
which the mode will fail, and it is thus convenient to plot the 
great-circle distance of each control point against the corre- 
sponding maximum frequency factor, thereby obtaining an 
estimate of the reliability of each mode. For example, the Es 
control point of the 5° ray, which is shown by the mode-angle 
plot to be propagated in the M-mode to about 4000km, is a 
point in the Es layer vertically above the earth at 2000km from 
Ascension Island. The M line at 2000km shows that the Es 
frequency factor would have to exceed about 5 before the 5° 
ray propagated in this mode would fail. Since the predicted 
Xp, at this point is seen to be less than 2-0, the 5° ray at 
4000km may be considered extremely stable in the sense that 
it would require a highly improbable variation of xz, from its 
predicted value to cause the 5° M mode to fail. The reliability 
of the tropical-Es predictions, and the position of the tropical-Es 
layer, are discussed in Section 5.1.1. 

Each ray reaching Slough (6750km) has been numbered, the 
same number being shown against its various control points 
along the route so that the controlling areas of the ionosphere 
can be seen at a glance. Further features of Fig. 7 are discussed 
in Section 5.1. 

The angles of elevation and modes of propagation to be 
expected at Slough (or at any other point along the great circle) 
when a transmitter is at the origin, can be read directly from the 
mode-angle plot, and this is its main purpose. Other uses are 
suggested by the following considerations. 

An ordinate erected at a point S (Fig. 7) on the mode-angle 
plot intersects the mode lines to show the angles of elevation 
and modes of propagation of all rays arriving at that point 
from a source at the origin. But some of this arriving energy is 
returned from S to the origin by back-scattering. It is evident 
from reciprocity that the back-scattered energy from S can return 
to the origin only by reversing its original routes. This argument 
applies to all points along the path, so that the mode-angle plot 
as it stands gives the complete vertical-angle spectrum and modes 
of propagation appropriate to a back-scatter pattern from this 
direction as observed at the origin. To be of use in interpreting 
an actual back-scatter pattern, mode-angle plots may be needed 
for a number of great circles covering the azimuthal extent of 
the radiation from the transmitting aerial. 

Apart from the back-scattering sources along the great circle 
there are also atmospheric-noise sources, to which a similar 
argument applies, The mode-angle plot thus gives the vertical- 
angle spectrum and modes of propagation of the signal-frequency 
component of all possible atmospheric-noise energy arising along 
the path and entering a receiver situated at the origin (except 
for local noise). A possible way in which this information could 
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be used to improve signal/noise ratio when the location of a 


zone of frequent noise is known is described in Section 6.4. 


Below the ionosphere, the apex angle of the cone of direct | 


entry of the signal-frequency component of cosmic noise arriving 
in the neighbourhood of a receiver at the origin is approximately 
Tt — 28max, Where 5,n¢x is the highest angle on the plot. 


arrive is by inference identical with the range at which upgoing © 


energy Can escape. 


(4.2) Mode-Delay Plots 
A mode-delay plot, which again applies to a particular instant 


of time, shows the delay distribution of energy along the path. — 


‘Delay’ (Ad) is here defined as time in excess of D/c in accordance 
with eqns. (4a) and (7), so that the actual path time is At + D/c. 

Its main purpose is to show_the time spread of signals arriving 
at a given receiver from a transmitter at the origin, so that both 


This is 
so because the range of angles at which downcoming energy can . 


’ 


| 


P 


' 


the extent of delay distortion for any allotted signal frequency, — 


and the factors controlling it, are known. 

The mode-delay plot also gives directly the back-scatter pattern 
as observed at the origin from the great-circle direction. 
slant range of ground back-scatter is simply D + cAf, i.e. the 
sum of the abscissa and ordinate at any point. 


The | 


For back- — 


scatter use, cAr (= P’ — D) is given on the right-hand side of — 


the At scale. 


Except for research or circuit failure investigations, the user 
is more concerned with diurnal or longer-term changes in the - 
angles and time spreads of energy arriving at his receiver than ~ 
with conditions at a particular instant along the path. Never- 
theless, it is only from these basic plots that such information — 
can be reliably obtained. Before this use of the plots is discussed, 
the experimental evidence for their reliability will be examined. — 


(5) EXPERIMENTAL RESULTS 


Two main sets of data have been obtained and examined, © 
using (a) Ascension Island—Slough pulse transmissions, intended 
to test the validity of the treatment described, and (b) Colombo- — 


Slough pulse transmissions undertaken for another purpose.!? 


(5.1) Results of Ascension Island—Slough Pulse Tests 


A series of pulse transmissions began in 1956 from a trans- 
mitter in Ascension Island (T). At Slough (R) the angles of 


elevation of the arriving-signal components were measured using — 


standard method and equipment.!! 
on a frequency of 19-870 Mc/s and lasted for one hour, mostly / 
in the morning. A frequency of 21-583 Mc/s was occasionally - 
used concurrently. On 35 days between February and October, 
1956, a total of nearly 5000 measurements was made, an average 
of 140 observations per hour. Many photographs of the time 
spread of the pulse patterns were also taken. The unit period — 
of measurement was 5 min. 

In order to compare measurements with theory, the predicted 
frequency factors and heights of maximum ion density of the 
F2 layer along the path were corrected by hourly data from the 
ionosondes at Dakar (2400km from Ascension Island), Casa-— 
blanca (4500km), Poitiers (6200) and Slough (6750), all of 
which are on, or near, the great circle. Measured values of 
fr; at these stations were not used, for reasons discussed later 
in this Section. Using the corrected x- and h,,-contours, as 
shown for example in Figs. 7-9, (a) and (5), mode-angle plots ~ 
were made for each observing hour to find the theoretical modes 
of propagation and angles of elevation. A histogram of the 
observed angles of elevation was then compared for each hour 
with the theoretical angles on the plots. These histograms are 


Transmission was usually — 
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Fig. 8.—19:87 Mc/s mode plots: Ascension Island to Slough. 


(a) hp-plot. 
(6) x-plot. 


(c) Mode-delay plot. 
(d) Mode-angle plot. 


4th April, 1956, 0940-1030 U.T. 


shown to the right of each mode-angle plot. Some mode-delay 
plots have also been made and compared with observed pulse 
patterns and delays, and are shown to the right of the mode-delay 
plots. 

Sufficiently close agreement was found between theoretical 
and observed angles and patterns to justify the use of the para- 
bolic transmission theory outlined. Inno period of observations 
was there any marked deviation from-the angles of the corre- 
sponding mode-angle plots. The agreement illustrated in Figs. 7, 
8 and 9 is typical of the results. 

The lowest electron-density areas of the ionosphere along the 
path, which theoretically determine the maximum angle of a 
received ray, were always towards the Slough end of the circuit. 
Figs. 7-9 have been chosen to illustrate conditions of medium, 
low and high F2-layer electron density, respectively, towards this 
end of the circuit. E and Fl layers were not active. It is 
apparent that the main effect of a decrease in ion density is to 
exclude the higher-angle modes, in agreement with theory. 

This dependence of the maximum angle of a received ray on 
frequency factor and h,, at the low ion-density controlling zone 
of the ionosphere was found to be very close: in only 3% of the 
400 Smin periods of observation did a recorded angle exceed 
the maximum angle determined by theory from the relevant 
mode plot. 


(5.1.1) Discussion. 


Figs. 7-9 show that the measurements concerned only sample 
a very complex pattern of illumination at one point. To be 


completely convincing, simultaneous measurements would be 
needed at other points along the great circle. However, if 
agreement is found between theory and observation at a 
single point with respect to (a) the number of components, 
(b) their angles of elevation, (c) their relative delay pattern, and 
(d) their variations under changing ionospheric conditions, the 
probability of a correct interpretation is strong. Taking 
Figs. 7-9 as examples, it will be shown that (a)-(d) are satisfied. 

The complexity of the illumination patterns illustrated is 
obviously due to the presence of the tropical-Es layer, which has 
been centred on the dip equator, using predicted? median fz,; 
the density falls off rapidly on either side of the +10° isoclines!? 
(marked on Fig. 7). 

A guide to the regularity and predictability of the tropical-Es 
layer, which is associated with the equatorial electrojet, may be 
seen from the following example for the month and times con- 
cerned in Figs. 7-9. Thus during April, 1956, at Kodaikanal, 
where the dip is +2°, the Es layer was observed at this hour 
(1000 L.M.T.) on every day of the month, median fg, agreed 
with prediction, while the standard deviation from the average 
was only 7%. However, at Dakar, where the dip is about 
+20°, although Es was observed on 25 days and median fp, 
again agreed with prediction, the standard deviation had risen 
to 15% and the type of Es was often ‘blanketing’ to 
vertically incident rays—a characteristic not shared by the 
tropical-Es layer;!3 Dakar Es may thus be considered beyond 
the north edge of the tropical-Es layer and too unreliable for use 
on the mode plots. This does not of course imply that propaga- 
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Fig. 9.—19°87 Mc/s mode plots: Ascension Island to Slough. 


(a) x-plot. 


Imp fairly constant at 340-360 km. 
(b) Mode-delay plot. 
(c) Mode-angle plot. 


11th April, 1956, 0930-1030 U.T, 


tion is in fact uninfluenced by sporadic clouds forming away from 
the dip equator, but only that their incidence and density cannot 
be reliably predicted. The spread of observed low angles on the 
histograms of Figs. 7-9 is no doubt partly due to these Es clouds. 
It may be noted that they would have little influence on the path 
time of the first-arriving components at Slough, which is nearly 
constant at approximately 23 millisec for low-angle ‘mixed’ 
propagation. 

Discussing now (a)-(c) above, comparison of the histograms 
and pulse patterns with the mode-plots of Figs. 7-9, at 6750 km, 
shows that (a) the number of signal components agrees with the 
number predicted, (b) the observed angles of elevation agree well 
with prediction, and (c) the relative delay patterns also agree 
well with the predicted excess time except where Pedersen rays, 
whose delay is very variable, are concerned. In all these 
categories pure-F2 propagation would give very poor agreement 
with observation. 

As an aid in assessing the changes to be expected from (d), 
the moment-to-moment variations in the ionosphere, the theo- 
retical positions of the control points of the various com- 
ponents observed at Slough have been marked (i) on the xp 
contour and (ii) on the lines within the x,, contour, which are 
explained in Section 4.1. 

On 17th April, Fig. 7, only components 1 and 2 were present 
at the start of the period of observation (0930 U.T.). At this 
time ionization (at Slough) was low, so that x, was higher near 


this end of the circuit than is shown by the plotted x-contour, 

Towards 1000 U.T. ionization increased to agree with the 

plotted value and components 3 and 4 were then observed. 

Later, ionization further increased, component 4 disappeared, 

component 3 lowered in angle from 13° to 10°, while the relative 

delay times of components 2 and 3 fell from 1-1 and 1-7 millisec_ 
(the values shown) to 0:9 and 1:2 millisec, respectively. Now 

these are exactly the expected responses of these components 
to a rising ionization, as may be seen by comparing them with 

components 2 and 3 of Fig. 9, when the ionization at the Slough 

end of the circuit was high. 

Again, on 4th April, Fig. 8, the low ionization near the Slough 
end of the circuit would be expected to guide the 2Es + 1F2 
rays to a minimum of 6900km, i.e. beyond Slough, while the 
higher rays propagated in the G + iF2 modes, etc., would 
penetrate the ionosphere before reaching Slough. Only one 
mode of propagation, M + 1F2, would therefore be expected, 
and in fact the rare single-component condition was noted at 
the time. 

On 11th April, Fig. 9, Slough ionization only increased 
slightly during the observing period. Nevertheless component 3,. 
the G + 1F2 ray, was observed only between 0930 and 0947 U.T., 
after which time it disappeared. The position of the G control 
point at the north edge of the tropical-Es layer, marked ‘3’ at 
approximately 2800km, shows that a fall in fp, of only 34% 
would have just this effect, while leaving the other Slough com- 
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ponents unchanged. Again, during the slight rise in Slough 
ionization the Pedersen rays, components 6 and 7, became much 
weaker and eventually failed, in agreement with theory. 

This consistency was often evident, and together with the 
general agreement of observation with theory provides strong 
evidence that the mode plots give a realistic statement of propaga- 
tion above the path. 


(5.2) Results of Colombo-Slough Pulse Transmissions 


Measurements of the angles of elevation of pulses received at 
Slough from Colombo (8 700 km) on 16: 160 Me/s during daylight 
hours on one day per week throughout 1953, excluding June to 
September, have been given statistically elsewhere.!° A brief 
analysis of the path conditions, using the mode-plot technique, 
will be given here. 

Hourly ionospheric data for 1953 are available at Slough from 
Bombay, Madras, Graz, Lindau, De Bilt and Slough, but not 
from that part of the path over Soviet territories, so that good 
correction of x- and h,,-contours is not at present possible. 
However, the predicted x-contours showed that the low-ioniza- 
tion controlling zone would be expected at either the European 
or the Asian end of the path at the times concerned. 

Mode plots were made for one day of each month, and good 
agreement was found throughout between observed and theo- 
retical angles of elevation and excess delay times. The highest 
angle of elevation recorded during each of the 490 5 min periods 
of observation was also compared with the maximum angle to 
ibe expected from the low-ionization controlling zones, and it 
was found that the observed angle exceeded the theoretical 
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angle in only 5% of all the periods of observation, again amply 
justifying the theory. 


(5.2.1) Discussion. 


Fig. 10 illustrates conditions between 0930 and 1030 U.T. on 
the 2nd October, 1953. Because Colombo is only 5° south of the 
dip equator the general illumination pattern is less broken up, 
M and G modes being unlikely. Again, pure-F2 propagation— 
except at high angles—is rare along this path in sunlight. It will 
be noted that (a)-(c) of Section 5.1.1 are satisfied. This agree- 
ment was general for the hours examined, but was not so striking 
as for the Ascension Island circuit, probably because less iono- 
spheric data were available for correcting the Colombo path 
contours. 

Agreement under condition (d) was difficult to assess, because 
the lack of hourly Es data during 1953 from ionosondes between 
the 10° isoclines prevented a check on the reliability of f,, pre- 
dictions. The tropical-Es layer frequency factor was therefore 
plotted directly from predictions without checking and centred 
on the dip equator. Without the introduction of this layer, 
agreement was again generally poor. 


(5.3) Other Evidence 

The mode-plot technique has not been confined to the two 
circuits described, but has been used with consistent success in 
back-scatter work at Slough and elsewhere, and for the examina- 
tion of many other circuits. These results will be described 
elsewhere. 
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Fig. 10.—16-16 Mc/s mode plots: Colombo to Slough. 


(a) Am-plot. 
(b) x-plot. 


(c) Mode-delay plot. 
(d) Mode-angle plot. 
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(6) SOME GENERAL FEATURES OF LONG-DISTANCE 
PROPAGATION 

Section 5 showed that propagation may be complex over 
transtropical paths, and that this complexity is due to the 
tropical-Es layer. During equatorial darkness, when only resi- 
dual Es is usually present, or over non-tropical paths, conditions 
may be much simpler. This Section discusses path illumination 
during these simpler conditions, as shown by the mode-plot 
technique, and when only a single thick layer is active. 


(6.1) Pedersen Rays 


The characteristics of first-hop Pedersen rays are shown in 
Fig. 11 for fixed A,,72 and varying frequency factor, x, at the 
control points. An arbitrary limit (dashed curve) has been set 


10 


ANGLE OF ELEVATION 6 , DEG 


GROUND RANGE D,km 


Fig. 11.—Pedersen rays during limiting conditions. 
Im = 400km Yp/ho = 0-4 


to their maximum distance, which is theoretically infinite. The 
curve Dp = Dy defines the angle at which the Pedersen-ray 
ground range equals the tangent-ray ground range, so that for 
a further increase in angle of elevation a zone of the earth exists 
which is illuminated by Pedersen rays alone. This zone lies 
roughly between the Dp = Dg line and the dashed line. It will 
be seen that for this value of h,,-2 (400km) first-hop Pedersen 
rays can only exist alone below about 9°. They have been 
observed quite strongly at 5300km,® !4 but Fig. 11 shows that 
they may be unstable at these long distances in the sense that 
only a small rise in critical frequency at their control points may 
cause them to fall short of a given distance when a fixed signal 
frequency is in use. Their angles of elevation and path times 
are also very frequency dependent. They may survive in subse- 
quent hops only if ionization increases along the path, since they 
will then be partly refocused. 


(6.2) Short-Term Variations: Mode-Stability 


The modes of propagation of the rays leaving T may be con- 
sidered stable if they fail only when abrupt changes occur in 
critical frequency, such as those associated with sudden iono- 
spheric events or the occurrence of dawn or dusk along the path. 
Again, for a mode to be considered stable the angle of elevation 
of the ray arriving at a fixed receiver should not vary by more 
than 3°—4° (say) despite the normal hour-to-hour, or day-to-day, 
fluctuations in ionization along the path while a given signal 
frequency is in use. 

In pure-F2 propagation it has been seen that Pedersen rays 
are not stable in this sense. In mixed propagation it has also 
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been seen that low rays whose control points fringe the tropical-Es | 
layer are unstable. Again, in pure-F2 propagation it is easy to) 
see from mode plots that the lowest-angle rays are those least 
affected by ionospheric changes, provided that very steep 
gradients do not occur near the terminals. It is of course) 
possible, by choosing a very high signal frequency, to excite 
low-angle unstable modes, as illustrated by the 5000km point’ 
on Fig. 11, but such frequencies are usually avoided in practice. 
When pure-F2 modes alone are active, and for distances up to, 
about 8 000km, the mode-plot technique will show the optimum | 
modes and angles of elevation; for distances greater than this’ 
the mode plots show that the optimum range of angles of eleva-. 
tion for stable modes is approximately 4°-8°. When trans- 
tropical circuits are concerned, it is usually necessary to use the | 
mode-plot technique for any distance, since the effect of | 
tropical Es in breaking up_the illumination patterns is very 
variable and depends on the exact location of the transmitter. 


(6.3) Long-Term Variations 


When the F2 layer alone is active, the modes of propagation 
of low rays along any path from which dawn or dusk is excluded | 
can be kept the same by a suitable choice of signal frequency 
whatever the season of the year or phase of the sunspot cycle. 
It is of course true that the critical frequency level of the F2 layer‘ 
varies considerably from season to season and throughout the 
sunspot cycle and that the shape of the critical-frequency contour 
over any path may also vary. But it is not the level of critical 
frequency that determines the modes in which rays are propagated — 
but that of the frequency factor, which can be held relatively 
constant if a suitable signal frequency is available. Any long- 
term changes in the shape of the frequency-factor contour will, 
as shown in Section 5, affect the high-ray modes of propagation 
in detail, but usually leave the low rays relatively unaffected. _ 

When mixed modes of propagation are active, this generaliza~ 
tion fails because the extent and ionization of Es clouds and of 
residual Es do not follow the sunspot cycle, or necessarily vary 
seasonally in the same way as those of the thick layers. Thus, in 
a period of few sunspots, when thick-layer ionization is low and 
signal frequencies are therefore also kept low in order to ensure 
regular communication, the level of sporadic ionization may be as 
high as during a period of many sunspots. The general level of 
Es frequency factors may then be very low compared with the 
thick-layer frequency factors, and mixed propagation by way of 
sporadic clouds or the residual layer may be frequent and, in 
the present state of knowledge, unpredictable. Even in these 
circumstances, however, low-ray modes of propagation wil 
usually be more stable than those of the high rays. 


(6.4) Propagation of Atmospheric Noise Energy 


It was noted in Section 4.1 that the mode-angle plots show 
all the paths available to atmospheric noise arising along the 
great circle and entering a receiver situated at the origin. The 
plots may thus be used to decide the relative merits of transmis- 
sion at various angles of elevation. For instance, the main 
high-noise zone affecting the Slough—Ascension Island circuit 
lies, very approximately, between the points 1100 and 2200km 
from Ascension Island.!5 Suppose that the optimum major- 
lobe vertical] angle of an aerial with a 6° beam width is required. 
Then reference to Figs. 7—9 will show that rays projected from 
Slough at 5° + 3° will usually arrive at Ascension Island by two 
signal modes, 1F2 + M and 1F2 + 2Es, often competing with 
path noise arriving by one mode, 1Es, only, and also that the 
effective noise zone is reduced to a belt of about 250km extent. 
But rays projected at 15° + 3° would usually reach Ascension 
Island in one mode only, 1F2 + G or 3F2 + 1Es + 1F2, often 
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competing with two noise modes, 1Es + 1F2 and 1F2, while 
the effective extent of the high-noise belt is increased to about 
750km. Some improvement in signal/noise ratio would thus 
be expected if the aerials were designed to excite the low-angle 
modes exclusively. 

Mode-angle plots constructed for the great circle between an 
interfering transmitter and the receivér may also be used in a 
similar way to show if the interference can be reduced by a 
suitable choice of vertical transmission angle. 


() MODE-TIME PLOTS AND MAXIMUM-USABLE 
FREQUENCY 

The use of an appropriate signal frequency for long-distance 
communication is of primary importance. If the signal fre- 
quency, and therefore the frequency factor along the path, is 
too low, much of the radiated energy will be wasted because it 
illuminates inessential zones of the earth’s surface or because it 
travels to the receiver by an unnecessarily large number of hops 
and is therefore excessively dissipated in transit. Again, with 
low frequency factors, many different paths between transmitter 
and receiver are open to each group of waves constituting a 
signalling element, and since each path is traversed in a different 
length of time, any one signalling element arrives at the receiver 
as a set of confused overlapping groups of waves extensively 
spread out in time. The modulation waveform at the transmitter 
is then not reproducible at the receiver. 
_ The use of a too high signal frequency avoids this delay dis- 
tortion and the wastage of radiated energy on inessential zones 
of the earth, but is a false economy since not only may the angle 
of elevation vary greatly but communication may suddenly fail 
altogether when relatively slight layer changes occur over the 
path. Again, the radiated energy may be excessively dissipated 
in its long paths through an active layer. 


(7.1) Optimum Working Frequency 


The m.u.f. for a given distance is here meant as that frequency 
above which no signals will be received at that distance. In 
terms of the frequency factor, and for a single hop, it is x,,;,fo. 
The optimum working frequency (o.w.f.) is chosen where possible 
at 85% of the m.u.f., i.e. at 0-85x,,;,fo. This choice assumes that 
communication is always possible between an absorption-limited 
lower frequency and the m.u.f. This assumption is demonstrably 
untrue. Fig. 12, for instance, is a parabolic-layer plot of path 
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Fig. 12.—F2-layer propagation to 5000km. 
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time against frequency factor, a generalized P’f curve, for a 
5000km path. It shows the modes of propagation, delay times 
and angles of elevation of all rays reaching a receiver at 5000 km. 
The frequency of transmission is supposed to be swept continu- 
ously from the critical frequency of the layer, assumed constant, 
where x = 1, up to the m.uf. at X,xj,f9 = 2:94fo. The o.w.f. 
isat0-85 « 2-94f) = 2:5fo, where communication is impossible. 
Fig. 11 shows that for this layer the 1F2 Pedersen rays will be 
undetectable above about 6°, where x « 2:84, while the nose 
of the 2F2-mode line in Fig. 12 cannot exceed x = 2:3 for a 
level layer, or 2:44 (dashed line), even when the critical frequency 
at its first control point is raised by 30%. It will be apparent 
that to an observer with a limited number of available frequencies 
the m.u.f. may well be recorded as less than about xfo = 2:3fo, 
since the frequency range in which the 1F2 mode is detectable 
is very limited. Statistical summaries of the m.u.f. based on 
commercial usage may thus be very misleading. 

Again, Figs. 7-9 show that an observer at 3000 or 4700km 
will rarely receive any 20 Mc/s signals from an Ascension Island 
transmitter although x; is well below the m.u.f. factor. 


(7.2) Mode-Time Plots and Optimum Signal Frequency 


Possible alternatives to the m.u.f. are the optimum-signal- 
frequency bands for each mode. These would show the safe 
frequency ranges in which each mode could be used, bearing in 
mind delay distortion and stability during normal ionospheric 
variations, and would include the effect of tropical Es where 
appropriate. The analysis of a circuit in these, or similar, 
terms requires data from a number of mode-plots to cover the 
period for which the circuit has to be kept open, and would 
most usefully be tackled with an automatic computer. Where 
the choice of signal frequencies for a circuit is limited, the 
following simpler method could be used. 

It is required to know, for each available signal frequency, the 
changes to be expected in the angles of elevation and delay times 
of the rays arriving at a given receiver during the period that the 
circuit needs to be kept open. The mode plots so far discussed, 
although applying strictly only to a given instant of time, may in 
practice show little variation over a one-hour period when 
ionospheric conditions are relatively stable. For less stable 
periods, such as at dawn or dusk, the mode plots must, however, 
be constructed for more frequent intervals. 

If the data applying to the receiver location are read from each 
of these mode plots and assembled on a universal-time instead 
of a distance axis the required information is available. Such 
a plot will be called a ‘mode-time plot’; examples using three 
different signal frequencies for the day-time Ascension Island— 
Slough circuit are shown in Fig. 13. These plots are based on 
predicted F-2 layer variations only, in order to simplify explana- 
tion; the effect on them of the tropical-Es layer will be considered 
later. 

The way in which the circuit opening conditions of Fig. 13(a) 
were built up is shown in Fig. 14. This consists of 8 super- 
imposed mode-angle plots, each labelled with the universal time 
for which it was constructed, and clearly shows the dynamics of 
the morning build-up of propagation along the path from dawn 
onwards. Thus at 0610 U.T. all rays leaving T escape except 
those in the unstable 1F2 mode beyond 4000km. By 0620 U.T. 
the skip ray in the 2F2 mode, previously more distant, reaches 
Slough (R) (compare Fig. 13). The 2F2 rays at R then pass 
through a brief unstable ‘focused’ stage and by 0700 U.T. are 
stabilized at R in the 2F2 mode. The 3F2 skip ray reaches R 
by 0615 U.T., the 3F2 mode becoming stable by 0800. By 
1100 U.T. the 4F2 skip ray has reached R and remains relatively 
unstable, in the sense that both normal and Pedersen rays are 
present, until about 1300 U.T. (compare Fig. 13). A similar 
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Fig. 13.—Mode-time plots for F2 layer: Ascension Island to Slough. 


(a) fg =17Mc/s. (6) fe = 20Mc/s. (c) fg = 23 Me/s. 
April, 1956. 
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Fig. 14.—17 Mc/s mode-angle plots for circuit opening conditions 
for F2 layer: Ascension Island to Slough. 


April, 1956. 
picture holds for the decay of propagation as ionization decreases 
towards dusk. 

Fig. 13(6) and (c) were similarly constructed using timed 
mode-angle plots. It will be seen that, by this method, not only 
can an optimum signal frequency be chosen, from those available, 
to exclude rays in high-order modes that may be causing delay 
distortion, while those in a low-order mode can still be utilized, 
but also valuable insight is obtained into the total effect of such 
a choice. 

Fig. 15 shows a complete diurnal mode-time plot based on 
predicted F2-layer conditions, when a signal frequency of 20 Mc/s 
is used during the day and 10Mc/s during the night. The 
vertical polar diagram of a fixed simple aerial, supposed to be 
used for both 10 and 20 Me/s transmission, is also shown. The 
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failure of all but the low-ray modes at approximately 0600 U.T. 
refutes the fairly common generalization that angles of elevation | 
are higher at night. No evidence suggests that low rays fail to | 
be propagated by way of night-time layers, but their detection } 
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April, 1956, 


‘may be prevented by the increased angle of elevation of the major 
lobe if the day-time aerial is used at night, as is shown in Fig. 15. 

When the diurnal changes in all layers are taken into account, 
the result is a complex mode-time plot such as that shown in 
Fig. 16, where propagation by way of the tropical-Es layer is 
included. The effect of the predicted median values of f,, in 
the residual-Es layer during darkness has also been included to 
show the possibility that, despite its low density, the sporadic 
ayer may still remain active. This may occur because the 
reduced night-time signal frequency lowers the level of the Es 
frequency factor. (In practice, residual-Es ionization will never 
conform to predicted median values over a wide area, so that 
the night-time plot gives only a qualitative picture of the mixed 
modes.) 

Fig. 16 shows that the choice of an optimum signal frequency 
/may be difficult for a transtropical circuit. The use of the 
‘present treatment should nevertheless enable a more informed 
choice to be made than has previously been possible using two- 
control-point m.u.f. methods. 

Finally, it may be mentioned that all the techniques described 
in the paper are readily adaptable to the use of an automatic 
computer. 


(8) CONCLUSIONS 


The evaluation and application of the Appleton and Beynon 
expression for the ground range of rays propagated by way of a 
parabolic layer have shown that the calculated angles of eleva- 
tion and relative time delays of rays arriving at a distant receiver 
are close to those observed in practice, provided that each 
calculated hop length is adjusted to accord with changes in the 
active layers over the path and also that the propagation of rays 
_by way of the tropical-Es layer is taken into account. The good 
agreement between theory and observation, for both the Ascen- 
sion Island-Slough and Colombo-Slough paths, suggests that 
the theory may be confidently applied more generally. On the 
assumption that this generalization is justified, many propagation 
problems can be usefully attacked. In particular, approximate 
solutions can be given to the problems of the propagation of 
atmospheric noise energy, the relative stability of different modes 
of propagation, the design of suitable aerial systems and the 
changes in propagation characteristics to be expected from long- 
and short-term changes in the ionosphere. The choice of an 
optimum signal frequency for use with any long path can be 
_made with more confidence than has previously been possible, 

since the effect of the total ionosphere over the path is assessable. 
The use of mode-angle, mode-delay and mode-time plots in 
choosing an optimum signal frequency should help to lengthen 
service time and sometimes permit increased signalling speed, 
| since delay distortion can be reduced. 
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(11) APPENDIX 


Errors Introduced by the Use of the Parabolic Model 

During night-time in most parts of the world the thick iono- 
spheric layer approximates closely to the parabolic model, and 
errors introduced by using the technique described are probably 
negligible for practical purposes. Jt is, however, known from 
published N(h) data,!° which accurately describe the ionosphere 
for a given ionogram, that the day-time ionosphere may be far 
from the parabolic model deduced from the same ionogram by 
standard reduction techniques. 

Vickers!7 has calculated the ground range of rays travelling 
by way of the real ionosphere, and two of his results are shown 
in Figs. 17 and 18, together with the corresponding ground 
range using the parabolic model deduced from the same iono- 
grams. The examples illustrated are those of extreme departure 
—in practice much closer agreement would usually be expected. 
Since present predictions of ionospheric conditions are based 
on parabolic, or near-parabolic, models as deduced from 
ionograms, the Figures illustrate the degree of error possible in 
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extreme cases when the techniques described in this paper are 
used, If, as a result of N(h) investigations, a better model is 


proposed, the technique may still be used with new transmission 
equations. 
40 ae ee oe 

B 30 
o 
6 

# 30 g 

~ zn 

re Ww 

{e) re 

Sa 2) 

% 20 wy 

a o) 

ra z 

uw 

re) 

Ww 

oe 19 

¥4 

< 

5 GROUND RANGE D,km 
° 6x103 
GROUND RANGE D,km Fi . Chee: 
: ; he ig. 18.—Comparison of actual and 
Fig. 17.—Comparison of actual and parabolic ionosphere over id . Khartoun parabolic ioncs pee aia 
Slough. apt 
Actual. —-——— Parabolic. — Actual. --—-- Parabolic. 
ordfor: = 1:4 Adrueyp2 = 325kM impr = 400km  ym/ho = 0-4 Arveyr2 = 425km mp2 = 480kmM ~— Yt = 0-4 


27th July, 1957, 1200 U.T. 9th March, 1957, 1300 U,T. 


21.397.812 : 621.397 


The Institution of Electrical Engineers 
Paper No. 3169 E 
Mar. 1960 


© 


/.H.F. FIELD-STRENGTH MEASUREMENTS OVER PATHS IN THE IRISH SEA 
INVOLVING MOUNTAIN OBSTACLES 


Their Application to a Particular Television Channel-Sharing Problem 


By J. K. S. JOWETT, B.Sc.(Eng.), Member. 
(The paper was first received 8th July, and in revised form 30th September, 1959.) 


SUMMARY 


A description is given of measurements made to compare the 
ropagation of yv.h.f. signals over paths in Cardigan Bay and the 
‘ish Sea, some of which involve transmission over high mountain 
dges. Comparisons are made, based on simple knife-edge diffraction 
1eory used together with published propagation data, between the 
xpected and measured field strengths at various distances beyond the 
le of Man mountain ridge. The results of the second series of 
xperiments are applied to confirm that interference between co-channel 
‘levision stations at Winter Hill, Lancashire and Black Mountain, 
elfast should be at an acceptable level. 


(1) INTRODUCTION 
(1.1) General Comments 


The characteristics of v.h.f. propagation over long non-optical 
aths have been the subject of study for a number of years, 
artly because the successful planning of broadcast and tropo- 
yheric-scatter services depends upon a thorough knowledge of 
lis subject. Considerable scientific interest also is centred upon 
1¢ means by which such signals are propagated, and various 
<planations of the phenomena involved have been put forward. 

The fact that v.h.f. signals are transmitted unexpectedly long 
istances over sea as well as over land paths, together with 
ther observed features, has led most workers to reject any 
leory involving only diffraction over uneven ground and to 
mncentrate instead upon tropospheric effects. Nevertheless, as 
ointed out by Bullington! and others, diffraction by terrain may 
ell be a major cause of the propagation of high-power trans- 
lissions to intermediate distances of up to 200km or more. This 
lay apply particularly where the ground is irregular and where 
0 more than one or two large diffracting ridges intervene 
etween the transmitting and receiving points. It is already well 
nown from a number of experiments2-® that, in such circum- 
ances, the strength of v.h.f. signals may be greater than it is 
ver paths which contain no large intervening obstacle but which 
re otherwise similar. 

The need to learn more about the effects of such mountain 
bstacles initially led the author to consider what possible 
ropagation paths within the United Kingdom might be studied 
<perimentally to demonstrate the difference between obstructed 
nd unobstructed path propagation. Ideally what was needed 
as a high-power transmitter so placed that long-distance 
leasurements of its emissions over very smooth terrain, or 
referably over sea, could be compared with measurements of 
1€ Same emissions at a similar distance over an adjacent path 
bstructed by a single mountain obstacle. The paths initially 
1osen for tests were in Cardigan Bay and the Irish Sea. Later 
sts, which form the main subject of the paper, were made over 
ger paths between England and Northern Ireland, using the 
le of Man as the diffracting ridge. 


Written contributions on papers published without being read at meetings are 
vited for consideration with a view to publication. 
Mr. Jowett is in the Post Office Engineering Department. 


(1.2) Outline Description of Experiments 

An early series of measurements was made at Holyhead, the 
field strengths being recorded for a period of nine months of 
signals from the B.B.C. Band I television transmitters at Douglas, 
Isle of Man, and at Blaen Plwyf, West Wales. This experiment 
was of limited value because the path lengths were relatively 
short and also because of differences in the planes of polarization 
employed and in the geographical locations of the two paths. 

The opportunity to undertake a more refined experiment 
occurred in connection with the development of the I.T.A. 
television service. The J.T.A. are assigned the use of Channel 9 
at both Winter Hill, Lancashire, and at the station under con- 
struction at Black Mountain, Belfast. This co-channel share 
between the Belfast and Winter Hill stations would provide 
rather more than the accepted standard protection against 
mutual interference if the normally used propagation data were 
applicable. However, the paths between the two service areas 
are unusual because in some directions almost completely over- 
sea propagation is involved while, in others, over-sea propagation 
is interrupted only by the mountain ridge of the Isle of Man. 
Practical propagation data over these two types of path were 
needed to confirm that in neither of these typical cases would 
co-channel interference be caused for more than an acceptably 
small percentage of the total time. 

These and other requirements led to a decision to record the 
field strength set up by the Winter Hill television sound trans- 
missions at three points in Northern Ireland, commencing in 
early 1958. Later in that year a special series of measurements 
was also undertaken, involving the use of a mobile field-strength 
measuring unit at various points along the east coast of Northern 
Treland. 

In all, therefore, a total of six series of related measurements 
have been made, five over fixed paths across the Irish Sea, details 
of which are given in Table 1, and one using mobile measuring 
equipment. A map showing the location of each of the paths 
studied is given in Fig. 1, while Fig. 2 shows the profiles of the 
five fixed paths based on an effective earth radius equal to four- 
thirds of the actual radius. In Fig. 3, a projection of the profile 
of the mountain ridge of the Isle of Man is shown, with an 
indication of the parts of the ridge traversed by each of the direct 
paths between Winter Hill and the three fixed Northern Ireland 
sites. 

(1.3) Further Comments on Choice of Receiving Sites 

The comparison of the receptions of the Douglas and Blaen 
Plwyf Band I transmissions carried out between June, 1957, 
and February, 1958, employed a site at the Post Office v.h-f. 
radio station at South Stack near Holyhead, Anglesey. This 
site is on high ground and is not typical of domestic television- 
receiving sites. This, however, was not of great importance 
since the particular experiments were primarily designed to 
obtain more general information on the propagation over 
mountain ridges and were not immediately applicable to specific 
broadcasting problems. 
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Table 1 
DETAILS OF PROPAGATION MEASUREMENTS OVER FIXED PATHS 


Transmitting station 


Receiving terminal 


{ 
ALDERGROVE 
SP ewes 
NEWTOWNARDS 
BELFAST BALLY WALTER 


DOWNPATRICK 
DUNDRUM,_ ° 
NEWCASTLE 


RONALDSWA\ 


WINTER 
HILL 


LIVERPOOL 


BLAEN PLWYF 


———| 
100 


50 
km 


Fig. 1.—Map showing paths studied. 


The last three fixed-path experiments were designed particularly 
with a Band III broadcasting problem in mind. The town of 
Newtownards was first selected as being a typical town near 
the east coast of Northern Ireland at which co-channel inter- 
ference might be observed; its position is also such that the direct 
path from Winter Hill crosses the Isle of Man ridge at a point 
about 1600ft above sea level. The aerial was erected on the 
roof of the local Post Office repeater station, but later events 
proved that the shadowing caused by nearby buildings and 
slowly rising ground to the east have added a substantial amount 
of local attenuation to the transmission path from Winter Hill. 

Subsequently it was decided to add another receiving site at 
Ballywalter, within 150ft of the coast-line, to study a path 
obstructed by the mountain ridge yet not having the local 
shadowing effects experienced at Newtownards. Apart from 
this difference in local effects and a path shortening of some 
25km, the path from Winter Hill to Ballywalter is practically 
identical with that from Winter Hill to Newtownards. 

The site at Dundrum was selected to give as nearly as possible 
a completely over-sea path of similar length to the other two. 


Distance 
2 Height from ; 
"ment Aerial || attach || obetcut: |e | 
Effective Aerial height : heipht eng ODS EUS on 
number Location es Frequency pet ea tl Location ab ove mean ing ridge are 
kW Mc/s ft tt km ft km 
1 Carnmore 0:06 63:25 780 Vertical South Stack, 460 95 None 1.6.57—28.2.58 
Douglas Holyhead 
2 Blaen Plwyf | 0-25 53°25 985 Horizontal | South Stack 460 112 800 70 1.6.57—28.2.58 
3 Winter Hill 25 191-25 1900 Vertical Newtownards, 50 237 1600 148 1.2.58—-30.11.58 
N. Ireland 
4 Winter Hill 25 191-25 1900 Vertical ex en 35 P92 1600 148 1.4.58-31.3.59 
N. Irelan 4 
5 Winter Hill 25 191-25 1900 Vertical Dundrum, 55 233 \\ 480 156 1.2.58-31.1.59 
N. Ireland - 


Ideally it would have been desirable to select a path just to the 
south of the Isle of Man, but various local factors favoure¢ 
the choice of Dundrum, with a path crossing the southern tip o! 


the island where the height is only 470ft. It is thought that the 
results obtained are closely similar to those that would have 
been obtained over an over-sea path completely unobstructec 
apart from the curvature of the earth. 

The site at Ballywalter and, as far as possible, that at Dundrur 
were deliberately selected as low lying and locally unobstructec 
towards Winter Hill. From measurements made at these twe 
sites it was thought that the field strengths over a much wide: 
area could be derived by the application of reasonable values o: 
height gain and local shadowing factors. In fact, as already 
stated, a series of measurements with mobile equipment was als¢ 
made to assist in this respect. 

At all the sites selected a half-wave dipole aerial of appropriat 
polarization was used 30ft above local ground, as normall; 
assumed for television broadcast reception. 


(2) DATA AVAILABLE FOR PREDICTION OF FIELD 
STRENGTH SET UP OVER NON-OPTICAL PATHS 


(2.1) Smooth-Earth Curves 


A number of workers have undertaken the calculation of fiel< 
strengths to be expected by wave diffraction round a smoot 
spherical earth.” Recently an atlas of v.h.f. propagatior 
curves has been published! which gives results based on the 
methods of Van der Pol and Bremmer.’ In these curve: 
tropospheric effects are allowed for only to the extent of assuming 
a ray curvature based on standard atmospheric refraction. 

The variation of field strength with distance, for a frequency; 
of 150 Mc/s, vertical polarization and over-sea transmission, i 
shown in curve (a) of Fig. 4. A transmitting terminal heigh’ 
of 500m (compared witb the actual height of 580m) and ¢ 
receiving terminal height of 10m have been taken in reading the 
curves. 

(2.2) Empirical Curves 


It has been known for a number of years that any theoretica 
curves of the field strength of v.h.f. and higher-frequency signals 
based on the diffraction of waves round a smooth earth, even i 
allowance is made for standard atmospheric refraction, giv 
values which fall far below those measured at distances wel 
beyond the horizon. 

The C.C.I.R. [Xth Plenary Assembly at Los Angeles, 1959 
has recommended the use of empirical curves giving the pre 
dicted levels of field strength set up for 1%, 10% and 50% o} 


IN THE IRISH SEA INVOLVING MOUNTAIN OBSTACLES 


HEIGHT ABOVE . 
MEAN SEA LEVEL 


METRES FEET, 
3004 1000 
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(6) 


HEIGHT ABOVE 
MEAN SEA LEVEL 


METRES FEET 


oO 
WINTER HILL DUNDRUM 


(d) 


Fig. 2.—Path profiles. 


(a) Caramore, Douglas, to Holyhead. 
(6) Blaen Plywf to Holyhead. 


(c) Winter Hill to Newtownards, also showing position of Ballywalter. 
(d) Winter Hill to Dundrum. 
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Fig. 3.—Projection of profile of Isle of Man ridge normal to propagation paths. 


he time at long distances from the transmitter. These are 
lesigned to give planning engineers statistical data on the levels 
f interfering field strengths likely to be set up at long distances 
o that adequate separations can be arranged between co-channel 
tations. The C.C.I.R. 50% empirical curve is reproduced as 
urve (5) in Fig. 4 and is markedly different from that predicted 
rom smooth-earth diffraction theory [curve (a)]. For clarity, 
he 10% and 1% tropospheric curves are not shown, but they 
nay readily be deduced by adding 9 and 18 dB, respectively, to 
he 50% curve. It is known that most of the paths which were 
tudied in order to derive these empirical curves are over-land 
yaths, and there is some evidence to show that the fading range 
yver long paths is greater when they lie largely or completely 
yver sea. Hence it need not be expected that the measured 
esults at present being reported will entirely accord with these 
mpirical curves. 


2.3) Estimation of Field Strengths likely to be set up over Paths 
Obstructed by a Mountain Obstacle 


Referring to Table 1, paths 2, 3 and 4 lie across what may 
ye regarded as almost a knife-edge mountain ridge near mid- 
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Fig. 4.—V.H.F. propagation curves. 


(a) C.C.1.R. atlas ground-wave curve, 150Mc/s, vertical polarization. 

(b) C.C.1.R. empirical tropospheric curve (Los Angeles, 1959) showing field strengths 
exceed for 50% of the time, adjusted for 1900ft transmitting aerial heigh 

(c) Derived curve, based on simple knife-edge diffraction theory. 
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path. A number of observations on similar paths have been 
reported from various parts of the world and lead to the following 
general conclusions: 


(i) In favourable circumstances the average field strength set up 
may exceed not only that predicted by smooth-earth diffraction 
theory but also that given by empirical curves for propagation over 
terrain having only small or moderate irregularities. 

(ii) The range of signal fading experienced on such paths is 
generally appreciably less than that for similar paths having no 
mountain obstacle. 

(iii) The increased signal strength and reduced fading range are 
particularly pronounced in the case of transmissions in the lower 
part of the v.h.f. range. 


It is believed that the field strength set up over such paths may 
be critically dependent upon the overall path profile, the effects 
mentioned above being greatest when, as for paths 2, 3 and 4, 
the mountain ridge is relatively sharp and extends for no great 
distance along the direction of propagation. It is also probable 
that the so-called obstacle-gain effects are greatest when both 
transmitting and receiving terminals are relatively low, because 
in this case the transmission loss without the intervening moun- 
tain ridge would usually be very large. 

A simplified approach to the problem is to treat the overall 
transmission loss as compounded of four parts, namely: 


(a) The free-space transmission loss over the total distance. 

(6) The loss caused by diffraction around the ridge itself, treated 
as a knife-edge. 

(c) The loss over and above free-space loss existing on a hypo- 
thetical link between the transmitter and the ridge. 

(d) The loss over and above free-space loss over a hypothetical 
link between the ridge and the receiving terminal. 


In the case of the ridge-obstructed path 2 it can easily be 
shown that both the excess losses (c) and (d) are very small, if 
not negative, since the clearances above the sea on both sides of 
the ridge are such that, allowing for the 180° phase change at 
reflection, the sea-reflected ray and the direct ray are practically 
in quadrature. The same result applies under standard refrac- 
tion conditions for the Winter Hill—Isle of Man section 
[excess loss (c)] of paths 3 and 4. However, the final sections 
[excess loss (d)] of these two paths, i.e. the sections from the 
Isle of Man ridge to Newtownards and Ballywalter in Northern 
Ireland, give considerably less than first-Fresnel-zone clearance, 
and the path losses there may be expected to exceed their corre- 
sponding free-space losses by substantial amounts which, more- 
over, will vary with the varying refractive-index gradient in the 
lower troposphere. 

In all cases the free-space loss (a) is, of course, readily cal- 
culable while the diffraction loss (b) may be calculated using the 
parameter 27h/\/[Ad,d,/(d,; + d,)] which enters into the diffrac- 
tion formula. In this parameter, which applies specifically to 
the case of knife-edge diffraction, d, and d, are the distances from 
the transmitting and receiving terminals to the ridge; d, +d, = d, 
the total distance; and h is the effective ridge height. These 
two losses have been calculated for the case of signals from 
Winter Hill passing over the Isle of Man ridge at a height of 
1600 ft (i.e. 500m) and being diffracted to receiving points of 
effective heights 10m at a range of distances beyond the ridge. 

The excess loss over free space for paths 3 and 4 is, as already 
stated, around zero and possibly negative, because the clearance 
over the Winter Hill—Isle of Man sections is sufficient to give 
nearly a —90° phase difference between direct and sea-reflected 
rays at the 1600ft ridge. In fact, for standard refraction con- 
ditions and perfect reflection, the loss is estimated to be —2-5 dB, 
but some separate measurements of Winter Hill reception at a 
high site in the Isle of Man have suggested that the conditions 
of standard refraction are not met and it appears more realistic 
to assume that loss (c) is virtually zero for both paths. Thus 


approximately free-space field conditions are assumed to be set | 
up just above the 1 600 ft ridge of the Isle of Man. } 

It now remains to allow for the excess loss (d) because of the i) 
effects of sea reflections on the paths of both parts to the west | 
of the Isle of Man ridge. This has been done by reference to 
the curves given in the C.C.I.R. atlas of ground-wave curves | 
and assuming that the ridge acts as a transmitter having an’ 
effective height above ground of 500m. The curves have been } 
used by reading off, for a range of distances, the difference | | 
between the free-space and the predicted ground-wave field, and } 
the additional loss so derived has been added to the overall } 
free-space loss (a) and ridge-diffraction loss (b) already calculated. 
This has enabled a curve of field strength versus distance to be } 
drawn, shown as curve (c) of Fig. 4, from which the well-known: q 
recovery effect appearing just after the ridge will be clearly seen. | 

This prediction method has been considered in some detail | | 
because it suggests a means by which the field strengths set up | \ 
over paths obstructed by a mountain ridge can be approximately | 
calculated. Certain changes in the detailed calculations would | 
be necessary in particular cases; for example, it would not be } 
appropriate to use the C.C.I.R. atlas where the terminal points } 
are not visible from the ridge or where the terrain is not sub- | 
stantially smooth. But the agreement of this method with | 
results, quoted in a later Section, gives some confidence in this 
general approach. i 


(3) RESULTS OF TESTS 
(3.1) Field Strengths Measured at Holyhead (Paths 1 and 2) 


Using the results obtained at Holyhead on signals from | 
Blaen Plwyf and Douglas, the median signal levels for each hour } 
of the day for each of the nine months of observations were | 
determined. The distribution of these hourly median signal | 
levels, taking each month separately, was then plotted and the 
results for the unobstructed path 1 (Douglas to Holyhead) and | 
the obstructed path 2 (Blaen Plwyf to Holyhead) are shown in | 
Fig. 5. In both cases the results have been normalized to show. 
the field strength set up by a radiated power of 1kW. A com- 
parison of these two presentations shows very clearly the effect 
of the mountain ridge in path 2 in reducing the fading range, 
both within any one month and from month to month, although | 
the difference in planes of polarization employed must not be’ 
disregarded. However, the evidence available suggests that this — 
would have had no more than a secondary influence on the 
comparative results and that diffraction over the Lleyn pro- | 
montory in the case of path 2 is the main cause of the large 
difference in the fading characteristics over the two paths. f i 

The distributions of hourly median levels, taking the nine- 
month period as a whole, are shown in Fig. 6. From this it will 
be seen that the overall median signal level recorded over the 
obstructed path from Blaen Plwyf exceeds that over the 
unobstructed Douglas path by about 3dB. For small percen-_ 
tages of the time, however, the Douglas path gave slightly 
larger signals than did the Blaen Plwyf path. It is of interest to | 
note that the median signal level over the Blaen Plwyf path 
was some 16dB below the level of free-space signal, while that — 
for the Douglas path was 19dB below its corresponding free- | 
space signal. Although local siting effects at Holyhead may have 
contributed in part to these losses (more particularly for the 
Blaen Plwyf path for which the foreground at Holyhead did not 
fall away sharply) it may be taken that these losses are largely. 
those due to the large-scale geometry of the two paths. In 
particular, the knife-edge diffraction formula already quoted gives ~ 
a loss over the ridge of 16-5dB, and it might be expected that 
the overall loss relative to free space would also approximate 
to this on path 2 for the reasons stated in Section 2.3. Thus 
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Fig. 5.—Distribution of hourly median values of field strength. 


(a) Douglas to Holyhead. 
(6) Blaen Plywf to Holyhead. 
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Fig. 6.—Overall distribution of hourly median field strengths 
recorded over period June, 1957, to February, 1958. 


(a) Douglas to Holyhead. 
(6) Blaen Plywf to Holyhead. 


the results for this path conform with expectations based on 
this simple knife-edge theory. 

When signal strengths were generally low, no doubt under 
conditions of sub-refraction, the difference between the two 
paths was very marked. Thus it will be seen that the signal 
strength set up over the unobstructed path fell below that for 
the obstructed path by 10dB for the worst 1 % of the total time. 
In fact, the fading range between the 0:1% and 99:9% points 
of the distribution curves was 28 dB for the completely over-sea 
path from Douglas and only 13dB for the obstructed Blaen 
Plwyf path. 
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(3.2) Field-Strength Measurements of Winter Hill at Fixed Sites 
in Northern Ireland (Paths 3, 4 and 5) 


(3.2.1) Monthly Analyses of Quarter-Hourly Median Values. 


Chart recordings have been made over most of the period 
February, 1958, to January, 1959, at the Newtownards, Bally- 
walter and Dundrum sites to show the field strengths set up by 
the Winter Hill sound transmissions. The normal chart speed 
employed was lin per hour, which has permitted the median 
signal level over approximately each 15min period to be read 
off. For each path, taking one month at a time, the distributions 
of these values have been deduced and are shown* plotted against 
the month of observation in Fig. 7. Since interest centres 
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Fig. 7.—Distribution of 15min median values of field strength. 


(a) Winter Hill to Newtownards. 
(6) Winter Hill to Ballywalter. 
(c) Winter Hill to Dundrum, 


mainly on the occasionally occurring high levels and on the 
median overall levels, these monthly distributions have not been 
carried down to give field strengths exceeded for 90% and 99% 


* All field strengths shown in the Figures have been normalized to correspond to 
the condition of 1kW (e.r.p.). 
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Fig. 8.—Overall distributions of hourly median field strengths. 


(a) Winter Hill to Ballywalter. 
(6) Winter Hill to Dundrum, 
(c) Winter Hill to Newtownards. 


of the total time. However, the overall distributions for the 
total periods of observations which are shown in Fig. 8 have 
been extended to cover these levels. 

From Fig. 7 it will be seen that the almost unobstructed over- 
sea path to Dundrum shows a considerably greater degree of 
fading than do the other two paths obstructed by the mountain 
ridge. Furthermore, the overall median level of signal recorded 
at Dundrum is 7dB above that at Newtownards and 14dB 
below that at Ballywalter. In making a comparison of path 
losses, however, the local site conditions as well as the differences 
in path lengths have to be considered. Thus the 21 dB difference 
between the Ballywalter and Newtownards median levels is 
undoubtedly largely the result of local shielding, partly by nearby 
buildings and certainly by rising foreground at the Newtownards 
site; it is also partly due to the difference in distance of 25 km. 
Reference to the empirical C.C.I.R. data of median field strength 
in Fig. 4, curve (6), shows that the median field of +2-5dB 
relative to 14V/m measured at Dundrum is very close to the 
predicted value of +5dB relative to 1V/m at 233km. The 
measured median field strength at Ballywalter is, however, 
11-5 dB above that indicated by the C.C.I.R. curve. 

The difference between the median values of field strength set 
up at Dundrum and at Ballywalter merits closer attention. The 
heights and immediate local foregrounds of the two sites are 
closely similar, but the effect of a small land promontory rising 
to a height of 100-150 ft one or two miles to the East of Dundrum 
appears to have offset its otherwise good situation for the recep- 
tion of Winter Hill signals. In fact, as explained in Section 3.2.3, 
the site at Dundrum is little better than average for the surround- 
ing area, and signals some 12-15dB higher were measured on 
two particular days at a very similar site open to the sea to the 
east of the land promontory. In other words, it appears that 
had the Dundrum site been completely open to the sea it would 
have recorded median levels of signal practically as high as those 
recorded at Ballywalter, i.e. these levels would have been about 
10-12 dB above those indicated by the empirical C.C.I.R. median 
curves. Nevertheless, this apparent equality of median trans- 
mission loss that would have been observed over the two paths 
is probably fortuitous, since there is ample evidence to suggest 
that the predominant transmission modes over the two paths 
are quite different. 

For example, the considerably shallower distribution curve of 
the Ballywalter signals as compared with that of the Dundrum 
signals clearly suggests that the signals received at Ballywalter 
are caused mainly by diffraction over the mountain ridge whereas 
those at Dundrum are much more subject to changing tropo- 
spheric conditions. Thus the Dundrum signal levels observed 
for 1% of the time reach to within 6dB of the Ballywalter 1% 


signals; on the other hand the Dundrum 99 % signals fall below 
the Ballywalter 99% signals by nearly 20dB. That the field) 
at Ballywalter corresponds to that set up by ridge diffraction’ 
receives confirmation from the study of fading characteristics 
discussed in Section 3.2.2. It is also interesting to see from 
Fig. 4 that the calculated ridge-diffracted field at this distance 
is only 1:5dB above the median value actually observed at. 
Ballywalter. 

The similarity of shape of the distribution curves for Bally- 
walter and Newtownards is also of some interest. Both are | 
affected by the mountain ridge and show a flattening out between | 
the 90% and 10% levels. The range of fading between these | 
levels is, in fact, only about 10dB as compared with 17dB for’ 
the Dundrum path. In both the Ballywalter and Newtownards 
cases, however, the distribution curves steepen for the occa-. 
sionally observed higher levels, and this is thought to be due to | 
tropospheric reflections which might occasionally predominate 
over the ridge-diffracted signal. Again, for the Ballywalter path, | 
the curve also appears to steepen for the lowest levels. This 
may well be due to the rapidly increasing losses that may be | 
expected to occur when sub-refraction reduces appreciably the | 
path clearances on either side of the mountain ridge. It would 
not have been possible to observe any similar effect on the | 
Newtownards path because of the limit placed by receiver | 
sensitivity at the lowest recorded levels. 

When the month-to-month variations shown in Fig. 7 are” 
examined it is clear that the median observed levels on all paths - 
did not vary greatly. The median levels for the Ballywalter 
path varied, in fact, by no more than 2dB. On the other hand, © 
the field strengths exceeded for 1% of the time showed marked 
changes especially on the over-sea path to Dundrum. Here a 
maximum of 40 dB above 1 wV/m [for 1 kW (e.r.p.)] was recorded © 
in October, 1958, and a minimum of +18dB for March of that | 
year, this seasonal variation according with other reported obser- | 
vations over long v.hf. paths. The Ballywalter 1% signals | 
showed a minimum level of +27 dB in December and a maximum > 
level of +41dB in October, while the seasonal variations 
observed at Newtownards fell between these two extremes. | 


(3.2.2) Some Characteristics of the Fading Observed. 


The general statistics of the field strengths measured and their _ 
distributions have already been discussed in Section 3.2.1. 
Certain characteristics of the signal recordings are, however, 
of particular interest. Those obtained over the Dundrum path - 
normally showed the expected type of fairly fast fading, the 
fading rate being generally greatest when the signal strength was) 
lowest, and the short-term fading range often extending over a 
range of from +5 to +10dB. 

The recordings obtained over the ridge paths to Ballywalter 
and Newtownards were of a different character. On some days 
the short-term fading was pronounced and rapid, but more 
usually the range of fading was not greater than +5dB and 
frequently was less than +2dB, especially in the case of the 
Ballywalter path. On numerous occasions the fading range 
would decrease to a very small value, and a very thin trace, 
showing practically no fading, would persist for one or more 
hours. Under these conditions it has been assumed that the - 
arriving signal was almost entirely that due to diffraction by 
the mountain ridge and that the contribution from partially 
reflecting atmospheric layers was negligible. This is borne out 
by the results of a rough analysis of such occasions observed 
during December, 1958, at Ballywalter. Thus the total period 
when the signal trace thinned to show less than +1 dB variations 
was 26 hours. The actual signal level on all these occasions 
was always within 2dB of +164dB relative to 1 uV/m [for 1kW 
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(e.r.p.)]. This figure, it may be noted, is also the median value 
of field strength observed throughout the month of December. 

Further evidence in support of this is given by the conditions 
simultaneously observed on the almost unobstructed path to 
Dundrum. It has been noticed that pronounced thinning of the 
trace on the Ballywalter recording is frequently accompanied 
by a definite reduction in the field strength recorded at Dundrum. 
A very clear example of this is given in Fig. 9. Here both the 
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than the median value of those recorded in an area of some 
10 miles radius centred on Ballywater. 

The Dundrum site was found to be more or less representative 
of nearby inland and coastal sites in the southern area, which was 
little affected by the Isle of Man ridge. 

The scatter of measurements is considerable, largely owing to 
the hilly nature of some parts of the terrain. A particular 
observation was that points along the Ards peninsula which 


dB RELATIVE TO | HV 


SIGNAL INPUT JIN 


Fig. 9.—Recordings of Winter Hill transmissions, 12th October, 1958. 


(a) Reception at Dundrum. 
(6) Reception at Newtownards. 
(c) Reception at Ballywalter. 


Ballywalter and Newtownards recordings exhibit trace thinning 
at about the same time, while the Dundrum signal falls by 
about 10 dB for nearly the same period... The evident conclusion 
is that the components of the received signal set up by tropo- 
spheric reflections fell to low levels nearly simultaneously on all 
paths, giving low fields at Dundrum but leaving the ridge- 
diffracted field at Ballywalter and Newtownards. 


(3.2.3) Mobile Field-Strength Measurements in Northern Ireland. 


Measurements using mobile receiving equipment were made 
primarily to determine what relation the measurements at 
Newtownards, Ballywalter and Dundrum might bear to the 
field strengths in other parts of Northern Ireland to the east of 
Belfast. By making measurements at a large number of places 
and relating them to measurements recorded simultaneously at 
the Ballywalter and Dundrum sites it is possible to estimate, 
Over a wide area, the likely effects of any potential co-channel 
interference from Winter Hill. 

Ballywalter, as had been expected; was found to be a better 
than average site, and it was noted that the measured field 
strength fell off noticeably as the vehicle proceeded inland until 
much higher ground was reached at Belfast. The field strengths 
recorded at Ballywalter, in fact, proved to be about 6dB greater 


were obstructed by very high ground at the Isle of Man generally 
showed higher field strengths than did other areas such as 
Cloghy Bay, Dundrum, where only low obstructions to a height 
of about 400 ft applied. 

It may be concluded that, at sites to the east of Belfast and 
along the Ards peninsula, field strengths centred on levels 
about 6dB lower than those measured at Ballywalter will be set 
up. The effect of undulating terrain will be to give a ‘spread’ 
of +10dB to these general results. At coastal and near-coastal 
sites, which are almost unobstructed by the Isle of Man ridge, the 
field strengths set up will be generally of the same order as those 
measured at Dundrum, though again a +10dB spread of results 
is to be expected according to the disposition of the receiving 
site relative to local terrain. On this basis Table 2 has been 
prepared to indicate the expected levels of interfering signal from 
a 100kW transmission from Winter Hill (corresponding to the 
e.r.p. of the vision signals) at points on and near the east coast 
of Northern Ireland. 


(3.2.4) Extent of Protection of Black Mountain Viewers from Winter 
Hill Interference. 


If it is first assumed that a 30dB protection ratio must be 
given at the input of the receiver to a fringe-area wanted field of 
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Table 2 
INTERFERING STRENGTHS LIKELY TO BE EXCEEDED AT SITES IN NORTHERN JRELAND FOR STATED PERCENTAGES OF TIME 
Field strength* 
At poor receiving sites At typical receiving sites At good receiving sites 
1% 10% 0s ie 10% 50% ye 10% 50% 
of time of time of time of time of time of time of time of time of time 
dB dB dB dB dB dB dB dB dB 
Paths obstructed by high I.o.M. 35 27 21 45 37 31 55 47 4) 
ridge 
Paths almost unobstructed by Si 18 uh 41 28 V7, 51 38 27 
T.o.M. ridge 


* Jn dB relative to 1u~V/m for a 100kW transmission. 


about 500 .V/m (54dB relative to 1 ~V/m), the interfering field 
strength should not exceed +24 dB relative to 1 ~4V/m for more 
than a small percentage of the time, given no aerial discrimination 
against the unwanted signal. However, some appreciable aerial 
discrimination can be safely assumed because of (a) the directive 
properties of typical receiving aerials and (d) the fact that Winter 
Hill employs vertical polarization whereas Black Mountain 
signals will be horizontally polarized. Some recent unpublished 
measurements. suggest that a safe planning figure to accept for 
the resultant of these two effects is of the order of 18dB. This 
means, in effect, that the interfering field should be at least 
12dB below the limiting wanted field of +54dB relative to 
1 V/m. 

Taking first the case of typical receiving sites we see from 
Table 3 that the 1% interfering fields are estimated to be +45 
and +41 dB relative to 1 ~V/m, the former being the figure for 
paths obstructed by the Isle of Man ridge. It may thus be 
concluded that for such obstructed paths, average sites on a 
500 uV/m median wanted-field-strength centred near the east 
coast of Northern Ireland may experience interference from 
Winter Hill for about 2-3 % of the total time; for unobstructed 
paths, average sites may experience interference for rather less 
than 1% of the total time. These figures, which assume that 
reasonable precautions are taken in respect of the aerial installa- 
tion, are reassuring in that such rates of occurrence of noticeable 
interference in fringe areas are not worse than those generally 
accepted in national and international television planning. 

Note must, of course, be taken of the fact that sites may 
experience interference levels about 10dB higher than these. 
Such sites, however, will often be placed so as to receive a 
significantly higher than average wanted signal strength, and this 
will largely compensate for the higher levels of interfering 
signals. In addition, it is expected that the Black Mountain 
transmitter will establish field strengths along the east coast of 
Northern Ireland which are on average considerably greater 
than the limiting 500 4V/m. The overall conclusion is therefore 
that the extent of interference by Winter Hill to the Black 
Mountain service area is likely to be small and below the 
generally accepted limit of co-channel interference. Such slight 
interference as does occur may be rather greater for sites which 
are affected by Winter Hill transmissions by propagation over 
the Isle of Man ridge. 


(4) COMPARISONS OF RADIO FIELD-STRENGTH 
MEASUREMENTS WITH METEOROLOGICAL DATA 


(4.1) Data Studied 


An attempt has been made to relate the values of field strength 
measured over paths 3, 4 and 5 from Winter Hill to Northern 


Jreland to meteorological observations along this path. In the 
first place, data giving the temperature, pressure and dew-point 
from observations at Liverpool and Aldergrove were used, but 
later attention was given to these factors measured at Ronaldsway 
in the Isle of Man. Both aerological and ground measurements 
were studied, but it was found that the derived refractive-index 
gradients in the lower atmosphere bore no more marked relation- 
ship to the radio-signal levels than did the derived refractive 
indices at the ground. In consequence, most of the comparisons 
used only the ground-based meteorological data. 


(4.2) Results of Comparisons 


Practically all the comparisons were carried out by reference 
to the radio field strengths observed over path 5 at Dundrum 
since it was this path which showed the greatest signal-level 
variations and which was the most clearly subject to changing 
atmospheric conditions. The results of the comparisons showed 
that a positive and sometimes quite marked correlation existed 
between the three quantities, radio field strength at Dundrum, 
observed atmospheric pressure at the ground and derived 
refractive index at the ground. Nevertheless, when the data 
were compared over relatively short intervals of time, e.g. in 
terms of the three-hourly or daily median values, it was clear 
that correlation was by no means complete and that factors 
other than those observed at Ronaldsway must have influenced 
the attenuation of the radio waves. As has been found by other 
experimenters, the correlation between these quantities proved 
to be rather closer when smoothed running-means, taken over 
a period of several days or a month, were compared. 

The results of these analyses thus tend to confirm the views 
now held by many planning engineers that a close and reliable 
connection between radio and meteorological data is not to be 
expected or sought for when considering the transmission of 
signals over tropospheric paths. This emphasizes the need to 
collect further radio data over paths covering a representative 
variety of tropographical and climatic conditions for direct 
application to further planning work in the broadcasting and 
communication fields. 


(5) CONCLUSION 

A description has been given of v.h.f. field-strength measure- 
ments made over a number of paths across the Irish Sea. The 
results have indicated the extent to which the transmission of 
v.h.f. waves may be affected by mountain obstacles. A par= 
ticular application of the results has been made to deduce the 
possible extent of co-channel interference that may exist between 
the I.T.A. transmissions at Winter Hill and the I.T.A. service 
to be set up at Black Mountain, Belfast. 
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SUMMARY 


A null method has been devised for measuring changes in the 
amplitude and phase of the transmission characteristic of a network 
at any frequency in the range 41-1000 Mc/s. A commercial instru- 
ment, designed for admittance measurement, is used with only slight 
modification for this application. Its subsequent use as an admittance 
meter is unaffected. 

The measurement of phase can be made to within about +3°, 
unless a large variation of amplitude is encountered, when reading 
accuracy limits the accuracy of phase measurement in the regions of 
small amplitude. If the error in a measurement is regarded as a 
vector, then, with any amplitude variation, the maximum value of the 
magnitude of this error vector is about 6% of the full-scale reading of 
the instrument. 


(1) INTRODUCTION 


The paper describes a null method of measuring changes in 
the amplitude and phase of the transmission of a 2-terminal-pair 
network at any frequency between 41 and 1000Mc/s. The 
method was devised for measuring the radiation patterns of 
model aerials, and it is particularly suitable for use when the 
insertion loss of the network is high. 

Three complex quantities are necessary to specify a linear and 
reciprocal 2-terminal-pair network (these may, for example, be 
the self-impedance at each terminal pair and the mutual impe- 
dance between terminal pairs) and, in general, a change in the 
network will cause all three quantities to change. But if the 
impedance at each terminal pair is constant and independent 
of the impedance connected to the other terminal pair (this 
condition implies a high attenuation in the network), it is 
sufficient to measure changes in the transmission of the network 
in terms of one complex quantity. (For example, it is immaterial 
whether mutual impedance or mutual admittance is measured, 
since these quantities will vary in a constant ratio.) Moreover, 
this quantity will be independent of the impedances in which the 
network is terminated, apart from a constant factor. The method 
of measurement to be described is primarily applicable to net- 
works satisfying these conditions. 

Several methods have been devised for measuring the phase 
difference between two alternating voltages at high frequencies. 
In one system of use in the v.h.f. and u.h.f. bands, the output 
voltage from the network under test is balanced against a 
subsidiary voltage obtained from the probe of a well-matched 
slotted line. This subsidiary voltage is adjusted in amplitude 
by an attenuator and in phase by traversing the probe along the 
slotted line. A phase meter for microwave frequencies! employs 
a balanced modulator in conjunction with a calibrated phase- 
shifter in a waveguide section. In a third method,? which has 
been used to compare the outputs of directional couplers, two 
signals are compared at an intermediate frequency. The output 
of a local oscillator is fed with an adjustable phase difference to 
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two frequency changers. This phase difference is adjusted to 
give intermediate-frequency outputs which are in anti-phase, and 
their amplitudes are compared with a potentiometer. Each of 
these methods entails the-use of a slotted transmission line or 
some other kind of phase-shifter having a calibration dependent 
upon frequency. 

More recently a commercial instrument? has been developed 
for determining all the linear parameters of a 2-terminal-pair 
network. The results are obtained in absolute rather than 
relative form. The method to be described is believed to be 
more convenient and rapid than other methods in common use. 
It makes use of a simple instrument designed for admittance 
measurement, with only a minor modification which does not 
affect its normal use. 


(2) METHOD OF MEASUREMENT 
The output from an oscillator is fed to a receiver by two 
parallel paths; one path includes the network under test and the 
other includes an instrument whose output can be adjusted in 
amplitude and phase to cancel the output from the network. 
This arrangement is shown in Fig. 1. 


OSCILLATOR Nem One 
UNDER TEST 


RECEIVER 


NULL 
INDICATOR 


ADMITTANCE 
METER 


Fig. 1.—Principle of measurement. 

A and B (also marked on Fig. 2) are the ‘Generator’ and ‘Detector’ terminals of the 
admittance meter. A 
i 

The instrument used for controlling the amplitude and phase 
of the cancelling voltage is a commercial admittance meter,‘ a 
schematic of which is shown in Fig. 2. Three coaxial trans- 
mission lines have a common junction, which is connected to 
the generator when the instrument is used for admittance 
measurement. One of these lines is terminated by the unknown 
admittance; the two others are terminated respectively by a 
standard conductance and a standard susceptance. Both stan- 
dards are equal in magnitude to the characteristic admittance of 
the lines, the standard susceptance consisting either of a A/8 or 
a 3A/8 short-circuited line or the equivalent in lumped capaci- 
tance. The current entering each line is sampled by a loop, 
which can be rotated in order to vary the amplitude (but not 
the phase) of the e.m.f. induced in it. The outputs of the three 
loops are combined and fed to a detector. By rotating the 
loops, the e.m.f. induced by the current flowing to the unknown 
admittance can be cancelled by the in-phase and quadrature 
e.m.f.’s induced in the two other loops. Scales associated with 
the ‘standard’ loops enable the unknown admittance to be read 
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GENERATOR 


UNKNOWN 
ADMITTANCE 


SUSCEPTANCE C 
STANDARD 
| 
| 


CONDUCTANCE 
STANDARD 


DETECTOR 


Fig. 2.—General arrangement of the admittance meter as used for 
admittance measurement. 


directly in millimhos; the scale associated with the ‘unknown’ 
loop is calibrated in terms of a factor by which the two other 
scale readings are multiplied. 

If the scale-multiplying factor is set to infinity, so that there 
is no coupling between the ‘unknown’ transmission line and its 
associated loop, the output at the detector terminals consists of 
two components in quadrature whose amplitudes are separately 
controlled by the settings of the other two loops, and which are 
proportional to the readings of the conductance and susceptance 
scales. The instrument is used in this way as a phase meter. 
Connected as shown in Fig. 1, the output from the detector 
terminals is arranged to cancel that from the network under 
test; the in-phase and quadrature components of this output 
are then proportional to the readings of the conductance and 
susceptance scales. 

The loop coupled to the standard susceptance can be rotated 
through 180°, but that coupled to the standard conductance can 
be rotated through only 90°. The use of the conductance and 
susceptance scales alone can therefore accommodate a phase 
variation of only 180°. In order to accommodate all phases, 
a second standard conductance may be connected to the 
‘unknown’ terminals. The loop coupled to this gives an out- 
put in anti-phase to that obtained from the conductance loop. 
The use of a second standard conductance, although convenient, 
is not essential, since a single standard conductance can be 
moyed from one position to the other according to the sign 
of the real part required. The unused loop is set to zero 
coupling (zero millimhos or infinity scale factor). 

As supplied by the makers, the admittance meter is designed 
for use with 50-ohm transmission line, and the values of both 
the standard conductance and the standard susceptance are 
therefore 20 millimhos. If the conductance, susceptance and 
multiplier scales respectively indicate g millimhos, b millimhos 
and m, and the ‘unknown’ arm is terminated in a stan- 
dard conductance of 20 millimhos, the output is equal to 
K(g — 20/m + jb) where K is a complex constant. It is con- 
venient to superimpose on the multiplier scale a detachable 
scale with engravings similar to those of the conductance scale. 
If this reads g’ the output is proportional to K(g — g’ + jb). 
The complex constant K remains unknown, in general, through- 
out the measurements. 
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(3) EXPERIMENTAL RESULTS 


Experiments were performed at 500 and 1000 Mc/s to assess 
the accuracy of measurement. The method described in Sec- 
tion 2 was adopted to measure the relative amplitude and phase 
of the output voltage from the probe of a slotted line for various 
standing-wave ratios on the line. The results are compared with 
curves which were calculated from the standing-wave ratios, 
measured independently against a piston attenuator. At each 
frequency four terminations were used to give voltage standing- 
wave ratios between 0:98 and 0-007. A preliminary examina- 
tion of the standing-wave pattern showed the effect of loss and 
discontinuities in the slotted line to be negligible. 

It is shown in the Appendix that, in the absence of loss, the 
locus (on the Argand diagram) of the voltage on a uniform 
transmission line is an ellipse. The way in which position on 
the ellipse varies with position on the transmission line is 
illustrated in Fig. 3. A point P on a circle is defined by the 


TTOWARDS Loan 


VOLTAGE MAXIMUM 


VOLTAGE 
MAXIMUM 


Fig. 3.—Locus of the voltage vector, OQ, on a uniform transmission 
line. 


angle 0, which is equal to the angular distance along the trans- 
mission line from the voltage maximum. The point Q on the 
perpendicular PN to the axis is defined by QN/PN = s, where 
s is the voltage standing-wave ratio. If the probe is moved at 
a uniform rate along the slotted line, P moves at a uniform rate 
round the circle and Q traces out an ellipse. The circle is the 
auxiliary circle of the ellipse. 

Measurements are made with greatest accuracy when the whole 
of the conductance and susceptance scales are used. This occurs 
when the axes of the ellipse are inclined at approximately 45° on 
the Argand diagram. To achieve this result, a phase-shifter (a 
variable length of coaxial line) was placed in series with the 
admittance meter and adjusted before each measurement com- 
menced. The results of the measurements are compared in 
Figs. 4 and 5 with the corresponding theoretical points lying 
on the ellipse. For clarity, overlapping points measured with 
the probe in different positions on the slotted line have been 
differently coded. The eccentricity of each theoretical ellipse 
was determined from the measured standing-wave ratio on the 
slotted line, while the positions of the points were calculated 
from the measured displacement of the probe from the voltage 
antinode. The size and inclination of the theoretical ellipse 
was adjusted arbitrarily to give the best fit to the experimental 
points. 


(4) MEASUREMENT ERRORS 


The source of greatest error in phase was found to be that of 
scale reading, particularly when the network attenuation varied 
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Fig. 4.—Complex voltage distribution along a slotted line at 500 Mc/s. 
(a) S.W.R. = 0-007. 
(b) S.W.R. = 0-263. 
(c) S.W.R. = 0-5. 
(d) S.W.R. = 0-98. 
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Fig. 5.—Complex voltage distribution along a slotted line at 1000 Mc/s. 
(a) S.W.R. = 0-007. 


(6) S.W.R. 
(c) S.W.R. 


= 0°34. 
= 0:62. 


(d) S.W.R. = 0-98. 
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over a wide range. The meter scales are marked in approxi- 
mately equal intervals of amplitude, which makes accurate read- 
ing difficult at the minima. Phase measurement errors are 
therefore greatest where the magnitude is a minimum. The 
accuracy of phase measurement at 500 and 1000 Mc/s is better 
than +3° if the range of attenuation is within 6 dB, but, owing to 
lack of scale discrimination, errors up to +10° may occur at the 
minima if the range is extended to 40 dB. 

A convenient method of expressing the accuracy is in terms 
of the vector error. If dg and 6d are the errors in the readings 
of the real and imaginary parts, obtained from the conductance 
and susceptance scales of the admittance meter, the magnitude 
of the vector error is (dg2 + db*)'/. It corresponds to. the 
length of a line drawn on the Argand diagram between theoretical 
and experimental points. If the maximum readings of the scales 
are g,, and 5,,, the relative vector error, «, may be defined as 


€ = (8g? + 58'7/(g2 + BR)! 


The maximum value of € is approximately 6 % for the frequencies 
and standing-wave ratios used in the experiments. 

The greater part of the error is associated with the difference 
(5-10°%) in eccentricity between the measured and theoretical 
ellipses. This discrepancy may be due to either admittance meter 
errors or imperfect screening of the apparatus. 

A large difference (many wavelengths) between the lengths of 
the two paths from oscillator to receiver should be avoided, 
otherwise the accuracy of measurement will be very dependent 
on the frequency stability of the signal source. 


(5) CONCLUSIONS 


The accuracy of phase measurement is better than -+3° unless 
large variations of amplitude are encountered, in which case 
errors of scale reading at the minima limit the accuracy of phase 
measurement. If the error is regarded as a vector which joins 
the true and measured points when plotted on the Argand 
diagram, the magnitude of this error vector does not exceed 
about 6% of the full-scale reading of the instrument. 

The method of measurement described has been used for 
measuring the radiation patterns of model aerial systems, the 
‘network’ consisting of the aerial under test, which could be 
rotated, a fixed aerial and the space between them. A knowledge 
of the phase variation is often valuable, making it possible to 
work with a very simple model. For example, where a v.h.f. 
transmitting aerial consisting of rings of radiating dipoles sur- 
rounding a supporting mast is required to have a horizontal 
radiation pattern of a particular shape, a model mast section is 
arranged to carry only one dipole. The radiation pattern is 
then measured in amplitude and phase, and from this is calculated 
the radiation pattern of a complete ring, with the dipoles ener- 
gized in any manner. In this way the best choice of the ampli- 
tudes and phases of the feeds to the dipoles may be determined 
by calculation. One advantage of this technique is that the 
dipole used need not be well matched to the feeder. If a com- 
plete ring of elements were used for the measurement, great 
care in matching would be required to achieve the required 
amplitudes and phases of the radiating currents. 

Simultaneous phase and amplitude measurement is also useful 
when adjusting directional couplers, where the effect of imperfect 
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directivity has to be distinguished from that of an imperfectly 
matched load.? 
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(8) APPENDIX: THE DISTRIBUTION OF VOLTAGE ON A 
UNIFORM TRANSMISSION LINE 

The voltage on a uniform transmission line may be regarded 

as the sum of two components, associated respectively with 

waves travelling in two directions. Neglecting loss, and 

assuming only one frequency to be present, the voltage V may 
be expressed as 

V = Vigil + pVeJ . ne 


where f/ is the angular distance measured along the line from 

an arbitrarily chosen origin towards the source, V; is the voltage 

associated with the incident wave at the origin, and p is the 

reflection coefficient at the origin. In general p will be complex. 

Let 

Then 
V = Veeitl2[ei@l-4) + |p|eSGI-4/2)] 

= V,6i#((1 + |p|) cos (BI—$/2) +j(1 — |p|) sin (B1— $/2)] 
(2) 
Now the parametric equations of an ellipse centred at the 


origin, with the major and minor axes (lengths 2a and 2b) 
oriented along the x and y axes are 


x =acos@ 
y =bsin 0 


p = lple# 


(3) 


Writing z = x + jy, the equation of the ellipse as a locus on 
the Argand diagram is 


z=acos0 + jbsin.d 2 See (4) 


Comparing eqn. (4) with eqn. (2) it is seen that, if the quantity 
in square brackets is plotted on the Argand diagram, the locus 
traced is an ellipse with major and minor semi-axes (1 + |p|) 
and (1 — |p|) on the real and imaginary axes of the z-plane. 
The ratio of the axes, (1 — |p|)/(1 + |p|), is equal to the voltage 
standing-wave ratio. When V is plotted, this ellipse is scaled 
in proportion to V; and rotated through the angle 4/2. 
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SUMMARY 


The distortion of single-tone frequency modulation by passive net- 
works whose amplitude and phase characteristics are non-linear with 
frequency is considered in some detail. A new approximate formula 
has been developed by extension of earlier methods, and its use, supple- 
mented by the quasi-stationary approximation and by direct Fourier 
analysis, permits evaluation of distortion levels over ranges of para- 
meters previously excluded. A number of examples are given, com- 
parison being made where possible with results obtained by other 
methods. Particular attention is given to distortion of the amplitude 
and phase of the fundamental, this being of importance in connection 
with television baseband requirements. An attempt is made to clarify 
certain theoretical aspects, such as the validity of the ‘quasi-stationary’ 
solution, which have been the subject of controversy. 


LIST OF PRINCIPAL SYMBOLS 


w, = Carrier frequency, rad/sec. 
@y = Frequency modulation, rad/sec. 
@, = Modulation frequency, rad/sec. 
@, = Frequency deviation, rad/sec. 
B = Modulation index, =w,/w,. 
#4; = Phase modulation, rad. 
1 + p(w) = Amplitude transmission characteristic at frequency 
w (voltage ratio). 
¢(w) = Phase transmission characteristic at frequency w, 
rad. 
A = Phase-modulation distortion, rad. 
A, and A, = Distortion terms defined by expression (3). 
1 + A; = Amplitude modulation imposed by the distorting 
network (voltage ratio). 
V = Amplitude of the modulated wave before passage 
through the distorting network, volts. 
J, = A Bessel function of the first kind of order n and 
argument f. 
@p = Semi-bandwidth of a maximally-flat-amplitude 
triple-tuned circuit, between half-power points, 


rad. 
pe | we. 
q = Wal wg. 


(1) INTRODUCTION 


When a frequency-modulated wave traverses a passive network 
whose amplitude and phase response will, in general, vary non- 
linearly with frequency, the output wave is found to contain both 
frequency-modulation distortion and amplitude modulation. In 
principle, both of these forms of distortion could be evaluated 
by first modifying each sideband of the incoming wave in 
accordance with the transfer characteristic of the network at the 
particular sideband frequency, and then rewriting the resulting 
spectrum as a simultaneously amplitude- and frequency-modu- 
lated carrier. The first step can be carried out without excessive 
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difficulty for single-tone modulation, provided that the modula- 
tion index is not very large. However, if the modulation 
contains more than one tone, the associated spectrum becomes 
analytically so complex as to be outside the range of economic 
computation, except for a few special cases.“4 The second step 
usually involves formidable difficulties, and recourse must be 
had to approximate methods, often with an unknown associated 
error. 

Faced with this situation, a number of authors (following 
Carson and Fry) have attempted to operate with the transmis- 
sion characteristic directly on the modulated carrier, thus avoiding 
the intermediate step of expansion into a spectrum. An imme- 
diate restriction on this approach is that it becomes necessary 
to express the network characteristics in a, preferably simple, 
analytical form: even within this limitation, substantial analytical 
difficulties arise. 

Not surprisingly, this problem has given rise to a considerable 
body of literature during the last 20 years or so. Some of the 
more recent work is given in References 6-16; Brown! presents 
a valuable survey of earlier results, with particular attention to 
single-tone modulation. 

Single-tone modulation has been extensively investigated, per- 
haps to some extent because of all cases this makes the nearest 
approach to analytical simplicity. However, it does not seem 
possible to draw useful conclusions regarding the behaviour of 
systems containing more complicated modulating signals, such 
as multiplex telephony, from results relating to single-tone 
modulation. Thus, the tendency in recent times has been to 
work with more realistic signals, such as band-limited white noise. 

With increasing interest in the transmission of both black-and- 
white and colour television through f.m. trunk radio systems, it 
becomes of value to reconsider the distortion of single-tone 
modulation, with particular reference to fundamental distortion. 
This is because one of the specifications relating to television 
transmission concerns the amplitude and phase variation with 
frequency of a single input modulating tone!” (i.e. the ‘steady- 
state’ response). 

In the present paper an earlier first-order theory®> !? is extended 
to make it of more general use. Applications are made to 
various numerical cases, including some previously treated by 
different methods. It is shown that use of the new formula, 
supplemented by the quasi-stationary result and numerical 
Fourier analysis, can give distortion levels over a fuller range of 
parameters than has been hitherto possible. In addition, con- 
sideration is given to some aspects of frequency-modulation 
theory which have caused difficulty in earlier work. 


(2) APPROXIMATE FIRST-ORDER THEORY 


What is referred to in the present paper as the ‘approximate 
first-order theory’ was developed in References 8 and 13. 
This technique has the valuable feature that the transmission 
characteristics need be known only at the discrete sideband 
frequencies, so that, for example, discontinuous or experimental 
characteristics can be dealt with. The various expansion 
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formulae,*: 7: !° on the other hand, require that the characteristics 
be known in analytical form, and are easily applicable only to 
fairly low-order characteristics. The derivation of the approxi- 
mate first-order theory will be recalled briefly in the present 
Section. 

The undistorted wave is 


V sin (w,t + p,) = Vos p,sinw,t + Vsin y,cosw,t . (1) 
After passage through the distorting network, this becomes 
Vd + A3) sin (wt + pw, + A) 
= V(1 + A;) (cos pw, — Asin p,) sin wet 
+ V1 + As;) (sin uw, + A cos p,) cos wt (2) 


to first order in A. 

The right-hand side of eqn. (1) can, in principle, be developed 
into the r.f. spectrum of the undistorted wave. Suppose that 
after passage through the distorting network the spectrum takes 
the form 


V (cos p, + Aj) sin w,t + V (sin pw, + Ay) cos wet 
where A, and A, < 1. 


(3) 
Then, from expressions (2) and (3), 

(1 + A) (cos p, — Asin p,) = cos pw, + Ay 

(1 + A;) (sin np, + Acos p,) = sin pw, + A, 


Eliminating A, and retaining only first-order terms in the A’s, 
it is found that 


A = A, cos p, — Ay sin, . (4) 


Using this result and considering single-tone modulation of the 
form p, = Bf sin w,t, it is shown® that the Nth harmonic com- 
ponent of the phase- modulation distortion is given by 


cos (Nw,t) pa) InGn—n sis Jnan)P(@e ain Ng) 


+ sin (Nw, ) > SiGn— Niet SIn+w) P(e a NW) 


n=—0o 


(5) 


In developing this expression it was assumed that both ¢ and 
p are very much less than unity over the range of significant 
sidebands. With N = 1 in expression (5) it will be noticed that, 
to this approximation, only the phase characteristic produces 
phase distortion of the fundamental. The coefficients which 
multiply the characteristic values have been tabulated® and 
plotted in more detail!> for N = 2 and 3. 


(3) EXTENDED FIRST-ORDER THEORY 


The condition that both ¢ and p should be small, which is 
required for expression (5) to be valid, is, in fact, a rather serious 
restriction on the application of the formula. Common practice 
is to design networks so that ¢ and p are small over the frequency 
range within which sideband amplitudes are substantial, allowing 
rapid deterioration outside this range. Numerical results 
obtained from expression (5) would suggest—incorrectlv—that 
characteristics must be tightly controlled over a considerably 
wider band than is usually contemplated. 

The range of application of the first-order theory can be 
considerably extended when it is realized that two quite different 
sorts of approximation are incorporated in expression (5), only 
one of which is actually necessary in a first-order approach. 
One approximation, which is the basic first-order assumption, 
enters the theory quite early: it occurs when second- and higher- 
order terms in the A’s are neglected in the derivation of eqns. (2) 
and (4). The other approximation consists in writing cos ¢ = 1 
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and sin ¢ = ¢, on the assumption that ¢ is small over the full 
range of significant sidebands. The cos ¢ and sin ¢ can, in fact, 
be retained without leading to excessive complication. The 
analysis (Section 10.1) follows a similar course to that in 
Reference 8. It is found that the Nth harmonic component 
of the phase modulation distortion is now given by 


cos (Nevgt) 3 InGn_v + Int) 
coir {[1 + p(w, +nw,)] sin [6(w, + nw,)|> 
AS sua Tey a (eet 


n=— 0 


n+N) 
{1 + p(w, + ne,)] 00s [f(or, + nevg)] — 1} 
(6) 


When ¢ is sufficiently small and the product of p and ¢ is 
neglected, expression (6) reduces, correctly, to expression (5). 
The extended theory embodied in expression (6) has a wider 
range of application than the approximate theory, while still 
remaining valid as a first-order theory, because in certain 
circumstances the A’s remain small when ¢ is not small. 


(4) THE MAXIMALLY-FLAT-AMPLITUDE TRIPLE-TUNED 
CIRCUIT (EXAMPLE 1) 
For the first example of the use of expression (6) we consider 
a transmission network of considerably practical use, namely the © 


maximally-flat-amplitude triple-tuned circuit.'* This was treated _ 
in some detail in References 9 and 10. Two methods of approach 


were used, one valid for high values of 6 and one for low. 
For intermediate regions, the amplitude and phase distortion of 
the fundamental had to be estimated by graphical interpolation, 
and, in fact, for too large a normalized frequency deviation 
(denoted here by g and in References 9 and 10 by A) it 


becomes impossible to bridge the gap plausibly (see Figs. 5 and 6 — 


of Reference 10). In the present Section it will be shown that 


complete coverage can be obtained by judicious use of the - 


extended first-order theory, quasi-stationary theory and direct 
Fourier analysis. 
Taking the mid-band frequency as - being equal to the carrier 


frequency of the incoming wave, the amplitude and phase 


characteristics are:!8 


1 
 Aiitear VA ne ee 
De 


f(w) = — arc tan Fy) 


where Ye o(= pate 

We w 
We shall consider the high-Q case, so that Q ~ w,/2w,. 
Following Collins and Skwirzynski,?:!° both the modulating © 
frequency and the frequency deviation will be normalized with | 
respect to wp. Then, for insertion into expression (6), charac- | 
teristic values are required at frequencies w, + pwg. On the | 
high-Q assumption, it is easy to show that X =~ np, at the 
sideband frequency w, + npwg. 

To illustrate the method, a normalized deviation, g, equal to 
unity will be taken. This is the largest value of g considered in 
Reference 10, and will be used here because interpolation of the 
curves in Reference 10 is most difficult for this value, and conse-. 
quently the advantage of the present approach shows up most 
clearly. 

For a fixed value of q the extended first-order theory is 
applicable only for an intermediate range of the normalized 
modulating frequency, p. When p is very small, the number 


(7) 


(8), 
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of terms of expression (6) required becomes prohibitively large. 
It is then necessary to resort to the quasi-stationary theory (see 
Section 5). When p becomes large, the distortion introduced 
by the circuit becomes so great as to invalidate a first-order 
approach. In this region, direct Fourier analysis can be used. 
Since the treatment of this example is of general application, 
it is worth considering the three methods separately and in some 
detail. 


(4.1) Quasi-Stationary Theory 


Before applying either the quasi-stationary or the extended 
first-order theories it will be advisable to remove the linear 
part of 4(w) (defined in terms of the first derivative at carrier 
frequency), so that the phase characteristic to be inserted into 
expression (6) becomes 

DYE = VC 


oy) +2%¥ . - 


f$(w) = — arc tan 


the wave being considered subsequently to pass through a 
correcting network having a phase characteristic 


f(w) = — 2X (10) 
The validity of this operation is discussed in Section 7. 
The effect of eqn. (10) is to produce a delay on the modulation 
terms in consequence of which an Nth harmonic in the modula- 
tion will undergo a phase shift —2Np (Section 7). Thus distor- 
tion components evaluated using expression (9) must be phase 

‘ corrected by this amount. 

Quasi-stationary theory neglects the amplitude characteristic 
of the distorting network and assumes that the carrier phase 
follows the phase characteristic as the carrier frequency varies. 
Writing the undistorted wave in the form 


sin out — E sin (vas) | 


a= 


2 2 {1 + plo, + 2 — 1)e,]}Ion—1(B) sin {(2n — Nwgt + dla, + (2n — Nwgl} 


by numerical integration. Thus the fundamental in the phase 


modulation becomes 
1 
5 sin (pwpt) — 0:2919 cos (pwpt) 


and the fundamental phase shift is 


— arc tan (0-291 9p) — 2p (11) 


the second term being the correction required to compensate 
for the removal of the linear term from the original phase 
characteristic. 

(4.2) Direct Fourier Analysis 


If the number of significant sidebands is not too large (i.e. 
in the low-modulation-index case), the f.m. distortion components 
can be evaluated directly. Writing the modulated wave (with, for 


convenience, unit amplitude) in the form 
sin (w,t + 8 sin w,t) 


(12) 


the corresponding spectrum is 
2 . 
> J,(B) sin [(w, + nw,)t] 
na=— oo 
which, after distortion, becomes 


s [1 + p(w, + nw,)]J,(8) sin [(w, + nw,)t 
x + fw, + new,)] (13) 


To extract the phase-modulation term from expression (13), all 
that is necessary is to rewrite the expression in the form 
Acos w,t + Bsin w,t, so that the phase modulation appears in 
the form arc tan A/B. Specifically, it is found that the distorted 
phase modulation is 


(14) 


are tan 


[1 + p(w,)]Jo(B) + 2 > [1 + p(w, + 2nw,)|Jon(B) cos [2nw,t + ¢(w, + 2nw,)] 


- the frequency modulation is 
q@p COS (pwrt) 


so that, from eqn. (9), the distorted phase modulation becomes 


2q cos (pwpt) — gq? cos? (pwt) 
1 — 2q? cos* (pw ft) 
+ 2q cos (pwpt) 


sin (pwpt) — arc tan | 


Putting g = 1 and writing the powers of cosines as multiple 
angles, this is 


5 cos (pw pt) —cos (3pw et) 
4 cos (2pwpf) 


a. 
ag (pwet) +arc tan | 
+ 2 cos (pwzft) 


The coefficient of the fundamental portion of the inverse tangent 
is given by 


Bar 5 cos (pwt) — cos (3pwef) 
= | are tan| Meo (cnt) cos(pwpt)d (pwpt) 
= — 22-2919 


when p(w) and $(w) are respectively even and odd functions 
about w = w,. In Reference 9 an expression equivalent to (14) 
is evaluated by a contour-integration method. However, the 
number of sidebands which can be dealt with in this way is quite 
limited, and if access can be had to a digital computer, it is 
preferable to extract fundamental and harmonics from expres- 
sion (14) by a numerical Fourier analysis.!% 2° 

For the particular circuit and circuit parameters considered in 
the present Section, modulation indices up to two can be com- 
fortably handled, the highest-order sideband considered when 
B = 2 being the sixth. The most straightforward method of 
deciding whether sufficient sidebands have been taken in 
expression (14) is to add a further one, re-evaluate expression (14) 
and compare the revised fundamental and harmonics with the 
original. A more economical procedure is to notice that neglect 
of the rth sideband amounts to assuming that p(w, + rw,) = — 1, 
instead of its actual value. From the theory of Section 3, the 
approximate effect on the Nth harmonic of the phase modulation 
due to neglecting the rth sideband can be found by subtracting 
from the phase modulation the expression 


J,G,_n Een t(1 + p(w, + rw,)] cos [¢(w, + rw,)] 
+(—1)¥*1[1 + p(w, —rw,)] cos [b(w, — rw,)]} sin (Neal) 
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+5,0,_v + J-.n){[1 + plo, + rew,)] sin [f(w, + rw,)] 
+(—1)®[1 + p(w, — rew,)] sin [6(w, — rev,)]} cos (Nergf) 
ba nb tey aa) 


In carrying out a direct Fourier analysis there is, of course, no 
necessity to remove initially the linear portion of the phase 
characteristic. 


(4.3) Extended First-Order Theory 


As in the quasi-stationary theory, we first remove the linear 
portion of the phase characteristic, making a subsequent correc- 
tion to the phases of all the phase-modulation components. 
Computation from expression (6) is now straightforward, 
although an increasing number of terms must be considered as 
B increases. For the circuit and circuit parameters considered 
in the present Section, B values up to 9 were fairly easily 
manageable using a desk calculator. 


(4.4) Numerical Results 


Amplitude and phase responses of the fundamental are shown 
in Figs. 1 and 2 as functions of normalized modulation frequency 
when the normalized frequency deviation is unity. The phase 
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Fig. 1.—Amplitude response of the fundamental for the maximally- 
flat-amplitude triple-tuned circuit (normalized frequency deviation, 
i): 

d x Numerical Fourier analysis. 

f] Extended first-order theory. 

——— From Fig. 5 of Reference 10. 


shift is plotted as departure from the ‘static’ phase shift, as in 
Reference 10. It has been shown by Skwirzynski? that under 
certain circumstances an approximation to the fundamentai 
phase shift, when the transmission amplitude characteristic is 
symmetrical and the transmission phase characteristic is skew- 
symmetrical about the carrier frequency, is given by the 
transmission phase-characteristic value at the first upper side- 
band frequency, this being called the ‘static’ phase shift 
(Borodich’ gives an extension of this result for general charac- 
teristics). This appears to be an approximation valid only for 
low-order characteristics: it will obviously not be true, for 
example, for a phase characteristic which is flat to the first 
upper and lower sideband frequencies and varies rapidly there- 
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Fig. 2.—Relative phase response of the fundamental for the maximally- 
flat-amplitude triple-tuned circuit (normalized frequency deviation, 
q, =1). 
4 x Numerical Fourier analysis. 
(-] Extended first-order theory. 
O Quasi-stationary theory. 
———— From Fig. 6 of Reference 10. 


after. However, it is seen from Fig. 2 to hold rather well for 
the present case. 

The solid curves in both Figs. 1 and 2 have been drawn to 
pass through the exact points obtained by Fourier analysis; the 
extended first-order theory and (in Fig. 2) the quasi-stationary 
approximation were used to carry the curves down to p = 0. 
In Fig. 2, as p-—>1 the result from the extended first-order 
theory departs considerably from the true value. This is because 
(as appears from Fig. 1) in this region it is no longer accurate to 
assume that the distortion level is small, so that first-order theory 
here breaks down. 

For comparison, curves from Figs. 5 and 6 of Reference 10 
are reproduced in Figs. 1 and 2, terminating at the estimated 
limit of reliability of the respective formulae. It is apparent 
that for the intermediate ranges of p no satisfactory graphical 
interpolation is possible. In Fig. 2 it is seen that there is a 
disagreement of sign between the curve from Reference (10) and 
the present curve. It appears, in fact, that there are two errors 
of sign in the analysis of Reference 10, one of which applies 
to both the high- and low-p expressions, and the other, can- 
celling the first, only to the high-p expression. 


(5) THE QUASI-STATIONARY APPROXIMATION 


(5.1) General Discussion 


There has been considerable divergence of opinion in the 
literature as to the conditions of validity of the quasi-stationary 
approximation (see, for example, References 10 and 13), At 
one extreme the suggestion has been made that quasi-stationary 
conditions may not be approached, even in the limit of very 
large modulation index. 
curves of second- and third-harmonic distortion have been 
shown!? in which the quasi-stationary solution departs 
increasingly from levels obtained by the approximate first- 
order theory (Section 2) as f increases. 

The statement of the quasi-stationary approximation is, in fact, 


Indeed, for a particular network, - 
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merely a rephrasing of the definition of a phase/frequency trans- 
mission characteristic. The phase/frequency characteristic is 
obtained by passing through the network single-frequency tones 
of various frequencies, in each case measuring the phase shift 
after sufficient time has elapsed to allow transients to die out. 
In the quasi-stationary approximation this is made a continuous 
process, with the proviso that the variation of the frequency shall 
be so gradual that transients have no measurable effect on the 
phase variations. In particular, if the frequency varies slowly 
in a sinusoidal manner, the additional carrier phase variation is 
then to be obtained by inserting this sinusoid into the phase 
transmission characteristic. All that remains to be decided is 
how slowly the input frequency must vary in order that the 
phase of the carrier shall follow the phase transmission charac- 
teristic. This is, of course, the central problem; it will depend 
on individual circumstances, and an answer may not be easy 
to give. However, the quasi-stationary approximation must 
always be a valid ultimate limit; if it appears not to be so, one 
must look for an inadequacy in the analysis. 


(5.2) Minimum-Phase Network having Linear Amplitude 
Slope (Example 2) 


Consideration of the behaviour of this network is particularly 
instructive, since, according to an earlier analysis, it appeared to 
violate the requirement that quasi-stationary conditions should 
be approached in the limit of large values of . 

The amplitude characteristic is supposed to be constant for 
all frequencies from zero up to w, + wa, and to increase there- 
after at the constant rate of k dB/rad/sec, levelling off again at a 
frequency beyond the range of significant sidebands. Using the 
minimum phase condition, an approximate form for the phase 
characteristic, derived in Reference 13, is 

kw enc: 
w 


ae aN Ss 
Hone +ay= AO | 4 (# 1) log al (16) 


In deriving this expression, the linear term (see Section 7) was 
subtracted initially. According to the quasi-stationary approxi- 
mation, the outcoming phase modulation is obtained by sub- 
Stituting for w the frequency modulation, which, for sinusoidal 


modulation, is Bw, cos(w,t). Thus the phase modulation 
becomes 


Bsin wt + — {a cos (w,t) + [w Aer Bw, cos (w,t)] 
i i (17) 


log |1 — Pe cos wat 

War 
Fundamental and harmonics have to be extracted from expres- 
sion (17) by evaluating the appropriate Fourier integrals, the 
course of the analysis depending on whether Bw,/wa is less or 
greater than unity. In the latter case, some care has to be taken 
in integrating through a singularity. It is found (Section 10.2) 
that the ratio of second-harmonic amplitude to fundamental 
amplitude in the frequency modulation is given by one or other 
of the following expressions: 


Second harmonic level kw, 
Fundamental level § 4-343 
Zhe _ 7¢2)3/2 
Ee Nea Sead (voltage ratio, K <1) 
Dies 
a aa a) (voltage ratio, K>1) (18) 


where K = Bw,/w, 


" 
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In Fig. 3, second-harmonic distortion levels evaluated from 
eqn. (18) are plotted for two representative values of wa/w,, 
together with second-harmonic levels evaluated according to the 
approximate first-order theory outlined in Section 2 (which may 
be used instead of the extended first-order theory so long as k 
issmall). It is seen, as expected, that with increasing modulation 
index the two curves approach each other. In this Figure are 
also plotted the quasi-stationary values given in Reference 13. 
They are based on an expansion of the logarithmic term in 
expression (17) which is actually valid only for K< 1. The 
reason for the departure of these curves from the approximate 
first-order curves with increasing values of f is that this expansion 
has been used outside its range of validity. 


(5.3) Limits of the First-Order Theories with Increasing B 


Consideration of the validity of the quasi-stationary solution 
led to an investigation of the limiting behaviour of the first-order 
theories as 8 increases. The remarkable result has emerged that 
the approximate first-order expression (5) takes a limiting form, 
for large values of 8, which is, in fact, the expression which 
follows from the quasi-stationary approach (Section 10.3). This 
is the more surprising in that the approximate first-order theory 
is based on the assumption that the amplitude- and phase-charac- 
teristic variations are small [and, as will be seen in Figs. 4(a) and 
(b), breaks down badly when this condition is violated], whereas 
the quasi-stationary solution holds as a limiting form for any size 
of characteristic variation. The limit of the extended first-order 
theory can be obtained in a form analogous to the quasi- 
stationary solution. It is, however, sufficiently more complicated 
to make evaluation of the harmonics prohibitively difficult for 
most shapes of characteristics. In practice, when f is sufficiently 
large for limiting conditions to be approached, the quasi- 
stationary form will normally be accurate enough. 


(6) FIFTH-ORDER PHASE CHARACTERISTIC (EXAMPLE 3) 


The superiority of the extended first-order theory over the 
approximate first-order theory shows up clearly when one con- 
siders phase characteristics varying slowly over the range of 
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Fig. 4.—Third-harmonic distortion due to a phase characteristic of 
- g 
the form ¢(@ — .) = K (* *e : 
Wd 


x Numerical Fourier analysis. 
(a) K variable, 8 = 1. 
(6) K = 0-2, @ variable. 


important sidebands and rapidly outside. As an example, 
Figs. 4(a) and (b) show the behaviour of third-harmonic distor- 
tion due to a fifth-order phase characteristic, the amplitude 
characteristic being flat. The form assumed for the phase 
characteristic is 


Par BES x(“#=*)' my (19) 


Taking the phase modulation as f sin w,t, so that the frequency 
modulation is w,Cos wt, the quasi-stationary solution for the 
phase-modulation distortion is 


5 3 1 
K cos? wt = gk cos wat + 6K cos 3wat + 76K Cos Swat (20) 

Fig. 4(a) shows how the third-harmonic phase modulation 
varies with K, for a fixed value of 8, according to the approximate 
and extended first-order theories. As K increases, the error in the 
approximate first-order theory becomes rapidly larger. Further- 
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more, the fine structure which appears in the curve correspond- 
ing to the more exact theory is lost in the approximate theory. 
Some points obtained by direct Fourier analysis are in good 
agreement with the more exact theory. 

Fig. 4(b) shows corresponding curves for K = 0-2 and varying 
B. The curve for the extended first-order theory is shown 
dotted for 8 values above 3-6, because insufficient points were 
computed in this region to determine the detailed fine structure. 
Again there is good agreement between the more exact theory 
and values obtained by direct Fourier analysis. Both the first- 
order curves approach the quasi-stationary result, given by the. 
second term of expression (20), as f increases. 


(7) CONSTANT AND LINEAR {TERMS IN THE PHASE 
CHARACTERISTIC 

Although the-theory of frequency-modulation distortion by 
general characteristics involves substantial difficulties, the special 
cases of constant and linear phase characteristics can be solved 
exactly (as can those of constant and linear amplitude charac- 
teristics, e.g. Reference 12). Consider a typical sideband of 
the form a, sin [w,t + nw,t + ¢,] and apply to it a phase charac- 
teristic of the form % + 7(w — w,). The sideband becomes 
a, sin [wt + nat + dy + + tne,], i.e. a, sin [(w.t + ph) + 
nwt +7) + ¢,]. It is apparent that, when the sidebands are 
recombined to form a modulated carrier, the carrier phase will 
be changed by an amount #, and all components of the modula- 
tion delayed by an amount —7, so that the effect of the charac- 
teristic is known exactly. 

Most of the available formulae for f.m. distortion do not give 
correctly the effects of one or both of constant and linear parts 
of the phase characteristic. Carson and Fry> suggest that the 
linear portion of the phase characteristic should be subtracted 
before f.m. distortion is evaluated, although they do not discuss 
the error involved if this is not done. Gladwin,?! using an 
expansion developed in an earlier paper, evaluated for a par- 
ticular network the distortion with and without subtraction of 
the linear phase component, and decided that it was preferable 
to perform the initial subtraction. 

Quasi-stationary theory gives the correct result for a constant 
phase shift, but for a linear phase shift it produces expressions 
for the fundamental amplitude and phase change which, although 
correct in the limit of 8 = 0, approach the limiting forms in a 
manner different from that of the true expressions. Taking the 
linear phase characteristic in the form ¢ = 7(w — w,) and the 
undistorted wave as sin (w,t + f sin w,t), the distorted wave is 
(without approximation) sin {w(t +7) + B sin [w,(t +7)]} so 
that the fundamental phase change is w,7 and the fundamental 
amplitude change is unity. In the quasi-stationary approxima- 
tion, the phase modulation becomes f sin w,t + TBw, cos wat. 
Thus, to this approximation, the fundamental phase change is 
arc tan (w,f) and the fundamental amplitude change is 
VJ(1 + wir). 

The approximate first-order theory gives for both constant 
and linear phase characteristics the same result as the quasi- 
stationary theory (see Section 9.2 of Reference 8). 

The extended first-order theory predicts a phase shift of the 
incoming wave of magnitude sin 7s due to a constant phase 
characteristic of the form ¢(w — w,) = yw (Section 10.4). While 
this is incorrect, no spurious distortion components have 
appeared. The linear phase characteristic, however, produces 
according to this theory not only an incorrect fundamental (like 
the quasi-stationary and approximate first-order theories) but 
also spurious harmonics (Section 10.4). The foregoing refers to 
characteristics which are purely constant or purely linear. When 
either constant or linear terms are added to more complicated 
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phase characteristics, the computed fundamental and harmonic 
expressions become more or less inaccurate. 

As mentioned earlier, this unfortunate state of affairs is 
generally found in the various approximate formulae proposed 
for the regions of parameter values in frequency-modulation 
theory which cannot be covered by direct Fourier analysis. 
Approximate formulae, such as expression (6), must be used, 
since otherwise many frequency-modulation problems become 
intractable, but they must clearly be used with caution. Where 
a phase characteristic does not depart greatly either from 
linearity or constancy, experience shows that most accurate 
results will be obtained if the appropriate linear or constant 
terms are subtracted before the analysis. As an example, Fig. 5 
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Fig. 5.—Relative phase response of the fundamental for the maximally- 
flat-amplitude triple-tuned circuit: effect on the extended first-order 
theory of the addition of a linear phase term (¢ = 1, p = 0°5). 

Slope of linear term of phase characteristic = — 2/w,. 


shows the effect on the fundamental phase response, according 
to the extended first-order theory, of the addition of various 
amounts of linear term to the phase characteristic of the network 
considered in Section 4. The normalized modulating frequency 
is taken as 0-5, this being a value for which a first-order theory 
should hold reasonably well (see Figs. 1 and 2). This example 
shows clearly the penalty for failing to remove initially the linear 
part of the phase characteristic. 


(8) CONCLUSIONS 


When a wave frequency-modulated by a single tone traverses 
a passive network whose amplitude and phase characteristics are 
non-linear with frequency, the modulating tone undergoes ampli- 
tude and phase distortion and harmonics are generated in the 
modulation. When the modulation index is not too large, 
only a small number of significant sidebands are present. The 
modulation distortion can then be computed by a direct Fourier 
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analysis. For a large modulation index the modulation dis- 
tortion can be deduced from a quasi-stationary argument when 
the network characteristics are known analytically. The inter- 
mediate region may be dealt with by using the formula developed 
in the present paper. This formula, which is an extension of 
the approximate first-order formula derived in Reference 8, 
may be applied to characteristics known analytically or to 
measured characteristics. The regions in which the three lines 
of approach overlap must be determined by trial in the particular 
situation. From consideration of specific cases it appears that, 
before applying either the quasi-stationary analysis or the 
extended first-order theory, the linear part of the phase charac- 
teristic (defined in terms of the first derivative at carrier fre- 
quency) should be subtracted from it. 
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algebraic manipulation one arrives at the Nth harmonic com- 
ponent in the form given as expression (6). 


(10.2) Quasi-Stationary Approximation for Minimum-Phase 
Network having Linear Amplitude Slope 


In order to find the coefficient of the harmonic terms in 
expression (17) it is necessary to write 


Bor, 
WA 


log 


in harmonic form. The nth harmonic coefficient of this expres- 
sion is given ee 


2h log |1 — K cos 6| cos n6d6 (23) 


j 
{f 


where K has been written for Bw,/w,, and 6 for wt. 
Integrating expression (23) by parts, we obtain 


2) | 
nt 
0 
K | cos[,(n — 1)6] — cos [(n 
” nT 


1 — Kcos@ 
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Thus, from expression (17), the second-harmonic term in the 


sin nO K sin 0 
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E ~ sin nf log |1 — K cos a 
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+ D9 a9 (24) 


— cos 20 0 cos 20 — cos 40 


do 


Bw,k 1 
8-686 2a 


0 


— cos 30 ites hin 
1 Kena © os x) 1 


phase modulation is given by 
* Gm “4/5 


= Rtost os — Kcos@ 
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(10) APPENDICES 
(10.1) Derivation of the Extended First-Order Formula 


Taking the undistorted wave as sin(w,t + P sin w,t), the 
corresponding spectrum is 


s J, sin [(w, + nw,)t] 


n=—o 


After passage through the distorting network, this becomes 
XD SnL1 + plwg + nw,)] sin [(w, + nw,)t + $(w, + nw,)] 


From this expression we pick out A, and A). 
some rearrangement that 


- x me) »({L + p(w, +nw,)| cos [d(w, 
+ nw,)| — 1} cos (nwt) 


It is found after 


—[1 + plw, + nw,)] sin [d(w, + new,)] sin (nc»,t)) (21) 
and 
- Jn ({t + p(@, + nw,)| cos [d(w, 
+ nw,)| — 1} sin (nw,f) 
+ [1 + p(w, + nw,)] sin [6(w, + nw,)] cos (ne»,t)) (22) 


These expressions have now to be inserted in eqn. (4), and the 
various harmonic distortion terms extracted. After some 


Bw,k "3K —3cos 0 — 2K cos 20 + 300s 30 — Kos 40 10 
686 X 67 1 — Kcos 6 
0 
which, after some manipulation, reduces to 
TT 
Baik Se er do 
8-686 3K3 t, anki ® 1) 1 — Kcos@ sag 
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When K <1, the integral is known (Reference 22, iniroeely 
859-21), and expression (25) reduces to 


Burk EB ee a6 ld 


8:686| 3K3 3K3 (28) 


When K > 1 we evidently require the Cauchy principle value 
of the integral (Reference 23), p. 75. It is thus required to find 


are cos (1/K)—6, 7 


sae do 
1 — Kcos 0 1 — Kcos@ 
0 arc cos (1/K) 4-82 


From Reference 22, integral 446-00, this is 


lim 
3b; > b> 0 


arc cos (1/K)~8, 


lim in Agi Be ‘ual gad 
8; 8,0 4/(K* — 1) (K? — 1) 5 
v4 
P (— K—1) tang 
ye coth ———_—_—— 
7 / (K2 — V(K* —1) J arccos (1/K) +8; 
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In the limit of small values of 5; and 8, the expression in the 
curly brackets approaches 
1 jy 


Vie) 5, 


Thus, letting 5, and 4, he zero at the same rate, the 
Cauchy principle value of the integral becomes zero. The 


second-harmonic coefficient in the phase modulation when 


K > 1 is thus 


Bw, k (3K* — 2 
popu kD 


wo {—$ (1 494 8)] (re 3 4 Men)? ]"} 


Wa 
In 40a (1 4+8)/oa (= ) ai 
a 


| 
J_n+oaa +8)/Oa (<2) aa 
Wa 


WwW 
Joa +8)/oa (a ‘ = 


Wa Wa Wa 
Jeoa( +8)/oa (24) 3 E —N+ watt +8)/0a (4 2) =i Iypoac+oyloa( 4 )| 
ep eemorme COE tea) ent o's SUN yay aes ie ets ENO Gg 7) 
Wy 
Jeoajoa (— ) [3 —N-+-0d/oa Ge ) + In+odjoa (= )| 
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From expressions (26) and (27), after differentiating the phase 
modulation with respect to time to recover the frequency modula- 
tion, we arrive at a second-harmonic ratio given by expres- 
sion (18). 


(10.3) Proof that the Limiting Form of the Approximate First- 
Order Expression is the Quasi-Stationary Approximation 
From expression (5), the Nth harmonic term due to the phase 
characteristic, according to the approximate first-order theory, 
is 


bos (Noo,t) > J,( a) bi n(=2 2) + ein(22) |6eo. + neg) 


n=— oO 


= 603 (Nant) 3 Iu(22)] Syn (24) + Suan (24) | 
[b(w, + nw) + (—1)%d(w, (28) 


where the argument of the Bessel functions has been written out 
explicitly, and &’ denotes that the term in (—1)% is omitted for 
n= 0. It will now be shown that, in the limit of small values 
of w,, the coefficient of the Nth harmonic, written as an infinite 
series in expression (28), can be represented adequately by the 
truncated series. 


3,22) te-n(22) + Son (2) | 


[d(w, + nw,) + (—1)%d(w, — ne,)] (29) 


a no,)| 


This is associated with the result, well known in frequency- 
modulation theory, that as w, decreases relative to w, the side- 
band energy is increasingly confined to the frequency region 
between w, — wy and w, + wzy [see, for example, Fig. 50(b) of 
Reference 24]. The proof requires rather careful use of limiting 
formulae for the Bessel functions. What will actually be proved 
is that 


=0 (30) 


for any fixed values of 6, however small. 

So long as 5 is not zero, the terms of the numerator of the 
left-hand-side of eqn. (30) can be expanded using expression (1), 
paragraph 1, Section 4.35 of Reference 25. It is found that 
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The terms in the denominator can be expanded using expres- 


sion (1), paragraph 2, Section 4.35 of Reference 25. It is 
found that 
Wd Pa Sel /a)ey 
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Substituting for the Bessel functions in the left-hand-side of 
eqn. (30), using relations (31)-(36), and letting w, approach 
zero while w, and 6 are fixed, it is apparent that eqn. (30) is 
correct in the limit. 

Returning to expression (29), put m= z/w,, so that the 
summation becomes 


SV 
d 
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where z increases in steps of width w,. As w, approaches zero, 
the summation tends to the integral form 


Pon (Se) [ene + Ines) 
[d(w, + z) + (—1I)%d(w, — ed 


The Bessel functions can be replaced by the first term of their 
asymptotic expansions [Reference 25, Section 4.30, expres- 
sion (1)] over the whole of the range of integration without 
serious error. After some rearrangement, the integral becomes 


[3 er-a) (fv [@)'- G1 
ered: (= ‘ ifs af ns ) cos (Ware cos =) 


[Moe +2) + (—D%$(o, — 9% 


As w, decreases, the contribution to the integral from the first 
cosine term will decrease, owing to cancellation between succes- 
sive closely-spaced cycles. Thus the integral will approach the 
form 


[2 Ge oe ess (v arc cos — e) 
[p(w, + z) + (—1I)%b(w, — z)]dz (37) 


Now put z = w, cos w,t, so that expression (37) becomes 

re /2 
=| cos (Nw,t)[b(w, + wg COs wat) 
Sr) (CO 


The final transformation required is to write 7 — w,t for wt 
in the second ¢ term. Then expression (38) becomes 


Wy COS Wat) |d(wat) (38) 


=| $(w, + wy COS wt) cos (Nw,t)d(agt) 
ty) 


and this will be recognized as the quasi-stationary formula for 
the Nth harmonic. 
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(10.4) Effect of Constant and Linear Phase Characteristics 
according to the Extended First-Order Theory 


(10.4.1) Constant Phase Characteristic. 


Let d(w, + nw,) = ys, where ¢ is independent of n, and take 
p(w, + nw,) = 0. 


From expression (21) 


A, = > J, [(cos % — 1) cos nw,t — sin sin nwt} 
n=— © 


(cos & —i) cos (6 sin w,t) — sin w sin (B sin w,t) 


I 


cos (8 sin w,t + Y) — cos (f sin w,f) 
= cos (u, + ys) — cos py 
Similarly, from expression (22) 


A, = sin (u, + dh) 
Then, from expression (4), 


= sin (i, 


A = A, cos p, — A, sin p, 
= sings 


(10.4.2) Linear Phase Characteristic. 
Let d(w, + nw,) = Thw,, and p(w, + nw,) = 0. 
expression (21), 


From | 


co 
A, = »& J,[(cos traw, — 1) cos nw,t — sin Tnw, sin nad,gt] 
n=—© 


ice) 


EY 


ao 
J5,, cos [2nw,(t + 7)] —2 Y Jn, cos 2nw,t 
n=1 


=7C05 {p sin [w,(t + 7} — cos (8 sin w,f) 
and similarly A, = sin {p sin [w,(t + 7} — sin (B sin w,f) 
Then, from expression (4), 
A = A, cos (f sin wat) — A, sin (f sin w,1) 
= sin [26 sin 4w,7 cos (w,t + 4,7)] 
= 2J, cos (w,t + 4w,T) — 253 cos 3(wzt +4w,7)... 


where the argument of the Bessel functions is 28 sin 4w,7. 
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POST OFFICE VALVES FOR DEEP-WATER SUBMARINE TELEPHONE 
REPEATERS 


By M. F. HOLMES, Sc., and F. H. REYNOLDS, B.Sc.(Eng.), Associate Member. 


(The paper was first received 21st May, and in revised form 21st September, 1959.) 


SUMMARY 
As the length of submarine telephone-cable systems is increased, 
new demands are placed on the amplifying valves used in the sub- 
merged repeaters. Based on the experience of earlier valves suitable 
for shallow-water repeaters, two new valves have been developed for 
deep-water submarine cables. 


(1) INTRODUCTION 


The historical development of the thermionic valves used by 
the Post Office in their submarine repeaters in shallow waters 
round the British Isles, and in the Newfoundland—Nova Scotia 
section of the first transatlantic telephone cable, has been sum- 
marized in an earlier paper.! It was realized, however, that in 
the event of British transoceanic telephone cables being required, 
limitations of cable and equipment insulation would lead to a 
general lowering of overall repeater voltages which in turn 
would necessitate new valves. In particular, the 124 volts of 
the Newfoundland—Nova Scotia repeater,” using type 6P12 valves, 
was much too high for a transatlantic crossing. 

The development of deep-water valves was commenced before 
the laying (in 1955-56) of the first transatlantic telephone cable 
and continued steadily until the authorization of the telephone 
cable between Britain and Canada lent urgency to the project. 

The new valves, known as the types 10P1 and 10P2 (for output 
and input use, respectively) embody experience gained on the 
type 6P12 valve and the results of further valve research. Special 
attention has been paid to: 

(a) Further improvement in the long-term stability of the principal 
valve parameters with a new emphasis on insurance against any 
deterioration in quality in the course of a production run. 

(6) The avoidance of breakdown of the heater-cathode insulation, 
and the elimination of effects associated with the deposition of con- 


ducting films on the valve insulators. 
(c) The reduction of h.t. voltage without the loss of output power. 


The present paper discusses both the valves and their develop- 
ment problems; some operating data and an abridged per- 
formance specification are also included. 


(2) LIFE STABILITY OF THE PRINCIPAL VALVE 
PARAMETERS 

The basic gain of a repeater amplifier is determined by the 
mutual conductance of the valves. Moreover, because the 
mutual conductance is a function of the anode current which in 
turn depends on the working-point of the valve (in a given 
auto-bias circuit), stability of both the mutual conductance and 
the working-point are matters of primary importance. Evidently 
the passage of current through the control-grid resistor will also 
disturb the steady anode current, so that the limitation of 
control-grid current ranks equally with the stability of mutual 
conductance and working-point; all three quantities are reviewed 
in the following Sections. 


_ Written contributions on papers published without being read at meetings are 
invited for consideration with a view to publication. 
Mr. Holmes and Mr. Reynolds are at the Post Office Research Station. 


(2.1) Mutual Conductance 


To achieve stability of mutual conductance, it is necessary to 
prevent the growth of a resistive interface between the cathode 
coating and core, and to maintain the activity of the cathode at 
an adequate level. 

At an early stage!-> in the development of valves for sub- 
merged repeaters, platinum was substituted for silicon-bearing 
nickel as a cathode-core material. In this way, any possibility 
of interface growth has been avoided for almost all the Post 
Office valves now operational in submarine cables. Concur- 
rently with the production of platinum-core valves for planned 
and authorized systems, an experimental programme was under- 
taken for the purpose of assessing tungsten-nickel alloy* as an 
alternative core material. Experiments have now demonstrated 
that, over a period of 40000 hours of life tests, the trend of 
mutual conductance for valves with cathode cores of tungsten- 
nickel alloy is not inferior to the corresponding trend for 
platinum-core valves. Two typical life-test curves are shown in 
Fig. 1, from which it can be seen that both materials yield valves 
equally free from growth of interface resistance. 

If the comparison between tungsten-nickel alloy and platinum 
is extended to other properties, it is found that the alloy begins 
to offer distinct advantages. Not only is the alloy stronger 
mechanically but the finished cathode is easier to activate, so 
that after the very stringent mechanical and electrical tests at 
the time of manufacture, typical shrinkage rates may be about 
30% for tungsten-nickel alloy but as much as 60% for valves 
with platinum cores. A _ specification of the tungsten-nickel 
alloy (coded L2) used by the Post Office is given in Section 9.1. 

The level of activity of the oxide-coated cathode exerts a direct 
influence on the mutual conductance through the operation of 
the Langmuir space-charge current/voltage relationship for a 
thermionic diode. There is also evidence> that the ohmic 
resistance of the cathode matrix is inversely proportional to the 
emission level, subject to an upper resistance limit® (of the order 
of 100 ohms in Post Office valves). Because any growth of 
matrix resistance would depress the mutual conductance in 
exactly the same way as does the development of interface resis- 
tance, it is doubly important to maintain an adequate level of 
cathode emission. 

The maintenance of an adequate emission level has been 
resolved into one of avoiding deactivation of the cathode by gas 
attack. It is not proposed to consider here any of the tech- 
niques which have been evolved in the attempt to solve this 
problem except in one instance when the elimination of a source 
of gas resulted in a change of material in the valve. 

It has been demonstrated that if soda glass is used for the 
valve envelope, a danger of glass electrolysis exists which may 
lead to the evolution of a gas—probably oxygen—into the valve 
atmosphere. This can be avoided either by taking special pre- 
cautions to eliminate electrolysing voltages across the glass or, 
in a simpler manner, by using lead glass which has a much 
higher resistivity. 

An estimate of the degree of success so far achieved in main- 
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Fig. 1.—Life stability of mutual conductance and working-point in valves. 


(a) Platinum cathode core. 
(6) Tungsten-nickel-alloy cathode core. 


taining a stable level of mutual conductance can be assessed 
in terms of curves such as those of Fig. 1. 


(2.2) Working-Point 


The working-point of a valve (defined as that voltage externally 
applied to the control grid to yield a given anode current at 
specified screen-grid and anode potentials) is a function of 
(a) electrode geometry, (b) ohmic resistance in the cathode and 
(c) contact potential between the control grid and cathode. Of 
these factors, only cathode resistance and contact potential are 
important for stability, and if the cathode ohmic resistance has 
been minimized sufficiently for the promotion of mutual conduc- 
tance stability, the invariance of the working-point on this 
account is automatically assured. 

It is well known that the stability of the control-grid/cathode 
contact potential is delicately dependent on the ageing schedules 
used at the time of manufacture. If, however, valves with 
cathode cores of tungsten-nickel alloy are subjected to a ‘long- 
ageing’ process amounting to about 2000 hours of operation 
under normal working conditions, the contact potential reaches 
a value (of approximately 0-7 volt) which is subsequently very 
stable and moreover varies very little from valve to valve. 
Typical life stability of working-point in such valves is also 
illustrated by Fig. 1. 


(2.3) Grid Current 


The development of control-grid current during life may be 
caused by (a) grid emission, (5) positive ion current or (c) leakage. 

It is common practice to inhibit grid emission by coating the 
grid wires with a layer of gold,’ but this process imposes severe 
restrictions on the temperature to which the grid can be raised 
whilst the valve is being pumped and aged. If the control grid 
is designed so that its operating temperature does not exceed 
240° C, then, with a cathode core of tungsten-nickel alloy, gold 
coating is unnecessary. 

From the steps successfully taken to mitigate gas deactivation 
of the cathode in the interest of stabilizing the mutual con- 
ductance, the positive-ion component of the control-grid current 
can be reduced below the X-ray level.® 

The development of control-grid current due to leakage is 
only one of the several manifestations of the deposition of 
conducting films on the insulating surfaces of valves, so that the 


topic will be held over until the next Section. It will suffice tc 
say at the present juncture that, by proper attention to the causes 
of grid current, stable values of less than 0:01 wA can be main: 
tained for at least 4 years. 


(3) SECONDARY FORMS OF ELECTRICAL FAILURE 


Thermionic valves made to the formula outlined in the 
previous Section are likely to be free of the commonest form: 
of valve failure. They will, however, still be liable to secondary 
defects which, after sufficient time, may seriously jeopardize the 
proper functioning of a repeater amplifier. Some of thes« 
defects are associated with the deposition of conducting film: 
on the insulating surfaces of the valve. Another problem arise: 
from the method of economizing on repeater voltage by disposing 
the valve heaters in series so that each carries the direct line 
current, the h.t. voltage then being derived from the potentia 
drop across the heater chain. The valve heaters are then, ir 
general, at a positive potential relative to the cathode sleeves. 


(3.1) Growth of Inter-Electrode Capacitances and Noise 


In addition to the onset of leakage, the deposition of conduct 
ing films on mica insulators can cause a marked increase it 
inter-electrode capacitances.? The anode-to-grid capacitance i: 
particularly vulnerable and may increase several-fold afte 
one or two thousand hours’ operation. Such valves are alsc 
likely to generate random bursts of noise of relatively high 
intensity.!° 

It has long been known that the oxide cathode is the source 0 
unwanted conducting films deposited in valves.!1 When the 
platinum cathode was first introduced, however, a substantia 
diminution in barium evaporation was observed.!2 It seem: 
probable that cathodes having cores of tungsten-nickel alloy 
possess evaporation properties characteristic of platinum-cor 
valves. Recently, other low-order evaporation effects have beer 
observed, originating at the anode,? which are nevertheless o 
serious magnitude when life spans exceeding several thousan¢ 
hours are required. By the use of very pure anode materials— 
tungsten-nickel (L2) alloy is again suitable—the anode can bk 
eliminated as a source of evaporation. If, furthermore, arrange 
ments are made to shield vital areas of the insulating surface: 
from direct evaporation, film effects can be reduced to a ver 
low order. 
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(3.2) Heater-Cathode Insulation 


If a conventional sprayed and sintered heater is operated at 
voltage of some tens of volts (or more) positive with respect 
) its enveloping cathode sleeve, a breakdown effect is likely to 
ccur, after sufficient time, in which the insulation resistance 
ills to the order of 104-105 ohms. This behaviour has been 
escribed elsewhere,!3 and it has also been demonstrated that 
1e effect can be avoided by rendering the alumina non-porous. 
he practical solution to the problem lies in the use of a rigid 
isulator made of non-porous pure alumina which, from the 
ssults of accelerated breakdown tests, promises an indefinite 
fe under the conditions in a submerged repeater. 


(4) PROBLEMS OF VALVE DESIGN IN THE FACE OF 
RESTRICTED H.T. VOLTAGE 
The general problem of designing a pentode valve to satisfy a 
urget specification has been discussed elsewhere.!4 For sub- 
1erged repeater valves, the interest centres on the h.t. restrictions 
thich the valve must tolerate. 


(4.1) Triode Section 


The triode section of any receiving-type pentode valve is 
ormally required to satisfy a specification of anode current, 
orking-point and mutual conductance, with given limitations 
n the maximum screen-grid voltage and current. Now, if the 
lectrode voltages and currents for the triode section are specified, 
iere always exists an optimum disposition of the grid wires 
hich yields the highest mutual conductance. The attainment 
f optimum conditions requires a balance to be achieved; on 
1¢ one hand the inter-electrode gaps should be as small as 
ossible, because decreasing the cathode spacing from the 
ontrol-grid increases the mutual conductance (from the funda- 
iental properties of a space-charge-limited diode), and closing 
ie gap between the control and screen grids allows the use of a 
ontrol grid of smaller pitch, which again raises the mutual 
onductance. On the other hand, the gaps must not be too 
nall, otherwise local field variations due to the proximity of 
1e grid wires to neighbouring electrodes will bring about a 
eduction in the mutual conductance. When the above optima 
ave been achieved, however, the design will still be subject to 
verriding limitations which for any accepted method of valve 
onstruction can be expressed by the symbolic equation 


potential 1 mutual 
of screen | + | mechanical | = cone 
grid quality tance 


magnitude steady 
+ | of working] ++ | anode 
point current 


The measure of mechanical quality in this context is partly 
ie size of the inter-electrode gaps, particularly between control 
rid and cathode, and partly the diameter of the grid wires, 
articularly the control-grid wire. It will be clear from the 
bove equation that an increase in any of the quantities on 
ie right-hand side can be obtained only at the expense of at 
ast one of the other two, unless it is permissible either to 
icrease the potential of the screen grid or degrade the mechanical 
uality of the valve. 

Looked at another way, the screen-grid voltage is in the 
ature of a credit which can be distributed as desired between 
ectrical performance and mechanical quality. For the sub- 
ierged repeater valve, this credit is very restricted so that the 
ttainment of the optimum conditions described above becomes 
ighly desirable. In the apportionment of this credit it should 


be realized that probably no valve enjoys a more undisturbed 
life, mechanically, than does a repeater valve lying on the ocean 
bed, so that no particularly high standard of structural rugged- 
ness is necessary. Ruggedness, however, should not be confused 
with reliability, which must of of the very highest order. 


(4.2) Suppressor Section 


For the maximum undistorted power output from any 
receiving-type output valve, the position of the knee in that 
anode characteristic corresponding to the maximum anode- 
current swing should be sharply defined and located as near 
zero anode voltage as possible. At the same time, of course, 
secondary emission must be adequately suppressed, the anode 
impedance made as high as possible and the anode-to-grid 
capacitance minimized. In designing the suppressor section of 
an output-stage submerged-repeater valve, the satisfactory recon- 
ciliation of these claims is aggravated by two effects. 

First, because the maximum anode-voltage swing is restricted, 
it is desirable to step up the steady anode current in order to 
obtain a useful power output. The combination of low electron 
velocities (due to the restricted electrode voltages) and high space 
currents yields high space-charge concentrations in the suppressor 
section. Asaresult, a marked potential depression readily forms 
in the suppressor section and, irrespective of the effect of the 
suppressor grid itself, the valve tends to be inherently over- 
suppressed. 

Secondly, in any receiving-type pentode valve, the definition 
of the knee in the anode characteristics worsens as the screen- 
grid voltage increases. ‘This is because the screen grid and anode 
are, as it were, competing for the space current. Usually it can 
be arranged for the screen-grid potential to be less than that of 
the anode. For the submerged repeater valve, however, it is 
essential to use all the available potential for the screen grid in 
order to obtain the best performance from the triode section. 
As a result, the designer has to accept screen-grid and anode 
voltages which are approximately equal. 

The problem of obtaining a sharply defined knee in these 
adverse circumstances hinges on the provision of just enough 
secondary electron suppression and no more. On account of 
the inherent tendency to over-suppression, the suppressor grid 
will usually be of very open mesh. It would in fact seem possible 
to omit the suppressor-grid altogether and merely enlarge the 
spacing between screen-grid and anodé until optimum suppres- 
sion is achieved, but this often produces an intolerable drop in 
anode impedance and rise in anode-to-grid capacitance. 


(5) DESIGN AND PERFORMANCE OF TYPE 10P VALVES 


The type 10P valves have been designed to satisfy the elec- 
trical specification, shown (abridged) in Section 9.2, at the same 
time drawing extensively on the experience gained from the 
type 6P12 valve and incorporating particularly the principles and 
results set out in Sections 2-4. 


(5.1) Heater and Cathode Structure 


The heater-cathode insulation of the type 10P valves is pro- 
vided by a ceramic tube, known as a heater sleeve, of flat-oval 
section and having a thin wall of approximately 0-15 mm thick- 
ness. The ceramic is a non-porous form of aluminium oxide 
of purity not less than 99-5%. The heater sleeve permits the 
use of a conventional lamp-coil heater dissipating 3 watts at 
10 volts. The heater is wound in aluminated-tungsten wire 
coated with sintered pure alumina to provide limb-to-limb 
insulation. The diameter of the heater wire is 90,4, which is 
slightly larger than that used successfully in type 6P12 valves. 

The advantages of a relatively massive ceramic insulator are 
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not gained without some penalties. First, it will be appreciated 
that, for the efficient utilization of the cathode-sleeve area, the 
major/minor axis ratio of the cathode sleeve should be as large 
as possible, values of 4 being commonly used. Owing to the 
use of the heater sleeve, however, the cathode major/minor axis 
ratio in the type 10P valves is only 2:6. Secondly, it is well 
known that, in designing a valve heater, the lowest possible 
heater temperature (for a given cathode temperature) is achieved 
by packing as much heat-dissipating conductor into the cathode 
as possible. This objective is evidently jeopardized by the use 
of a heater sleeve, and the heater in the type 10P valve operates 
at 1370°K instead of at 1310°K as in the type 6P12 valve. 

The cathode sleeve, fabricated from L2 alloy 0-075 mm thick, 
operates at a temperature of 1020°K. The heater and cathode 
components are shown in Fig. 2. 


Fig. 2.—Components of the heater-cathode system of 
type 10P valves. 


(5.2) Triode Section 


The critical decision in designing the triode section is the limit 
to which the control-grid wire diameter and the control- 
grid/cathode spacing can be reduced before there exists a risk 
of (a) mechanical failure either by grid-wire fracture or by 
contact between a grid wire and the cathode, or (b) grid emission. 
In reaching this decision, the degree of success with which loose 
foreign particles can be eliminated from the interior of the 
envelope must be anticipated. 

For the type 6P12 valve, 28 ~ molybdenum wire has been used 


successfully, but having regard to the slightly greater span of 
the type 10P control grid, it was decided that a lower limit of 
322 should be imposed for the type 10P2 valve. On the type 
10P1 valve it was found possible to satisfy the electrical specifica- 
tion with 38 w wire, which is an acceptable feature on account 
of the higher electrode dissipations compared with the type 10P2 
valve. 
A further less-critical decision must be made with respect to 
the screen-grid wire diameter, the lower limit being determined 
by mechanical strength. For both type 10P valves, 44 wire 
has been used. ; 
The above dimensions having been settled, the valves were 
designed by the method proposed by Liebmann!° and subse- 
quently developed by Reynolds.'4 After some experimental 
adjustments for optimum performance, the typical characteristics 
shown in Fig. 3 were obtained. It can be seen that the margin 
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Fig. 3.—Typical mutual and grid-current characteristics. 


(a) Type 10P1 valve. 
(b) Type 10P2 valve. 


Screen-grid potential, 70 volts. 
Screen-grid potential, 50 volts. 
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from the working-point to the onset of grid current (0-1 A) is 
approximately 3 volts for the type 10P1 valve and 0-5 volt for 
the type 10P2. The grid-to-cathode distances measured from 
the outermost surface of the sprayed cathode to the centre-line of 
the control-grid wires amount to 0-12 and 0-11 mm, respectively, 
for the types 10P1 and 10P2 valves. The wire centre-line spacing 
between the control and screen grids is 0-34mm for both valves. 
The pitches of the control grids are 0-221 and 0-149 mm, respec- 
tively, for the types 10P1 and 10P2 valves, the pitch of the screen 
srid for both valves being 0-339mm. In order to avoid grid 
smission, the contro] grid is fitted with graphite-coated fins which 
imit the control-grid-wire temperatures to a maximum of 240°C 
ander normal operating conditions. 


(5.3) Suppressor Section 
Typical anode characteristics for the type 10P1 valve are shown 
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Fig. 4.—Typical anode characteristics of the type 10P1 valve. 
Screen-grid potential, 70 volts. 


which allows the valve to deliver up to 200 mW of signal power 
inder conditions of optimum load. The suppressor grid of the 
ype 10P1 valve is wound to 12-5 turns per inch. 

The normal anode dissipation of the type 10P1 valve is 
)‘7 watt. Tests have, however, been carried out which demon- 
trate that the life stability of the valve is not impaired by raising 
he anode dissipation to 1-5 watts. This limit is shown in Fig. 4. 


Fig. 5.—Type 10P1 valve. 
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(5.4) Mechanical Structure 


The electrode structure is mounted on mica insulators, the 
inner surfaces of which are protected by means of shields stand- 
ing clear of the mica, as shown in Fig. 5. The design of the 
shields, which are made in L2 alloy, is such that no cathode or 
anode evaporation can cause a film path to exist from the anode 
to any other electrode, nor from the control grid to any other 
electrode at h.t. voltage. 

Retention of the heater sleeve poses a somewhat novel 
problem because it is not possible to notch or deform the 
sleeve as is common practice with metal components. In the 
arrangement shown in Fig. 6, the sleeve is retained at one end 


| 


Fig. 6.—Type 10P valves—constructional details. 


by two pure alumina tubes slipped over the heater limbs and 
at the other end by a bowed tungsten wire. An improved 
locking arrangement for the cathode sleeve, also shown in 
Fig. 6, avoids the weaknesses of conventional cathode crimps 
and precludes any movement between the cathode sleeve and 
mica insulator at the locked end. 

In order to achieve a reliable structure, the number of joints 
has been minimized by making all connectors as integral as 
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possible. In general, joints have been designed as mechanical 
joints with a weld or welds acting as reinforcement. Nickel- 
silver bimetal sheet has been used for fabricating a number of 
the connectors, so that when welded the silver flows over the 
mating areas to yield effectively a brazed joint. 

Despite capacitive disadvantages, the lamp-style glass pinch 
remains unsurpassed for reliability and is therefore used for 
the type 10P valves, as shown in Fig. 5. Additional support is 
given to the structure by means of stainless-steel ‘snubbers’ 
bearing on the glass bulb, which is made of lead glass in order 
to mitigate the electrolytic effect. Although the valve is fitted 
with a normal octal base, the pinch wires are extended through 
the base pins to permit direct soldering into the circuit. 

Manufacture of the valve is carried out under the semi-clinical 
conditions now commonly used for the production of submerged 
repeater components. Careful visual examinations are made at 
various stages of manufacture followed by an intensive micro- 
scopic examination for every selected repeater valve. 


(6) CONCLUSION 


Whilst the type 10P valves represent an advance in the develop- 
ment of submerged repeater valves, it would be complacent to 
imagine that any degree of finality had been reached. The first 
valves made with tungsten-nickel cathodes have been on life test 
for nearly five years, and the earliest type 10P valves are well 
advanced into'their second year. Because there is no reliable 
method for accelerating the life of a thermionic valve and 
correlating the results with normal rated performance, a com- 
plete assessment of these first deep-water repeater valves must 
await the passage of time. 

Much of the progress reported in the paper has in fact 
originated from a careful examination of life trends in the context 
of the mechanical and production history of the valves. Clear 
lines of action, which have led to improved performance, have 
often been indicated after comparatively short testing periods. 
It may well be that continued vigilance will point the way to 
still further refinements of both design and manufacturing 
technique. 
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(9) APPENDICES 
(9.1) Specification for L2 Alloy 


The alloy shall be prepared by powder-metallurgical tech- 
nique from carbonyl-process nickel and tungsten powder. The 
tungsten content shall be 3-5°%% + 0:2% by weight. The weight 
of nickel and tungsten together shall be not Jess than 99-90%. 
The percentage of individual impurity elements shall not exceed ~ 
the following values: 


Tron 0:03% 
Carbon 0:02% 
Sulphur 0-003 % 


Silicon, Aluminium, Titanium, Mag- 
nesium, Chromium, Manganese and } each 0:005% 
Copper 


(9.2) Abridged Specifications 
(a) Type 10P1 Valve. ’ 


Under conditions V, = Vz. = 70 volts, V;, = 10-2 volts 
I, = 10mA. 


Minimum Maximum 


Mutual conductance, mA/V 6°3 7°4 
Working-point, volts ..—2°8 .—4-2 
Screen-grid current, mA 1-8 2p 
Anode impedance, kilohms 150 Dp 
Input capacitance, pF .. 1025 12:7 
Margin between working-point and 5:0 


cut-off (7, = 0:1mA), volts 


DEEP-WATER SUBMARINE TELEPHONE REPEATERS 


Margin between working-point and 2-0 
onset of positive grid current (J, = 


0-1 A), volts 
Reverse grid current, wA ag Ae 0-1 
Heater current,mA .. Se ese 319 


With valve cold. 
Anode-grid capacitance, pF a O 
Output capacitance, pF an Savwiiis 


(b) Type 10P2 Valve. 


Under conditions V, = 40 volts, V,. = 50 volts, V, = 
10-2 volts, J, = 3mA. 
Mutual conductance, mA/V .. wees A 6-7 
Working-point, volts .. as el 2h 


Screen-grid current, mA se jill Ges) 0-85 


Anode impedance, kilohms .. sa PW 
Input capacitance, pF .. ae Ke VI. P<) 
Margin between working-point and 2-0 


cut-off 7, = 0-1 mA), volts 

Margin between working-point and 0-4 
onset of positive grid current U,, = 
0-1 A), voits 


Reverse grid current, wA 3. ap 0-1 
Heater current,mA .. a ae a PAWe 319 
Equivalent noise resistance, ohm 54 1009 


With valve cold. 


Anode-grid capacitance, pF .. gO" O1S9 205025 
POS 7-6 


Output capacitance, pF 


621.385.3: 621.396.97 
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SUMMARY 


A major change that has occurred in high-power transmitting valves 
during the last decade is the introduction of the thoriated tungsten 
filament or cathode. The paper describes the technology of these 
cathodes and some of the valve characteristics resulting from the 
change-over from a pure tungsten cathode. Details are given of the 
various properties of thoriated tungsten cathodes resulting from the 
carburization process which is necessary to give stable emission. The 
performance is given of six typical types of transmitting valves used 
both in the sound and television services of the B.B.C. These are 
typical of many other types of large valyes with thoriated cathodes 
which differ only in minor aspects from those described. Detailed 
performance results are given, together with a study of the economies 
of thoriated cathodes in practice. Jn considering the installation of 
these valves in place of the valves using bright tungsten cathodes, 
consideration has been given to the economic aspects of installation. 
Illustrations of the six types of valves described in the paper and 
survivor curves both for tungsten and thoriated tungsten valves are 
given, together with the curves showing loss of programme due to 
valve failure. 

It seems clear from the results that not only do thoriated tungsten 
filaments or cathodes give economy in operation, but the lives in many 
cases are considerably extended. 


(1) HISTORICAL NOTES 


The discovery of the enhanced emission obtainable from 
tungsten filaments containing a trace of thoria was first made 
by Langmuir as early as 1914, but the first description of the 
phenomenon was not given by him until about 1923. Work in 
this connection had been carried out by several others towards 
the end of the First World War, and by 1922-23 several types of 
valve using a thoriated tungsten filament made their appearance. 
However, satisfactory valves were not produced until the process 
of carburizing the outer layer of the filament had been developed 
by heating it in a hydrocarbon vapour at about 2300°K. This 
converts the outer skin of the filament to tungsten carbide, 
which is able to reduce the thoria in the operating range of 
temperature (1900-2 100°K). The emission from a carburized 
filament is much more stable and less subject to vacuum con- 
ditions than an uncarburized filament, and is dealt with in more 
detail elsewhere in this paper. Some of the first small receiving 
valves, such as the DEQ and DEV, were produced with car- 
burized thoriated filaments. These were followed fairly quickly 
by the LS5, which was a larger receiving valve and could, under 
suitable circumstances, be used as a transmitting valve dissipating 
up to about 10 watts at its anode at about 400 volts. This 
valve remained very popular for a number of years. Efforts 
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were made to develop larger valves, and by the early 1930’s valves 
capable of dissipating 250 watts at their anodes and by the late 
1930’s valves dissipating up to 1-25kW with voltages of up to} 
3kV became a practical proposition. It was soon apparent, . 
however, that these valves had to be made particularly free from |) 
gas, because any ions present could bombard the filament and} 
soon destroy its emission, The higher the anode voltage, of| 
course, the more damaging did this effect become. At the} 


were required for pulsed radar transmitters, and the cathodes} 
had, of necessity, to have a large emission. Since the emission 
was required only for a fraction of the operating cycle, and for 
the majority of the time reactivation could take place, thoriated| 
tungsten filaments proved very satisfactory, even with anode 
voltages of up to 40kV. Valves for pulse operation were made 
both with silica and metal/glass envelopes and gave good lives 

Large valves for continuous operation at high voltages coull 
not be made until the development of continuously-acting 
getters, one of the most useful of which is zirconium. Since} 
about 1948, large valves of 15kW anode dissipation upwards 
have been made, operating with carburized thoriated tungsten | 
filaments, and it is the purpose of the paper to survey the present 
situation and to give the results of the operation of these valves 
in practice, together with a study of the savings in ne 


power, particularly so far as filaments are concerned, compar 
with the more conventional type of large valve fitted with a pus 
tungsten filament. 4 
The period since 1945 has also seen extensive development in | 
radio transmission in the very-high-frequency field. Valves for | 
this service require to be as small as possible in order to reduce | 
inter-electrode capacitances and lead inductances, for which the | 
thoriated tungsten filament is very advantageous. In fact, many 


oa 


using a bright tungsten emitter. The development of these new | 
types with thoriated tungsten filaments and the use of special | 
grid material has led to many problems of mechanical design, 
some of which have become apparent only during the actual 
operation of valves in the field. There is no doubt that all these 
problems can be overcome in the course of time, and that all 
the new designs will be free from mechanical troubles and will 
run to the full emission life of the filament. 


(2) TECHNOLOGY OF THORIATED TUNGSTEN FILAMENTS 


(2.1) Reasons for Carburization 

The addition of about 1% of thoria (ThO,) to tungsten was: 
originally made in order to modify the recrystallization properties 
of the metal. Langmuir! found that, by suitable heat treatment 
in vacuum, some of this thoria could be reduced to thorium 


to the wire. This discovery led to the adoption of thoriated 
tungsten as a filamentary cathode, and a number of valve types 


lyere, in fact, successfully manufactured using the Langmuir 
\yrocess, both in this country and in America. At that time, 
jiowever, it was not easy, with the techniques available, to obtain 
jhe degree of vacuum in the valves required to maintain stable 
mission. 

| Thoriated tungsten was really established as a commercially 
jseful electron emitter only by the introduction of the car- 
ourizing process. This also appears to have arisen accidentally, 
in that carburization of lamp filaments, which occurred during 
processing in the residual pressure of oil vapour from the 
Mechanical vacuum pumps, was being investigated at the same 
deriod. The fact that more stable emission was obtainable from 
varburized thoriated tungsten was observed by Langmuir and 
nentioned by him at the end of his first paper on the subject. 

| Concurrent work by Andrews? on the effects on emission of 
Jleposited films of thorium was misinterpreted to prove that the 
rate of evaporation of thorium from a carburized filament was 
‘ower than that from an uncarburized filament. This incorrect 
‘conclusion has been repeatedly quoted in subsequent literature 
as. being a major factor in the improved emission stability given 
‘by carburization. In fact, a recent direct comparison? has shown 
that, at a given temperature, when the filaments are fully acti- 
vated, the rates of evaporation of thorium from carburized and 
‘uncarburized filaments are equal, to the first order. The rates 
‘of supply of thorium to the surface layer from within the filament 
‘must therefore also be approximately equal, since there is no 
‘accumulation of thorium on the surface. A possible reason for 
‘the improved stability of emission of the carburized filament 
‘under imperfect vacuum conditions could be the break-up of 
the surface by the carburization, This gives more grain boun- 
idaries along which diffusion can take place, and therefore shorter 
‘migration distances across the surface to maintain uniform 
icoverage. 

During its life a carburized filament has the additional advan- 
tage that there is a continuous reaction between carbon and 
‘thoria at the operating temperature of 2000°K, thereby main- 
taining a sensibly constant supply of thorium in the filament. 


‘promote reduction of thoria to thorium by the tungsten. Sub- 
‘sequent reduction at 2000°K is negligible, so that the usable 
reservoir of thorium built up during the flashing operation will 
steadily diminish throughout life. 


| (2.2) Methods of Carburization 


| The carburization of tungsten filaments may be carried out 
‘in a number of ways: 
| (a) By coating the surface with the required amount of carbon, 
| and subsequently heating the coated wire in vacuum, The main 
difficulty in the application of this method lies in the sudden decrease 
| of emissivity, and therefore rise of temperature, which occurs when 
the carbon in any area has been completely absorbed. 
| (b) By embedding the filament in bulk carbon and heating in a 
| furnace. Partial carburization to a uniform depth in this manner 
_ is not easy. 
(c) By electrical heating of the filament in the presence of a hydro- 
carbon gas or vapour. 

Method (c) is the one usually employed. It may be carried 
out on the assembled valve during the pumping operation by 
the temporary introduction into the vacuum system of a solid 
with a low vapour pressure, such as naphthalene, or of a low 
pressure of a gas such as acetylene. It is more common, how- 
ever, to precarburize, either as single filaments or as complete 
filament assemblies, in hydrocarbon vapour carried by hydrogen 
‘which has passed through a carburettor containing the liquid 
hydrocarbon, e.g. benzene, xylene, etc.4 The filament tem- 
perature during this carburization is about 2300°K, and, owing 
to the cooling effect of the hydrogen, the heating power required 
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is approximately four times the final running power in vacuo. 
The large powers involved make the use of water-cooled enclo- 
sures necessary. Carburization is not a critical procedure, the 
range of time and temperature to obtain a given result being 
fairly wide. The controlling factors are the rate of decom- 
position of hydrocarbon at the filament surface and the rate of 
diffusion of carbon into the tungsten. The rate of decom- 
position of hydrocarbon at the filament surface does not depend 
to any large extent on the temperature. Indeed, there is evidence 
that, when using naphthalene, every molecule reaching the hot 
surface is decomposed, so that the rate of decomposition depends 
only on pressure. When the hydrocarbon is in excess of 
hydrogen, this may not hold in detail, but filament temperature 
is still not a major factor. The rate of diffusion of carbon into 
the tungsten increases rapidly with rise of temperature. For any 
given partial pressure of hydrocarbon there is therefore a 
minimum temperature to use, below which carbon will build 
up on the filament surface, with consequent additional cooling 
by radiation, further drop in temperature and more deposition. 

To carburize successfully, it is essential that water vapour and 
oxygen should be kept away from the hot filament. Thus 
condensation on the walls of the water-cooled enclosure must 
be avoided, constructional materials which give off water vapour 
when in contact with hot gases must not be used, and an ade- 
quate seal against the ingress of air must be provided. The 
degree of carburization used may depend on the wire size and 
on the valve in which it is used. As discussed in Section 2.4 
the emission life is determined by the loss of carbon, so that a 
given fractional depth of carburization will give a longer life 
with a large-diameter wire than with a small one. Figures used 
commercially usually vary between 10 and 30% of the cross- 
sectional area, although Ayer® shows cross-sections of filaments 
with up to 40% of the area carburized. The process is usually 
carried out with the filament electrically heated at either constant 
voltage or constant current, and, in either case, the depth of 
carburization is controlled by the increase in filament resistance 
that occurs. The accuracy of this control will depend on the 
maintenance of uniform surface finish—and therefore uniform 
radiating properties—on the wire used. In one method of 
manufacture, a greater cross-sectional area is carburized than is 
finally required, and the heating is then continued for a short 
time in pure hydrogen to decarburize/a shallow surface layer. 
A photomicrograph of the cross-section of such a filament is 
shown in Fig. 1. 


(2.3) Effects of Carburization on the Properties of Tungsten 
Filaments 
(2.3.1) Composition. 

The changes in chemical composition of tungsten filaments 
which occur during gaseous carburization have been described 
by Horsting.4 The phase diagram deduced from his and earlier 
work, which has been slightly modified by Norton,° shows that 
the part of the metal which is usually referred to as uncarburized 
is, in fact, a solution of about 0:05% of carbon in tungsten. 
The carburized layer formed under the correct conditions, i.e. 
without surface deposition of carbon, consists of di-tungsten 
carbide (WC) which has some tungsten dissolved in it. The 
existence of this definite phase gives rise to the sharp demarcation 
line as the diffusion goes inward. The solubility of tungsten in 
di-tungsten carbide becomes Jess as the temperature is lowered, 
and some therefore precipitates on cooling. This gives rise to a 
characteristic laminar structure which often shows in cross- 
sections of cold filaments (Fig. 1). 

The specific gravity of di-tungsten carbide is less than that of 
tungsten, so that the process of carburization will increase the 
volume of a filament, and therefore its diameter. The specific 
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Fig. 1.—Photomicrograph of filament section showing 
decarburized surface. 


gravity of the metals,’ especially when thoriated, depends to 
some extent on the details of manufacture and processing, but 
taking figures of 19-0 for thoriated tungsten and 17:0 for 
thoriated tungsten carbide, a filament after carburization of 25% 
of its cross-sectional area will increase in volume by 3%, or, if 
this increase is all assumed to take place radially, will increase 
in diameter by 1-5°%%. This increase can, under some conditions, 
form a useful indication as to whether wires have been carburized. 


(2.3.2) Thermal Properties. 


The thermal expansions of di-tungsten carbide and tungsten 

are given in the literature as follows: 
Tungsten carbide’ (20-2 400°C): 1:2 x 10-© per deg C, in the 
a-axis direction. 
11-4 x 10-6 per deg C, in the c-axis direction. 
Tungsten? (at 20°C): 4:5 x 10-6 per deg C. 
(20-2 400°C): 5-8 x 10-6 per deg C, 

The large amount of anisotropy in the carbide crystals and 
the difference between the mean expansion of the carbide and 
that of tungsten will lead to the development of internal stresses 
in the wire on temperature cycling, and, if there is any tendency 
to split in the original wire, these will probably open up (Fig. 2) 
as a result of carburization. 

The thermal emissivity of filaments with a tungsten-carbide sur- 
face is 20% higher than that for uncarburized tungsten filaments. 

The melting point of the eutectic between tungsten and 
di-tungsten carbide is 2750° K, compared with 3 680° K for pure 
tungsten and 3130°K for di-tungsten carbide. This lower 
melting point is, however, still far above the usual operating tem- 
perature range of thoriated tungsten filaments (1 950-2 050° K). 


(2.3.3) Mechanical, Strength. 


Although no precise data on the bending strength of car- 
burized wires are available, general experience indicates that 
they are more brittle than similar uncarburized wires. They 
are, however, adequately strong for use in large transmitting 
valves, where protective measures for transit must be taken in 


Fig. 2.—Photomicrograph of split wire. 


any case. The brittleness decreases rapidly with rise of tem-| 
perature and is negligible at a few hundred degrees Celsius. 


(2.3.4) Electrical Resistance. 


The resistivity of di-tungsten carbide is 80 x 10—® ohm-cmj) 
at 293°K and 119 x 10~-° ohm-cm at 2000°K, while that of|} 
tungsten! is 5-5 x 10~© ohm-cm at 293°K and 55-7 x 107®|) 
ohm-cm at 2000°K. From these figures the increase in resis-|| 
tance of a wire as a function of the percentage of the original || 
cross-sectional area which has been carburized may be deter-}| 
mined. Thus if 25% of the original area is carburized, the hot |) 
resistance will increase by 15°%, and the cold resistance by 30%. | 


{ 


(2.3.5) Electron Emission. 

Carburization has no measurable effect on the magnitude of |) 
the electron emission obtainable from thoriated tungsten at al. 
given temperature.’ It does, however, markedly affect the ease | 


with which the emission is obtained. The high-temperature 
flash at 2800° K described by Langmuir is no longer necessary; it | 
would, in fact, be harmful, since it is above the melting point of | 


the tungsten-tungsten-carbide eutectic. Normally the slight \ 
over-voltage the filament receives during the pumping operation \ 
is quite adequate for the carbon to reduce sufficient thoria to \ 
obtain the required monolayer of thorium on the wire surface, |) 
and therefore the emission. The saturated emission obtainable | 
is of the order of 3-4amp/cm? at 2000°K, with an emission | 
efficiency of 100-120 mA/watt. 


(2.4) Effects during Life 
(2.4.1) Loss of Emission. 


The emission from thoriated tungsten depends on the main- | 
tenance of a monatomic film of thorium on the surface. This — 
thorium arises from the reduction of thoria by carbon, and the 
loss of emission which occurs at the end of life could therefore 
be due to loss of either thoria or carbon. All experience with | 
glass-envelope valves indicates that it is the carbon which is lost 
first, adequate thoria still being present in the filament. Experi- 
ence with large cooled-anode valves shows that their emission 
lives are longer than those obtained from glass-envelope valves, 


out that, unless the life is about 100000 hours or more, it will 
probably still be terminated by the loss of carbon. 


2.4.2) Loss of Carbon. 


With tungsten containing 1% of thoria, the amount of carbon 
necessary to give complete reduction of the thoria would be 
pbtained by converting a little above 3% of the cross-sectional 
area to di-tungsten carbide. As it is usual to carburize between 
10 and 30% of the cross-sectional area, the majority of the 
arbon must be lost at the surface by evaporation or chemical 
reaction with residual gases. Figures for this rate of loss have 
been given by Ayer,> and are plotted in Fig. 3 for comparison 
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Fig. 3.—Loss of carbon as function of temperature. 


(c) Wright (10-§mmH20). 
(d) Carbon. 


(a) Ayer. 

(6) Wright (10-5 mm H,0). 
with data obtained by Wright!! under controlled conditions, and 
with the rate of evaporation of carbon from bulk carbon. 

Ayer’s figures, which were obtained from operational experi- 
ence with glass-envelope valves, almost certainly underestimate 
the life that can be obtained from modern cooled-anode valves, 
where the yacuum conditions are better. The figures indicate 
that a 1mm filament, with 25°% of its original cross-section 
carburized, would lose all its carbon in about 35000 hours when 
run at 2000° K. 

Wright’s figures refer to conditions without anode current 
flow, and therefore without positive-ion bombardment of the 
emitting surface. They may therefore underestimate the rate 
of decarburization for given vacuum conditions. It is known 
in practice that a shorter emission life is obtained when a given 
type of valve is run at a higher mean cathode current. True 
figures for the mean life, as determined by carbon loss, must 
therefore await further operational experience. 

The location as well as the amount of tungsten carbide in 
the filament will change during life, since both are dependent 
on the rate of loss of carbon and on the rate of its diffusion 
through the metal. Previous published work has usually dealt 
with cases where the emission life was relatively short. In these 
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cases the rate of carbon loss had the greatest effect, and, in much 
the same way as in surface decarburization during processing 
(Fig. 1), the carbon disappeared mainly from the outer surface 
of the original carbide layer. 

For the long-life high-power valves, where the rate of loss of 
carbon is low, the picture is quite different. The diffusion 
process is now predominant, and it is found that a distribution 
of carbide particles is produced which is roughly uniform across 
the section of the wire. The photomicrograph of Fig. 4 shows 


Fig. 4.—Photomicrograph of filament showing carbide disseminated 
as particles over cross-section of wire. 


this for a filament from a valve which still had good emission 
after running for 7000 hours. In this case the inward diffusion 
has not gone to completion, the concentration of carbide in the 
originally carburized layer still being considerable. 

The change in electrical resistance of the filament during life 
will be affected by the pattern of the tungsten-carbide location. 
If the carbide has a tubular section, occupying a fraction, p, of 
the total volume, then, neglecting the effects of the change in 
volume on carburization, the effective conductivity, o,, of the 
composite metal will be given in terms of o,,, the conductivity 
of tungsten, and o,, the conductivity of tungsten carbide, by 


Gq Oe P(Ovn Or) tas erreaeen C9, 


Where p = 0-25 initially and the carbide section remains 
tubular through life with loss of carbon at a uniform rate, the 
change in effective room-temperature conductivity with time will 
be linear as shown by Fig. 5 [curve (a)]. 

However, if the carbide becomes uniformly disseminated as 
small particles through the tungsten, the effective conductivity, 
@>, will be given by!” 


aay 20 a5 oe — 2p(Ow ay oor ) ; ’ (2) 
20y as Oo “ploy, le om) 


o2 
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Fig. 5.—Change of effective conductivity during life. 
(a) Tubular carbide section. (6) Disseminated carbide. 


For p = 0:25 initially, and the change to uniform dissemination 
taking place in the first 20% of the life, the effective conductivity 
during life is given by Fig. 5, curve (6). 

These curves show that, without knowledge of the disposition 
of the carbide in the filament, it is not possible to use resistance 
measurements made during early life to determine the rate of 
loss of carbon, and therefore to predict the probable ultimate 
emission life of a valve. 


(2.4.3) Loss of Thoria. 


The work of Jenkins and Trodden? shows that, at a running 
temperature of 2000°K, the rate of loss of thorium from a 
carburized filament is about 7 x 10~!*g-cm~2/sec. If this is 
assumed to remain constant throughout life, then, for a 1mm 
filament, the time for complete loss of the original 1°% of thoria 
will be about 150000 hours. 


(2.5) Effects of Thoriated Tungsten Cathodes on the 
Properties of Valves 
(2.5.1) Filament Characteristics. 

The rate of change at operating temperature of many para- 
meters of pure tungsten filaments for small changes of voltage 
or current is well known (see, for example, Reference 13). 
The corresponding approximate figures for the free-space charac- 
teristics of carburized thoriated tungsten at. 2000°K are as 
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Fig. 6.—Loss of programme due to valve failure. 


follows: A 3% increase in applied voltage produces 2% increasej} 
in current, 5% increase in power, 1% increase in temperature, | 
20% increase in emission, and 50.% decrease in life due to carbon) 
loss. In practice, some of these figures may be modified a little}} 
by heat reflection from surrounding electrodes and by the cooling| . 


effects of filament supports. 


(2.5.2) Grid Emission. 


When using pure tungsten filaments, the major limitation to} 
the power output from a given size of valve is the cathode} 
emission, and the rest of the structure is designed to suit this.) 
With thoriated tungsten filaments, however, the distillation of} 
thorium on.to the grid surfaces reduces their work function so} 
much that primary grid emission often becomes the limiting} 
factor in design. oF 

In valves with pure tungsten filaments, the internal metal | 
surfaces may be made very clean and reproducible during the} 
processing, and primary grid emission can occur only at very | 
high temperatures. For example, for tungsten and molybdenum, ) 


the most commonly used grid materials, the temperatures | 
required to give an emission of 1 A/cm? are about 1600°K} 


and 1500°K, respectively. When these metal surfaces are | 
covered with thorium, it is possible to obtain the same emission | | 
at about 1 100°K. | 

In practice, some grid emission can be tolerated in a large | 


transmitting valve. However, owing to the combined effects of | | 


it 


the grid may have to operate at a temperature where emission | | 
from tungsten or molybdenum would become excessive, and | 
some suitable treatment of the grid surface must be used to} 
reduce the emission. A common treatment is to use a sheath } 
of platinum applied during wire manufacture, while coatings of } 
zirconium or titanium or their compounds are also used. In } 
these ways the temperature for a given grid emission can be | 
raised by at least 300° K.!3 


(2:5.3) Anode and Grid Currents. ie 


The thoriated-tungsten transmitting valve is always operated 
with a peak cathode current several times less than the saturated 
cathode emission. The result is that the effect of saturation on | 
the valve characteristics is negligible, and in this respect is” 
different from the tungsten-filament valve. The latter valve | 
commonly shows saturation from some parts of the filament at | 
a total current well below the overall saturation level. As a | 
result, characteristics of tungsten-filament valves cannot be | 
deduced from a few parameters, such as amplification factor, — } 
mutual conductance, etc. On the other hand, the characteristiaa 
of valves with thoriated tungsten filaments follow simple theo-— 
retical considerations much more closely, and the characteristics 
can be deduced from basic parameters to a useful extent. Pro- | 
vided that the space-charge law is obeyed, which it will be so - 
long as no part of the cathode is saturated, the cathode current © 
of a triode valve is related to the voltages on the anode and grid 
by the formula | 


N= AV, + Vole 2 OF 


where ¥ the perveance, and uw = 0V,/dV,, the amplification | 
factor, are basic constants of the triode and are independent — 
of the voltage and current. The constant mw is familiar 
to all valve users. For triodes its value lies in the range 
5-100. The constant Y, although basic and often quoted for 
the electron guns used in beam devices such as klystrons, 
may not be familiar to some users. It is usually given in 
micropervs (1 perv = 1 amp/volt?/), and a typical figure for a 
20kW triode would be in the region of 1000 up. 

It has been customary to specify triodes by the values of the 


implification factor, x, and the mutual conductance, g,, = 
o/,/0V,), although the latter is far from constant and may, 
n some parts of the operating range, differ by a factor of at least 
wo from the manufacturer’s quoted value. In the negative grid 
‘egion none of the cathode current will go to the grid, and g,, 
nay be obtained by differentiating eqn. (3) to give 


Chou 5 AIS i a ar C) 


which shows how g,, varies with anode current when Y remains 
;onstant. 

In the positive grid region some of the cathode current is 
intercepted by the grid and is lost to the anode. The division 
»f current between anode and grid may be defined by a third 
sonstant, the current division ratio, 5, given by 


a= (F)n=%, IP Peps ee (5) 


& 


vhich is not dependent upon the absolute values of V, and V,. 
When V, is greater than V, the division ratio over the range 
Va< V, <4V, may be estimated from 


| Be 
| 7-97) Pee ta (6 


Waieh applies over those regions of the characteristics where the 
najor part of the grid current arises. 

It will usually be found that direct substitution of thoriated 
‘ungsten for pure tungsten in a given valve design will, if any- 
/hing, increase the ratio of grid current to anode current for 
iven grid and anode voltages. However, the lack of saturation 
vill normally mean that the required anode current can be 
>btained with less positive grid drive, so that less drive power 
e be required for a given maximum output power. 
| One other more subtle difference is shown in the grid-current 
tharacteristics. The grid current for small positive grid voltages 
jarely becomes negative, as it often does with pure tungsten 
jilaments. This is because the thoriated tungsten filament has 
nore emission from its cold ends, and the space charge from this 
\ Sag the escape of secondary electrons from the grid to the 
inode. 


2.5.4) Switching Transients. 


| The cold resistance of a carburized thoriated tungsten filament 
's about one-eighth of its hot resistance. When switched in the 
cold state on to a low-impedance supply, heavy currents will 
low and the magnetic forces between filament limbs may cause 
listortion. This is a known problem with pure tungsten fila- 
nents, and is dealt with by multi-step switching using series 
hesistances, or other suitable means of current limiting. For a 
jsiven diameter of filament, the combined effect of lower running 
jurrent and of the lower ratio of hot to cold resistance gives a 
jurge current with carburized thoriated tungsten which is only 
bout 40°% of that obtained with pure tungsten, and is therefore 
jealt with more easily. With a.c. supplies a current-limiting 
\ransformer may be used. If a switched series resistance is used, 
‘his may conveniently be a single resistance whose value is 70% 
pf the hot filament resistance and which is short-circuited after 
20sec. 


2.5.5) Hum. 

When directly heated filaments are’ operated on alternating 
>urrent, the anode current is modulated both by the electric and 
nagnetic fields of the filament. The magnetic component is 
droportional to the square of the filament current per limb. 

For a given geometrical design of filament and a given working 
inode current, the increased emission per unit area obtained by 
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Fig. 7.—Survivor curves for (a) bright tungsten and (b) thoriated 
tungsten filament valves. 


changing from tungsten to thoriated tungsten would enable the 
filament diameter and therefore the current per limb to be 
reduced. For other reasons, usually that of mechanical strength, 
this diameter reduction is not always incorporated. However, 
the lower operating temperature will still give lower current for 
the thoriated tungsten filament, and, in practice, the hum level 
is usually reduced by about 4-5dB by the change from pure 
tungsten. 


(2.5.6) Circuit Currents. 


Theoretical considerations indicate that the r.f. currents 
flowing through the thoriated filament in a valve could have a 
marked effect on its life if the valve is loaded to the full extent 
allowed by the emission. As an example, consider a particular 
tetrode with a grid-cathode capacitance of SOpF, of which 
approximately half is active capacitance, operating at a frequency 
of 200 Mc/s, with a 400-volt r.m.s. swing applied to the input. 
Under these conditions the r.m.s. capacitive current flowing 
between grid and cathode will be 25amp and the r.m.s. space 
current will be about 6amp. Because of skin effect, the com- 
bined action of these r.f. currents, acting in addition to the 
175 amp heating current, will be to raise the temperature of the 
filament system at one end by about 50°C. Since the rate of 
evaporation of carbon changes by about 2% per degC at the 
operating temperature, the presence of the r.f. current should 
appreciably affect the life. There is some evidence that this can 
be detected in valves used in the broadcasting service at fre- 
quencies greater than 100 Mc/s. 


(3) HIGH-POWER TRANSMITTING VALVES IN USE IN 
THE B.B.C. SERVICE 
High-power transmitting valves were last fully surveyed before 
The Institution in 1938 by Bell, Davies and Gossling.!> While the 
general principles of construction have remained the same, many 
modifications and improvements have been made, particularly in 
improving the robustness of the valves, and in designing them for 
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Fig. 8.—Illustrations of six types of thoriated-filament 
transmitting valves. 


use at much higher frequencies. Fig. 8 shows six types of large 
transmitting valves using thoriated tungsten filaments which are 
in use in the B.B.C. service. A number of other types of large 
thoriated-filament valves are also in use, and although the follow- 
ing Sections are confined to the six types of Fig. 8, for which the 
maximum information is available, the authors have every reason 
to believe that the others will give comparable results in practice. 


(3.1) General Description of Six Types of Large Transmitting 
Valves in Use at Present in the B.B.C. Service 


(3.1.1) CAT27 and 3Q/294E. 


The CAT27 and 3Q/294E are considered together as they have 
both been used by the B.B.C. as substitutes for the bright- 
tungsten-filament CAT17C valve which has been used for many 
years in double-ended transmitters operating class-C anode- 
modulated radio frequency up to 26Mc/s. They are very 
different in size and a comparison of their performance is of 
considerable interest. The CAT17C has a filament power of 
14:7kW (32 volts at 460amp) and the two substitute valves are 
shown in the following Table, which also gives the physical 
dimensions: 


Py Vy Iy Weight Overall length 
kW volts amp lb in 
CATT oO) Type} 285 76 444 
3Q/294B 2:5 12:5 197 23 264 


The CAT27 was designed to be physically interchangeable 
with the CATI17C. The 3Q/294E, on the other hand, takes full 
advantage of the higher cathode efficiency of thoriated tungsten 
filaments to achieve smaller physical dimensions. This valve is 
in use in transmitters in many parts of the world, and its small 
size is of considerable importance in transportation. It will be 
seen that the change-over involves considerable differences in 
first cost, the CAT27 requiring only a change in filament voltage, 
whereas the 3Q/294E involves major changes, principally to the 
water jacket. The increased cost of change-over is just about 
equal to the difference in first cost of the respective valves. 

It will be seen that advantage is taken of the large size of the 
CAT27 to use rather more filament power than is necessary and 
to operate the filament at a lower temperature to achieve the 
same peak emission. It is to be expected by this means that the 
life of the CAT27 will be considerably longer than that of the 
3Q/294E, and the increased life and less frequent maintenance 
changes of the longer-life valve have to be considered against the 
cost of the additional filament power consumed. Owing to the 
unusually long lives of these valves, it will be many years before 
an exact comparison of costs can be made. 
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(3.1.2) BW165. 

The BWI165 is used for two distinctly different purposes: | 

(a) As the main power amplifier in the high-power television||), 
transmitters at Sutton Coldfield, Wenvoe, Kirk o’Shotts anq)) 
Holme Moss (Band I). | 

(b) In the oversea broadcasting service from the Ludlow) 
transmitter, where they are used both as power amplifiers anc) 
modulators in the short-wave band. } 


For these services the BW165 takes the place of the Americar)) 


I 


with bright tungsten filaments. 


They have the following filal) 
ment characteristics: | 


a 

volts amp 
BW165 132 170 
880 12-6 320 
CAT21 1245 320 


The change-over from the tungsten-filament valves to thd) 
thoriated-tungsten BW165 is a very simple operation, the lower)! 
filament voltage being obtained usually by altering the trans: 
former primary connections. 


(3.1.3) BR161. 


The BR161 is used as a power amplifier and modulator in thel’ 
Daventry Third Programme transmitter in place of the bright|) 
tungsten-filament valve BR126. The two valves are directly) 
interchangeable, except for the filament characteristics which are)| 
as follows: 


V, I 
volts amp 

BR126 12°35 480 
BRI161 9 175 


The change-over presents no problems, the lower voltage being}; 
obtained by tappings on the filament transformer primary. | 


(3.1.4) 3Q/260E. 1 

The 3Q/260E was the first high-power valve with a thoriated|) 
filament to be used in the B.B.C. service. During alterations}| 
some years ago to the London Home Service transmitter a 
Brookman’s Park, opportunity was taken to introduce the valve} 
as a cathode-follower and to note the performance of a thoriated), 
filament under high-power conditions. Although as a cathode-| 
follower the valve is lightly loaded, it has performed admirably.| 


(3.1.5) CAT30. at 


The CAT30 is used in place of the bright tungsten valye| 
CAT20C, which is used as a modulator in the oversea broad- 
casting transmitters now using the CAT27 in place of the 
CATI7C. The filament voltage of the CAT30 is the same as) 
the CAT27, i.e. 17-5 volts, so that, by using a pair of CAT27) 
valves in place of a pair of CATI7C, and a pair of CAT3t 


valves in place of a pair of CAT20C, the busbar voltage of 
transmitter can be reduced from about 33 volts to about 20 volts., 
This overall reduction in power consumption is very c 


siderable and is dealt with in more detail in Section 4. 


(3.2) Performance Results in Service ‘ 


i 

The standard of performance required from valves used in 
broadcasting is very high and can be conveniently expressed in. 
terms of reliability as a function of the programme time lost due 
to valve failure. This is illustrated over the past few years by, 
Fig. 6, which includes loss of programme on all B.B.C. Services, 
1.f., m.f., h.f., and v.h.f. The introduction of thoriated filament 
valves for test has therefore been undertaken gradually so the 


no serious deterioration in reliability would occur owing to 


Cs 


janforeseen factors. Thoriated transmitting valves have now 
been introduced for extended life tests in short-wave, medium- 
‘wave and television transmitters. A detailed analysis of the 
‘ results, both as regards life and reliability, is given below. 

| CAT27.—The valve has been installed in 29 operational 
| sockets, 25 operating under class-C anode-modulated short- 
"wave conditions. 24 of these valves are operating at V, = 11 kV, 
i, =S5amp. .One valve operates at V, = 11kV, J, = 7amp. 
_ The remaining four valves are operating as class-B linear r.f. 
amplifiers at medium frequency (V, = 16:5kV, J, =6:4 amp). 
_ The performance obtained is as follows: 


Valves Peak life Average Number of 
in use to date running period failures 
29 >32000h >13000h 1 


give one failure was due to a broken filament bracing wire at a 
life of 3486 h. 

_| CAT30.—The valve has been installed in 14 operational 
sockets all operating as class-B |.f. amplifiers (V, = 11kV). The 
_ performance obtained is as follows: 


te Valves Peak life Average Number 
in use to date running period of failures 
14. >19000h >11700h 3 
G-F Low emission Others 
— —_— 100% 


3Q/294E.—The valve has been installed in 24 operational 
‘sockets all operating as class-C anode-modulated at high fre- 
quencies (V,= 10:-6kV, J,=6-Samp). The performance 
/obtained is as follows: 
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and eight operating as linear amplifiers at television Band 1 
frequencies. The performance is as follows: 


Operating at V, = 10kV and J, = 3-Samp. 


Valves Peak life Average Number 
in use to date running period of failures 
Short-wave 22 >33000h >15000h 42 
G-F Low emission Others 
PATA BiLYA Sls 
Operating at V, = 8kV and J, = 2:5amp: 
Valves Peak life Average Number 
in use to date running period of failures 
Television 8 >22000h >6000h 32 
G-F Low emission Others 
6% TEA 19% 


BR161.—Installed in 16 operational sockets, eight operating 
at low frequency class-B, and eight operating at low-frequency 
class-C anode-modulated (V, =10kV, J, =2:5amp). The 
performance is as follows: 


Valves Peak life Average Number 
in use to date running period of failures 
16 >20000h >16000h 20 
G-F Low emission Others 
30% 60% 10% 


In existing installations using tungsten-filament valves it has 
been the custom to maintain a graduated schedule of filament 


: 

{ Valves Peak life Average Number voltage, increasing with life according to the type of valve. 

4) in use to date running period of failures : : ; 

: 24 +15000h +7900h 1 The thoriated-filament valves listed have all been operated 
: throughout life at constant voltage, but there is some evidence 
| G-F Low emission Others to favour operation at constant power as the thoriated-tungsten- 
16% DIA 19% filament resistance changes with life. 

| 

Table 1 

| 

| SUMMARY OF PERFORMANCE 


Number in use 
at one time 


Cooling 


| 
| 

7 Valve type 
| 


Water 
| Water 
| Water 
Water 


| 

Water 
Air 

| 

| 


3Q/260E.—The valve has been installed in six operational 
sockets operating as very-low-frequency cathode-followers feed- 
ing a class-B modulator (V,, = 12-13kV). The performance is 
as follows: 


Valves Peak life Average Number 
in use to date running period of failures 
6 >20000h >9100h 10 
G-F Low emission Others 
10% 50% 40% 


BW165.—The valve has been installed in 30 operational 
sockets, 22 operating as class-C anode-modulated h.f. amplifiers 


Frequency band 


Average running 


Peak life period Failures 


hours 
>13 000 
>11700 
> 7900 
> 9100 
>15 000 
> 6000 


>16000 


hours 
>32.000 
>19000 
>15000 
>20000 
>33 000 
>22 000 


>20000 


(3.2.1) Survivor Curves. 


Survivor curves of a typical tungsten-filament valve and 
thoriated-tungsten-filament valve are shown in Fig. 7. The 
precipitous initial fall in the curve for thoriated tungsten filament 
is explained by the incidence of mechanical faults as described 
in Section 1, It is reasonable to conclude that, when these 
early catastrophic failures are eliminated by suitable design 
modifications, the general shape of the two curves will be similar. 


(4) A STUDY OF THE ECONOMIES OF THORIATED 
FILAMENTS IN PRACTICE 
In existing installations using plain tungsten-filament valves, 
the operating costs may be divided under two headings: 
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(a) The cost of converting existing installations from tungsten- 
filament valves to thoriated-tungsten-filament valves. 

(b) The savings brought about by reduced filament power con- 
sumption of the thoriated valve. 


The capital cost of conversion varies widely, depending on 
whether the valve is a direct replacement both mechanically and 
electrically for the tungsten-filament valve. Valves CAT27, 
CAT30 and CAT29 are of this type, and the cost of converting 
a 100kW h-f. transmitter is approximately £50. This is made 
up mainly of recalibration of meters and alteration to protective 
relay circuits. Where the valves are supplied from transformers, 
usually of the surge-limiting type, the cost is likely to be con- 
siderably increased. In the case of valve type 3Q/294E, which 
requires the fitting of a new valve jacket and various other 
mechanical alterations, the cost of converting a 100kW h-f. 
transmitter is £400. The estimated savings in filament power 
of the thoriated valve compared with the tungsten-filament valve 
is tabulated in Section 4.2. However, in no case have the final 
average life figures for the thoriated valves been established, and 
the total savings have therefore still to be established. It may 
well be that these will be considerably increased as more informa- 
tion becomes available. 


(4.1) Mechanical Aspects 


The need for interchangeability in existing equipment of the 
thoriated-tungsten-filament valves has already been referred to, 
in order to reduce the capital cost of conversion. However, 
existing stocks of tungsten-filament valves have to be consumed, 
and, in addition, it is not usually possible to remove from service 
any of the equipment which is to be converted, except for a very 
short period. Various mechanical equipment used for handling 
valves, such as valve trucks, etc., should also be easily adaptable 
to handle the thoriated valves. There is thought to be a tendency 
for the thoriated valve to be more fragile than the tungsten 
equivalent, and the incidence of breakage in transit is being 
carefully watched to establish the need for any special packing 
or handling arrangements. 


(4.2) Electrical Compatibility 


When considering the conversion of existing tungsten-filament 
installations to thoriated-tungsten-filament valves, the source of 
filament power supply isimportant. In older installations, where 
motor generators are often used, no difficulty has been encoun- 
tered in altering the output voltage and current over a wide 
range. However, voltage regulators and protective devices have 
required modification where the operating voltage of the thoriated 
valves have differed from that of the plain tungsten filament. 


Savings in Filament Heating Power with Thoriated Tungsten 
Filaments compared with Pure Tungsten Filaments 


GAII ie 66% 
3Q/294B .. 83% 
CATS0. 32 68% 
3Q/260E .. 63% 
BW165 69% 
BRI61 16% 


In a typical installation of four 100kW short-wave transmitters 
converted to thoriated tungsten filaments, the net power savings 
have been measured as 156kVA on maximum demand per 
annum and 751.MWh per annum. This is equivalent to 13% 
reduction in maximum demand for the complete installationand 
18% reduction in the total power consumption. 
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(5) CONCLUSION 


The authors consider that there has now been cal 


compact valve designs, for use particulanly at the higher frequen; 
cies. It seems unlikely that, for the type of valve covered in the|| 
paper, the carburized thoriated tungsten cathode will be super: 
seded by any other form of emitter for some years to come. | 
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SUMMARY 


To increase the accuracy of the trajectory tracer improved methods 
of field determination on the resistance network have been investigated. 
One of these—an interpolation system applicable to axially symmetric 
fields—is described. This system has been constructed, and some 
results obtained with it for trajectories through an electron lens are 
‘given. These are compared with corresponding results obtained with- 
out the interpolation device and with results obtained by other 
methods. f 

It is seen that the interpolation system provides significantly 
increased accuracy for this particular type of problem, with little 
extra complication in the operation of the trajectory plotter. 


| LIST OF SYMBOLS 
r, 8, z = Cylindrical polar co-ordinates. 
Vz = Electrostatic potential at the network 
point B. 
8Ver = Vz — Ve = Potential difference between network 
points B and E. 
E,, E, = Electric field components. 
Ex, E,x = Electric field components at the point K. 
6,Vx, 6.Vx = Voltages proportional to E,x, and E, 
respectively. 
m = Integer expressing in meshes the radial 
co-ordinate of a network point. 
¢ = Fractional part of radial co-ordinate of a 
point. 
R, = Resistance of interpolation control. 
R; = Input resistance of the trajectory tracer 
computing circuit. 


(1) INTRODUCTION 


| The theory and construction of the electron-trajectory tracer 
have been described in a previous paper; in which a number of 
projected alterations to the instrument were outlined. Shortly 
Jafter the publication of that paper, work on the project was 
‘suspended, pending the investigation of alternative methods of 
trajectory tracing involving the use of an electronic digital 
computer. As a result of the investigations* the digital methods 
were deemed preferable, on balance, to the analogue method, 
/and consequently it is unlikely that further development of the 
‘trajectory plotter will take place. Before the work ceased, 
however, one important improvement to the equipment was 
made, namely the incorporation of an interpolation system to 
give improved accuracy in the determination of the electric field, 
and the purpose of this paper is to complete the account of the 
trajectory plotter with a description of this. 


(2) DETERMINATION OF THE ELECTRIC FIELD WITH 
A RESISTANCE NETWORK 
It was shown in the previous paper that the main limitation 
to the accuracy of the trajectory plotter was the finite size of 
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AN IMPROVEMENT TO THE ELECTRON-TRAJECTORY TRACER 


For use with the Resistance-Network Analogue 


By J. VINE, M.Sc., and R. T. TAYLOR. 
(The paper was first received 13th June, and in revised form 23rd September, 1959.) 


the resistance-network mesh. Apart from the truncation error 
incurred in any finite-interval method of integration, this intro- 
duces the disadvantage that the electric field components Z, and 
E, (in the case of an axially symmetric problem, or E, and E, 
in the 2-dimensional case) are directly available at only a 
limited number of points. 


Fig. 1.—Determination of field component for a path element. 


With reference to Fig. 1, where A, B, C,...H, J are network 
points and the dotted lines connect the mid-points of the meshes, 
consider the computation of the path element PRQ. The 
potential differences between neighbouring network points will 
be denoted by 5Vgr = Vz — Vz, etc., where Vz is the potential 
at B, etc. Such a voltage may be regarded as proportional to 
the electric field component mid-way between the two points 
concerned. Voltages proportional to the z and r field com- 
ponents at a point, say K, will be denoted by 6,Vx and 8,Vx, 
respectively, and, to avoid complication, proportionality con- 
stants will be ignored. Thus one can write 


lave 5,V Kx = SV er 


and ECE = OVe = 16Vep 

the factor 4+ occurring because the potential difference SV zp is 
measured across two meshes. Note that 6,Vx is not expressible 
as a simple potential difference between two mesh points, 
although 4,Vx is. 

To compute the path element PRQ the trajectory plotter 
requires voltages 6,Vpz and 6,Vp, representing the field at the 
mid-interval point R. Neither of these is available in the above 
simple form and the computation method previously described 
would simply use 6,Vx and 6,Vg, these being the nearest values 
so available. This method represents the field variation as a 
step function of r as shown in Fig. 2, where the continuous 
curves are the true variations in a typical case. Unless very 
large network models are used considerable errors can be intro- 
duced by the discrepancies between these curves, particularly in 
the region close to the axis, and a system of interpolation becomes 
necessary to provide a more continuous representation of the 
field. A simple example of such a system has been constructed 
and will now be described. 
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Fig. 2.—Variation of field components with r. 


(a) Radial component, E;. 

(b) Axial component, Ez. 

Curves show true variation in a typical case. 
the trajectory plotter without interpolation. 


Stepped lines show representation in 


(3) DETERMINATION OF THE FIELD BY INTERPOLATION 


The choice of unit trajectory intervals in the z direction, and 
the arrangement of the element relative to the mesh system as 
shown in Fig. 1, ensure the availability of field voltages at points 
having the correct z co-ordinate but displaced in the r direction 
from the mid-interval point (e.g. 6,Vx, 6,Vg in the case of the 
element PRQ). Consequently, field variation with r must be 
considered but not variation with z, which, to a first approxima- 
tion, cancels out over the element. 

Confining attention to the axially symmetrical type of problem, 
it is well known that if second- and higher-order powers of r 
are ignored, one can write, for fixed z, 


IBMCE Vii 
E, = constant 


It follows that, provided that network points are not too widely 
spaced, interpolation for EZ, is unnecessary, while for E, linear 
interpolation should suffice. These facts are evident from Fig. 2, 
where it can be seen that, close to the axis, errors in the field 
approximation approach 100% for E, but are comparatively 
small for E,. To define E, along a mesh side such as BE (Fig. 1), 
therefore, a linear variation is assumed which is zero at r = 0 
and equals 6Vz, at rx (co-ordinate of K). This representation 
is compared with the true curve in Fig. 3. It should be remarked 
that, although the absolute error in this representation may 
increase away from the axis, its percentage value does not neces- 
sarily do so, since E, increases. 

The expression for each of the straight-line segments in Fig. 3 
is easily determined. With reference to Fig. 1, let the radial 
co-ordinates of points E, K and B be m, m+4 and m+1 
(mesh units), respectively. The voltage 6Vgz may be designated 
5,Vin4 Tepresenting the radial field at r = m +4, and this, 
together with E, = 0 at r = 0, gives 
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Fig. 3.—Representation of the radial field component by the 
interpolation system. 


i 
Note that this expression is dependent on only one network | 
voltage. A superior interpolation system can be devised, 
assuming linear variation between two neighbouring field values | 
such as those at K and L, but this involves the use of two mesh, 
voltages leading to complication in the circuit necessary to! 
perform the interpolation. For the purpose of demonstrating 
the possibilities of an interpolation system the present simpler: 
system has been adopted. : 

Denoting the fractional part of r by ¢, the co-ordinate of R 
may be written m + C, and eqn. (1) gives 


aan 


A simple circuit which would give an output proportional to) 
this quantity is shown in Fig. 4, where ¢ is the fractional setting) 
of the potentiometer. 
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Fig. 4.—Principle of the interpolation circuit. 


Ro 


PHOTOCELL 
AMPLIFIER 


; OUTPUT PROPORTIONAL 
TO DISPLACEMENT 


Fig. 5.—Basic circuit of the trajectory tracer. 


(4) PRACTICAL INTERPOLATION ARRANGEMENT 
Fig. 5 shows the basic computing circuit of the trajectory 
plotter, and the incorporation of the interpolation device into 
this requires consideration. The device of Fig. 4 could be 
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‘inserted either before or after the amplification stage, but in the 
first case a loading effect would disturb the network voltages, 
while in the second the interpolation circuit would itself be loaded 
by the input resistance of the computing circuit. To avoid the 
introduction of electronic buffer stages to eliminate these loading 
effects, the arrangement shown in Fig. 6 has been adopted. The 


| COMPUTING 
R, [CIRCUIT INPUT 
| RESISTANCE R; 


PHOTOCELL 
AMPLIFIER 


Fig. 6.—Practical arrangement of interpolation device. 


variable resistor R, is the interpolation control, in series with 
the input resistance R; of the computing circuit. The gain of the 
amplifier and the factor 2 in eqn. (2) can be ignored as they 
simply change the proportionality constant relating the field to 
the network voltages, so that, essentially, a voltage 6,V,,,3 is 
applied to R, and R; in series, and it is necessary for the voltage 
5,Vin+t to appear across Rj. 


Therefore 
R; 8 Vint r 
so that ee eee <2. GC) 


The variation of R, with r expressed by eqn. (3) is too com- 
plicated to be achieved with a continuously wound voltage divider 
and so this component is constructed with a switch and fixed 

‘resistors. To each switch position is assigned one value of r, 
‘the appropriate resistance to be connected being calculated from 
eqn. (3). Since the number of switch positions is limited, so is 
‘the possible number of interpolation points which must be 
‘suitably spaced across the range of r of interest. Since inter- 
polation is most essential in the paraxial region the density of 
points should be highest near the axis. 

_ To test the principle a system has been built covering just the 
first mesh, m = 0, with ten interpolation points at equal intervals, 
namely 0-05, 0-15, 0-25, . . . 0-95, and the circuit of this is 
shown in Fig. 7. The resistances are according to eqn. (3), with 
R; = 1250 ohms. : 
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Fig. 7.—Interpolation circuit for the first mesh, m = 0. 


(5) OPERATION OF THE TRAJECTORY PLOTTER 


The operation of the plotter is complicated only by the neces- 
sity of setting the interpolation switch to the appropriate position 
at the start of each computation step. With reference to the 
element PRQ in Fig. 1, the position of P is known and an 
estimate is made of the r co-ordinate at R on the basis of the 
displacements obtained in preceding steps. The interpolation 
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switch is then set to the position corresponding most closely with 
this estimate. Since the interpolation intervals are fairly large a 
rough estimate of the displacement usually suffices to determine 
the correct setting, but should this prove to be wrong according 
to the r-displacement subsequently obtained, the setting can be 
corrected and a new reading taken. 


(6) RESULTS 
To test the interpolation method, trial plots have been per- 
formed for Liebmann’s? lens 5, which was set up on the network 
exactly as described in the previous paper.! Fig. 8 shows the 
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Fig. 8.—Comparison of results for lens 5. 


Hand computation. 

——_—— Liebmann’s experimental results. 
© Results from trajectory tracer without interpolation. 
x Results from trajectory tracer with interpolation. 


results for three rays in comparison with curves obtained by alter- 
native computation methods. The z co-ordinate of the focus, 
q*|D, and that of the principal surface, d/2D, are plotted against 
the initial off-axis distance of the ray, ro/D, D being the diameter 
of the lens. The broken curves are Liebmann’s experimental 
results, and some of the previously obtained trajectory-plotter 
results (without interpolation) are shown for comparison. It is 
seen that the interpolation procedure has considerably reduced 
the effect of finite mesh size, and gives results in good agreement 
with the computed curves. Fig. 9 shows two complete trajec- 
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Fig. 9.—Trajectories through lens 5. 


Curves are trajectory tracer results. 

Points are results from integration of the ray-equation. 
x Upper trajectory. 

© Lower trajectory. 


tories obtained with the trajectory plotter together with points 
obtained by numerical computation. 

Two different methods were employed for the check computa- 
tions. The first, an integration of the ray equation similar to 
the method described by Liebmann,* was carried out with an 
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electronic digital computer. The second method was similar to 
that used in the trajectory plotter but employing a more careful 
interpolation procedure for both field components. Good agree- 
ment was obtained between the two methods as shown by 
Table 1. 


Table 1 


Plotter method Ray equation integration 


q*/D d/2D q*/D d/2D 


0-748 
0-730 
0-689 
0-624 
0-544 


—0-253 
—0°261 
—0-252 
03275 
—0-294 


0-713 
0-687 
0-621 
0-524 


—0:258 
—0-253 
—0-286 
02355) 


The curves used in Fig. 8 represent an average of these two 
sets of results. The agreement of the different sets of computed 
results amongst themselves, and their disagreement with the 
experimental results of Liebmann, might indicate a discrepancy 
between the actual lens used in the experiments and its repre- 
sentation by the network model. This is not pursued further 
as the point of interest here is the comparison of the trajectory- 
plotter results with those obtained by other computational 
methods. 
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(7) CONCLUSIONS 


The interpolation method described is simple, and gives a con- 
siderable improvement in the accuracy of the trajectory plotter 


at the expense of one extra operation per computation step. | 


The trial plots were of paraxial rays, and it is probable that 
even greater accuracy would be obtained for trajectories further 
from the axis if the interpolation system were suitably extended. 
However, if such a device were to be developed further it might 
be advantageous to adopt a slightly more complicated method 


involving linear interpolation between two neighbouring field 


values. If applied for both field components, such a system 


would be generally applicable to problems on an xy network as — 


well as on the axially symmetrical type. 
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SUMMARY 


All measurements of capacitance and resistance at the N.P.L. 
depend ultimately upon the Campbell standard of mutual inductance 
and upon frequency. Hitherto capacitance has been obtained from 
mutual inductance and resistance using a Carey—Foster type of network. 
The precision obtained with this in the Astbury bridge has been con- 
siderably improved since it was constructed 20 years ago, and an 
accuracy of repetition of about five parts in 10° is now obtained. 
Capacitance can also be derived from resistance and frequency; a 
Wien bridge has recently been constructed for this purpose. It has 
been designed to make a single precise measurement of capacitance 
(the repetition accuracy is two parts in 10°) and thereby to complete a 
system of three measurements relating capacitance, resistance and 
mutual inductance in conjunction with frequency. 


(1) INTRODUCTION 


_ The measurement of capacitance at the National Physical 
Laboratory has been made in the past solely in terms of mutual 
inductance and resistance using some form of the Carey—Foster 
network, the present form being the Astbury bridge.!)»2 An 
alternative method is to measure capacitance in terms of resis- 
tance and frequency. There are several networks which, in 
principle, may be used for this purpose: amongst these is the 
Wien bridge, and such a bridge has been recently designed and 
constructed at the N.P.L. As resistance is derived from mutual 
inductance and frequency by means of the Campbell-Ohm 
bridge, both methods can be reduced to the same basic form: 
namely, that capacitance is derived from mutual inductance and 
frequency. However, by using the two methods, a cycle of 
measurements is completed relating capacitance, resistance and 
mutual inductance in conjunction with frequency, and a check 
on the accuracy of the measurements is thereby obtained. 

The measurement of capacitance involves resistance in both 
the Astbury and Wien bridges, and since capacitors are, in 
general, less stable than resistors or inductors, the Astbury and 
Wien bridges are best considered as alternative methods of 
measuring capacitance. 

A precision Wien bridge has been described by Webb and 
Wood? for measuring capacitors of any value between 100pF 
and 1 AF, a single capacitor being measured in terms of a single 
adjustable resistor and frequency. 

Dunn‘ has recently adapted a commercial precision capaci- 
tance bridge for use as a Wien bridge for measuring a range of 
capacitances; like Webb and Wood he measured only one 
capacitor by means of one resistor. 

A consideration of the Wien bridge circuit shows that there 
are disadvantages in restricting the measurement to one capacitor 
and one resistor of the network. It is necessary to determine the 
phase defects of the other two components, whereas if both the 
capacitors and both the resistors of the frequency-dependent 
arms are used in the capacitance’determination, only the 
differences of the phase defects are required. The duplication 
of the capacitance and resistance measurements introduces an 
element of diversity, since two values of each are involved; nor 
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does it take much extra time, since, in the single-capacitance 
method, the ratio of the two capacitances (or the two resistances) 
must also be measured. 

Bridges for the simple comparison of capacitors or resistors 
are less exacting in their demands upon the design, construction 
and use than those, such as the Wien bridge, which relate 
dissimilar quantities, and, in general, the wider the range of a 
bridge the more difficult it becomes to obtain the highest preci- 
sion; the bridge described below has therefore been designed to 
fulfil a single purpose with the highest precision. Its function 
is to calibrate one of the groups of the N.P.L. standard capaci- 
tors; a precision of observation of one part in 10° on capacitance 
was aimed at and the residual parameters have been determined 
to within the accuracy requisite for this precision. The bridge 
operates at a frequency of 1kc/s; the resistors are fixed in 
value, while the capacitors can be varied over a small range to 
effect a precise balance. The values of the other standard 
capacitors are obtained by intercomparisons in a build-up 
process using a Schering bridge. 

A detailed description of the Wien bridge is given since it 
forms a convenient unit that could be used in conjunction with 
a decade capacitor to establish the unit of capacitance wherever 


stable resistors and a frequency standard are available. 


Since publishing the full description of the methods of cali- 
brating capacitors on the Astbury bridge, an appreciable 
improvement in the accuracy has been obtained by refinements 
in the measurement techniques and in the determination of the 
residual parameters. A brief account is included of the way 
in which the improvements have been effected, so that the 
published description of this bridge may be brought up to date. 


(2) WIEN BRIDGE 
(2.1) Conditions for Balance 


The circuit of the Wien bridge is shown in Fig. 1; the conditions 
to be satisfied at balance are given by the equations: 


=D nat st abe 
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wC,R, CLR, CLR, R3 
(1) 
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R> 1 Cy ? wC,R, C,R, R; ( ) 


where y, and 2 are the power factors of C, and C), and 7, 72, 
T3 and 74 are the time-constants of R;, Rj, R3 and Ry. It is 
desirable that the ratio arms shall be approximately equal in 
order that any small difference in their time-constant may be 
eliminated by reversing them; this not only dispenses with the 
need to measure the time-constant difference, which would be 
required to an accuracy of within about 10~!° henry/ohm, but 
it has the advantage of introducing a second set of observations. 
If the ratio arms are equal eqn. (2) is satisfied for the first order 
when R,/R, = C>/C, = 1/2, and the values have been selected 
accordingly. For a frequency of 1kc/s R, = 199 ohms, 
R, = 398 ohms, C, = 0°7998 pF and C, = 0:3999 wF; C; and 
C> are adjusted to obtain a balance by variable air capacitors, 
which give a range of about +0°4°% on the above values. 
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Fig. 1.—Wien bridge. 


With these values for the resistors and capacitors the products 
wC,R,; and wC,R, are both approximately equal to unity and, 
when the term 73 — 7, is effectively eliminated by reversing the 
ratios, the working equation relating capacitance, resistance and 
frequency reduces to 


w?C,C,R,R,[1 =- (v4 = Y2) = a(t, =o T»)] ciel IS (3) 


It will be seen that it is only necessary to determine the 
differences of the power factors and time-constants. As men- 
tioned above, this is an advantage since considerably greater 
accuracy can be attained in measuring the differences of these 
quantities than in measuring their values absolutely. 


(2.2) The Practical Circuit 


The elimination of certain residual effects presented some 
problems in the arrangement of the bridge components which 
had no strict solution, but a satisfactory compromise has been 
sought and adopted. The difficulties arise largely from the need 
to be able to compare the bridge components in arms 1 and 2 
with the appropriate working standards of the N.P.L.; for these 
comparisons, current and potential terminals for R, and R, 
must be accessible, together with screened terminals for C; 
and C). 

Provision must also be made for isolating at least one terminal 
of the components, but, at the same time, it is necessary to 
maintain the screening arrangements as indicated in Fig. 1. 

Fig. 2 shows diagrammatically the arrangement which has 
been adopted; the components are connected by inserting plugs 
to make connection between the appropriate blocks. The blocks 


Fig. 2.—Wien bridge. Diagram of connections. 


X. Connection for comparison with external capacitors. 
YY. Connections for 4-terminal resistance measurements. 


to which it is necessary to make external connection are indicated | 
in Fig. 2; those marked X are used when comparing C; and C, 
with the standard capacitors, and those marked Y are for the} 
measurement of R, and R, as 4-terminal resistors. | 

The plugs that must be inserted for the various measurements } 
are shown in Fig. 3. Fig. 3(a) shows the plug connections for 
the Wien bridge and Fig. 3(b) the change required to reverse the 


Fig. 3.—Terminal and plug blocks (to scale). 


—--- Earth screens. 


ratio arms R; and Ry. It will be seen that this reversal is | 
achieved by transferring the connection to the block marked | 
R, from Ry and S, to S; and R;, and vice versa for the block | 
R,; the reversal of the ratios can also be effected by the arrange- | 
ment shown in Fig. 3(c). In each of these changes the bridge | 
supply points are transferred from one block to another, but as 
it has been found that the same result is obtained whichever way . 
the ratio arms are reversed it is concluded that no error is 
introduced. i 

Fig. 3(d) shows how the plugs are inserted for the comparison ~ 
of C, and C, with the standard capacitors; it will be seen that | 
the four blocks, S;, S:, R3 and Ry, are connected to the central - 
earthed block; this, together with screening underneath the 
blocks, reduces the direct capacitance between the blocks R,and | 
R, to less than 0-1 pF. In addition, the connecting block A is — 
earthed, thereby eliminating stray capacitance between the blocks _ 
R, and C,. For comparison of C, with the standard capacitor, 
screened leads are connected to the blocks marked C; and C,R,, 
and for the comparison of C, the leads are connected to the | 
blocks C, and C,R>. 

The leads from the junction of C, and C, to the connecting — 
blocks C, and C,R, (KX, and X, in Fig. 2) have been made 
identical, and it can be shown that in this case their resistance — 
and inductance introduce no errors and that the capacitances — 
which are operative in the Wien bridge and their respects | 
power factors are accurately compared. These measurements 
are made by substitution using a Schering bridge; corrections of» » 
three and two parts in 10° have to be applied for the series — 
inductance and series resistance, respectively, of the leads con- — 
necting the standard capacitors and the Wien bridge. 

In a similar manner R, and R,, which are compared with 
standard resistors of similar value, are precisely those required — 
for the Wien bridge; these resistance comparisons are made with 
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direct current. The resistors are made of fine wire and their 
change in resistance due to eddy currents (skin effect) from d.c. 
to 1 kc/s is negligible. 

The measurement of the difference in their time-constants 
presents some difficulty because of the separation of the terminals. 
However, two different methods of connection to the resistors 
gave the same value for the difference, namely 7; — 7, = 
— 0-00114H/ohm; thus the correcting term w(t; — 7) is 
—7 x 10-® and is known to within one part in 10-®. The 
method of making this measurement has been described in a 
recent paper.° 

Undesirable stray capacitances between the various bridge 
components have been eliminated by earth screens, and the only 
capacitance that requires further consideration is that to earth 
from the lead between C, and R, where it passes through the 
earth screen separating these two components. This earth 
capacitance, Cy, was measured during the assembly of the 
bridge and is 0:5 pF; its effect is to increase the series resistance 
of arm 1 by a fraction C,/C,, namely 0-6 part in 10°, which 
corresponds to 0-3 part in 10° on the unit of capacitance and is 
negligible. 


(2.3) Layout of Bridge Components 


The general arrangement of the bridge and the disposition of 
the components are shown to scale in Fig. 4. In the front, and 
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Fig. 4.—Layout of components (to scale). 


S,D, W. Source, detector and Wagner switches. 
T. Terminals. 
Overall dimensions: 14in x 1lin x 8in high. 


accessible through a hinged panel of the top cover, are the plug 
blocks and terminals. It will be seen that the latter, including 
terminals C; and C,R,, are near the edge of the box. There 
are holes in the front panel to admit the leads for making the 
comparisons of the bridge resistors and capacitors with the 
external standards, and the terminals of the capacitors register 
with those of the comparison standards. Adjacent to the 
terminals are switches (not shown in Fig. 2) for reversing the 
\supply and detector connections, and for joining one of the 
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detector points to earth when balancing the Wagner earthing 
arms; these are separate from the bridge, and, as they follow 
the normal practice, have not been included in the circuit 
diagram. 

The fixed and adjustable capacitors, CjpC;,4 and CypC,, are 
the bulkiest components of the bridge. The fixed capacitors 
are mica units which are mounted in sealed cases; they were 
kept in a desiccator for about four years before being assembled 
in the bridge. These capacitors have been put as close as 
possible to the connecting blocks in order to reduce the lengths 
of the leads, and thus to reduce the series resistance and induc- 
tance. The variable capacitors for C; and C, have ranges of 
about 600 and 300pF, respectively, and can be read to within 
one part in 10°. 

The resistors R,; and R, are wound with No. 44s.w.g. 
Evanohm wire (an alloy of nickel and chromium, with small 
amounts of aluminium, copper and iron) on high-quality mica; 
each is mounted in its individual screening case, and that con- 
taining R; is completely enclosed in an earthed screen. The 
resistors are placed beside the capacitors and near the terminals 
so that the leads are also short. 

The resistors for the ratio arms are wound with the same wire 
and are of 200 ohms each; they are wound on a single mica sheet 
with a centre tap and are in a screened compartment under the 
terminal blocks. 

The bridge components, plug blocks and switches are mounted 
on Perspex panels which are fixed to a frame of brass. This 
frame carries the internal earthed screens and the external panels 
which are all independently detachable so that access can be 
had to the components and connections. 


(2.4) Supply and Detector 


The 1kc/s supply to the bridge is obtained direct from the 
laboratory frequency standard, and to reduce harmonics it is fed 
through a tuned filter to a screened isolating transformer. 

A narrow-band selective amplifier® followed by an oscilloscope 
is used as the detector, the connection from the bridge being 
through a screened transformer. The sensitivity of the system 
is such that 1 volt applied to the bridge suffices to give an 
observational accuracy of one part in 10°; with this voltage the 
changes in the values of the resistors because of self-heating are 
negligible. The harmonic voltages at the input to the amplifier 
are sufficiently small for the intermodulation products to be 
entirely negligible. 


(3) DERIVATION OF RESISTANCE FROM MUTUAL 
INDUCTANCE AND FREQUENCY 

Since both the Astbury and Wien bridges require a knowledge 
of resistances for the determination of capacitance, it is appro- 
priate to indicate in outline how resistance is derived from the 
primary mutual inductance standard.’)8 Resistance is measured 
in terms of mutual inductance and frequency by means of the 
Campbell-Ohm bridge, the basic circuit of which is shown in 
Fig. 5. 

The circuit contains two resistors, r and R, and two mutual 
inductors, M, and M,. These have the same nominal value 


Fig. 5.—Campbell-Ohm bridge. 
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(10mH) as the primary standard and can be compared with it; 
r is a 4-terminal l-ohm resistor and R is the total resistance 
(about 61:8 ohms) of the closed secondary mesh. The supply 
to the bridge is at 125c/s and is derived from the frequency 
standard. The conditions to be satisfied at balance are as 
follows: 

(4) 


(5) 


If r and R are measured in terms of the resistance unit which is 
maintained by the standard 1-ohm resistors of the N.P.L., the 
difference between w1/(M,M,) and +/(rR) shows by how much 
the N.P.L. unit of resistance differs from the absolute unit; 
determinations in 1936 and 1951 gave a difference of +2 x 10°, 
with an estimated limit of uncertainty of +15 x 107° 

A number of small correcting terms have to be applied to the 
simple balance equations given above, but they are known and 
all the observations on the bridge are made to an accuracy of 
within at least one part in 10°; this is also the repetition accuracy 
of the bridge. There may also be unsuspected systematic errors 
of a few parts in 10°, and the overall limit of error of the measure- 
ment is estimated to be about five parts in 10°. 

An additional uncertainty, which is common to all the 
measurements of impedance, arises from possible differences 
between the value calculated for the primary standard and that 
realized in practice; this error is estimated not to exceed ten 
parts in 10°, and gives the total uncertainty of 15 parts in 10°. 
Errors in the primary standard do not, of course, affect the 
agreement which should be obtained in the capacitance measure- 
ments on the Astbury and Wien bridges. 


w*M,M, + Ri =10 
M,R, ==3 By; 


(4) ASTBURY BRIDGE 


Full accounts of the Astbury bridge! and the methods of main- 
taining the unit of capacitance? at the N.P.L. have already been 
published, and it will suffice to give a brief résumé, indicating 
where improvements have been made. 

The Astbury bridge comprises two networks, one being a 
Carey—Foster and the other a Campbell—Heaviside network, as 
shown in Figs. 6(a) and (b). The former contains the capacitor, 


( 
Fig. 6.—Astbury bridge (screens omitted). 


(a) Carey—Foster network. 
(6) Campbell—Heaviside network. 


(a) 


C, under test and it is balanced first by adjusting M and cy 

The circuit is then changed to that of Fig. 6(b); this is an equal- 
ratio bridge, and the effective resistance of the series arm—which 
is identical with that of Fig. 6(a@)—is balanced and measured by 
the resistor R,. These measurements are usually carried out at 


1kc/s. It can readily be shown that 
C= MI + (oq — 205)/Rp]/RaRp (6) 
Dien «[(2M, a M,)/R, a Tq 1 7] as o,/wM, (7) 


where y is the power factor of the capacitor C, o is the impurity 
of the mutual inductor, and 7 is the time-constant of the adjust- 
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able resistor, which is used for both R, and R,. The values | 
R, and R, are always chosen so that they can be compared with 
standard resistors of the same nominal value, and the resistor _ 
can be connected to a d.c. bridge for this comparison. The |} 
mutual inductor? is calibrated at its 10 mH setting by comparison — 
at 10c/s with the primary standard, and the values at the other — 
settings are obtained by a build-up process. 

The values required in eqn. (6) are those applicable at 1 kc/s, 
and it is therefore necessary to make corrections for the changes | 
with frequency of the mutual inductor between 10 and 1000c/s- 
and of the resistor between 0 and 1kc/s. Also the difference } 
(o, — 20,) of the impurities must be determined at 1kc/s. The |} 
frequency change of the mutual inductor was the only one of } 
these that was significant for the accuracy needed in capacitance | 
measurements when the bridge was constructed (i.e. a few parts — 
in 10°) and it-was—sufficient to show that the others were } 
insignificant. The value of the impurity, it may be noted, was | 
reduced to 0-002 ohm at 1kc/s by means of a compensating 
circuit. | 

Owing to the greater accuracy of which the Wien bridge is | 
capable it was necessary to determine the smaller as well as the |) 
larger correcting terms with an accuracy that corresponds to a || 
precision approaching one part in 10° on capacitance. \ 

The frequency coefficient of the bridge as a unit has been | 
determined from measurements made over a range of frequencies | 
on air capacitors and on mica capacitors of known frequency } 
change. The change in resistance with frequency has been |} 
determined at all the settings normally used for R, and Ry by 
comparison with simple resistors which are wound with fine wire, | 
so that the resistance change due to skin effect is negligible in | 
the a.f. range. The resistance was found to decrease between 0 | 
and 1kc/s by amounts varying from one part in 10° at the } 
50-ohm setting to 27 parts in 10° at 2 kilohms. The impurity |) 
of the mutual inductor cannot be measured directly under the }} 
conditions of use in the Astbury bridge, but if all the other |) 
quantities in eqn. (7) are known with sufficient accuracy this | 
equation can be used to obtain o,, the impurity at the setting i 
M, of the inductor. Since, by the choice of suitable values for |) 
C, R, and Ry, eqn. (6) can be satisfied and the bridge balanced || 
for any value of M,, the impurity may be obtained for any | 
setting of the mutual inductor. In this way the impurity has ~ 
been obtained for the settings of M, and M, normally used, 
and the term o, — 205 is estimated to be known to about 
0:0002 ohm, which gives a maximum uncertainty of one part |) 
in 10° on capacitance for the smallest value of R,, normally used, H 
namely 200 ohms. ps | 

The effects of stray mutual inductances have also been 
examined; a mutual inductance between the inductor and the 
rest of the circuit affects the measurements by one part in 10°. 
Another mutual inductance in the bridge wiring adds a small 
amount to the value of the mutual inductor; this produces a 
mean overall correction of four parts in 10° in the calibration of 
the standard capacitors. 

Since the previous account of the calibration of capacitors was | 
published,” of the above correcting factors only the revision of the — 
frequency coefficients of the bridge and of the resistor have made 
changes of more than ten parts in 10°; these were remeasured in 
1955, and, when combined, they reduce the capacitances assigned 
to the standard capacitors by 51 parts in 10°. The other factors 
taken together add two parts in 10° to the values. 


| 
} 
i 


(5) EXPERIMENTAL PROCEDURE 


The standard capacitors contain mica units, ranging from 
0-01 uF up to a total of 1 uF, which are accurately additive and 
provide a precise scale of capacitances, and the following proce- — 
dure has been used in recent years for their calibration. Units © 
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having three capacitances, usually 0-01, 0-1 and 1pF, are 
measured on the Astbury bridge, using two resistance settings for 
each; thus giving six measurements in all. The units are then 
intercompared on a Schering bridge, and, giving approximately 
equal weight to each of the Astbury bridge measurements, the 
most probable self-consistent values are assigned to the various 
units. The Schering bridge measurements also provide accurate 
values for the difference of power factor between the units; the 
power factors themselves are derived from a low-loss 3-terminal 
air capacitor. 

To compare the unit as derived from the Astbury bridge with 
that from the Wien bridge, the capacitors giving nominal total 
values of 0:8 and 0-4F must be compared with the capacitors 
in the Wien bridge. The resistors of the Wien bridge have to be 
compared with the d.c. standards and observations on the bridge 
itself have to be made. 

In order to eliminate the possibility of changes in the com- 
ponents of the bridges and in the standard capacitors, ideally 
all the measurements should be made simultaneously; this is 
clearly impossible, and even with two observers making measure- 
ments concurrently, two hours are required to complete the 

‘observations. There is evidence which suggests that the stan- 
dard capacitors are the most likely to cause errors due to varia- 
tions in their values during the sequence of measurements. The 
units of these capacitors have temperature coefficients of between 
+10 and +20 parts in 10° per degC, and although the room is 
thermostatically controlled there are minor temperature fluctua- 
tions and gradients that may give variations of a few tenths of 
1°C. It has been observed that, when the Schering bridge 
Measurements are made before as well as after those on the 
Astbury bridge, there may be small differences of one or two 
parts in 10° in the relative values of some of the units. 


(6) RESULTS AND CONCLUSIONS 
Six simultaneous determinations of capacitance on the Astbury 
and Wien bridges were carried out over a period of nine months. 
Table 1 gives the difference, C4 — Cw, where Cy, and Cy are 
the capacitances determined by the two bridges. 


Table 1 
DIFFERENCE OF ASTBURY AND WIEN BRIDGE CAPACITANCES 
Parts in 106 
C4 — Cw a6 -- +1 +1 #O —12 —1 —3 Mean —2 
. Highest +13 +5 +6 +11 +10 +13 
pe bids’ Lowest =10-—6-—10-= 12 —9 —11 
PamOns | Mean reese 6 16 


In addition, to illustrate the self-consistency of the Astbury 
bridge measurements, for each capacitance determination there 
are recorded the deviations of the highest and lowest values 
from the assigned value for the set of six Astbury bridge 
measurements, together with the mean magnitude of the devia- 
tions of all six measurements. 

The mean difference of the Astbury and Wien bridge capaci- 
tances for the six sets of measurements is two parts in 10°, 
which is entirely negligible from all points of view, since of 
the many scores of observations that are involved in any one 
comparison only a few are made with an accuracy better than 
one part in 10°, and also since, as has been pointed out above, 
the standard capacitors may sometimes alter by this amount 
in the course of the series of measurements. It will be seen that 
the fourth measurement gave a result differing by ten parts in 
10° from the mean, whereas all the others were within four parts 
in 10° of each other. However, it is considered that the self- 
consistency of these five, rather than the divergence of the one, 
is the more remarkable. 

After careful appraisal of the two methods we are of the 
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opinion that the Wien bridge is likely to be the more consistent 
and accurate; the bridge has been specifically designed for a 
single measurement of the highest precision. The Astbury 
bridge, on the other hand, is capable not only of measuring 
capacitance over a wide range, but of calibrating self-inductors 
as well; the possibility of its use to measure capacitance to an 
accuracy approaching a few parts in 10° was not envisaged when 
it was made, 20 years ago. 

It is concluded from the results that the unit of capacitance is 
consistent with the units of resistance and inductance, as main- 
tained at the N.P.L., to within ten parts in 10°, and, making 
allowance for the uncertainty in the primary standard of mutual 
inductance, that the absolute value of the unit is correct to within 
20 parts in 10°. 

A comparison of these figures with the stability of the standard 
capacitors may be of interest. The most stable unit of these 
(0-2 uF in value) has shown fluctuations over a range of about 
30 parts in 10° during the last five years. 

An analysis of the behaviour of all the precision capacitor 
units of 0-1F and above at the N.P.L. shows that, in the 
same period, the average fluctuation is about 60 parts in 10° 
and that the greatest is 120 parts in 10°. The smaller units (less 
than 0-1F) have, on the whole, shown considerably larger 
variations ranging from 100 parts in 10°, for a unit manufactured 
25 years ago, to 350 parts in 10°, for some 0:01 AF units made 
nearly ten years ago; these are still continuing to increase in 
capacitance at the rate of about 60 parts in 10° per year. 

The capacitors are units of commercial manufacture and our 
experience shows that their performance is representative of 
precision capacitors maintained under good conditions. It will 
thus be seen that the accuracy of capacitance measurement at the 
N.P.L. is appreciably better than can be used in practice owing to 
the instability of even the best standard mica capacitors. 
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FERRORESONANT SYSTEMS OF CIRCUIT LOGIC 
By Professor J. G. SANTESMASES, M. ALIQUE, Dr.Sc., and J. L. LLORET, Bs.Sc. 


(The paper was first received 15th July, and in revised form 28th September, 1959.) 


SUMMARY 


The logical behaviour of a basic ferroresonant circuit is described. 
A procedure for obtaining the ‘and’ and ‘or’ fundamental circuits 
through ferroresonant elements is reported. The possibility of 
coupling these fundamental circuits allows the development of a 
ferroresonant system of circuit logic. A ferroresonant inhibit circuit 
as well as the simplification it permits in the logical system are studied. 
The results obtained are described. 


(1) INTRODUCTION 


In a RLC circuit connected to an a.c. source, where any of 
the parameters is a function of current, the current/voltage curve 
for the whole circuit may be a multi-valued function. Thus, the 
presence of a ferromagnetic inductor in a circuit results in certain 
phenomena, some of which are known as ferroresonance. 

The simplest circuit where ferroresonance may take place con- 
sists of a capacitor and a ferromagnetic-core inductor connected 
in series with an alternating voltage, or in parallel with an 
alternating constant-current generator. In either case, more 
than one stable operation condition will occur under certain 
circumstances. 

The earliest papers on the problems arising from the presence 
of a ferromagnetic inductor in a resonant circuit were published 
at the beginning of this century; phenomena that were first 
considered in connection with radiotelegraph stations became 
noticeable in power distribution networks. The problem was 
studied by several research workers.!> Later, interest on the 
subject decreased for some time, although its study was continued 
and papers were published from time to time; new applications 
were found, such as frequency multipliers, voltage stabilizers, 
automatic control systems without moving contacts, etc. 

The first papers on bistable ferroresonant circuits applicable 
to digital computers were published in 1952. Isborn® described 
a series ferroresonant flip-flop circuit, and one of the present 
writers” ® described a parallel ferroresonant flip-flop circuit with 
d.c. polarized cores. 

So employed, ferroresonant circuits show many advantages 
over other circuits employing thermionic valves, such as greater 
reliability, longer life, lower power requirements, continuously 
available read-out and outputs of elements showing enough 
energy to allow the data to shift either to one element or simul- 
taneously to more. Therefore the study of ferroresonance and 
its applications is highly interesting, and lately several works on 
this subject have been published.?-!8 

Between them, only three papers deal with the application of 
ferroresonance to combinational or decision circuits. For the 
‘and’ and ‘or’ circuits Cutler!? approaches the logical operation 
by means of a diode gate before the trigger circuit. For the 
inverter circuit he suggests two opposite-direction trigger wind- 
ings. Arbon and Jones!* describe these circuits and study the 
possibility of employing cores with polarization. Proebster!7 
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has carried out flip-flop-circuit interconnections and achieves — 


logical operations through intermediate static magnetic cores. 

As a common characteristic of these papers we find that 
ferroresonant elements are employed only as intermediate 
memory elements, supplyingenergy, if necessary to the diode 
or static-core circuits, which are those which actually carry out 
the logical operation. 

In the paper we propose systems of circuit logic in which 
logical operation is achieved by the special connection of 
inductors employed in constituting the ferroresonant elements. 
They are those which we can actually designate by ferroresonant 
logical circuits. 


(2) BASIC FERRORESONANT ELEMENT 


If a ferroresonant circuit, Fig. 1, is connected to an a.c. source © 


with low output impedance, we know that a voltage/current 
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Fig. 1.—Ferroresonant element showing the relative 
winding positions. 
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Fig. 2.—Ferroresonant characteristics. 


(r.m.s.) ferroresonant curve for the element [Fig. 2, curve (a)] 


can be obtained when a suitable capacitance is used. If the 


a.c. source voltage stays at a value V, the state of the element 
can correspond to that of one of the points A and B, the inter- 
section with the negative slope branch being unstable. 
that the ferroresonant element is in the B state, ie. of low 
current; if a current pulse is sent to the core control winding, 
the characteristic will be momentarily modified to approach 
curve (b).? Therefore, A will be the only possible working-point, 
as in this zone (6) does not differ relevantly from (a). At the 
end of the pulse in the control winding, and once the charac- 
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teristic has recovered its form (a), the ferroresonant element 
will remain at the A state, i.e. high current, since it remains a 
stable operating-point. It will immediately be observed that in 
such a ferroresonant system it will not be possible to return 
from point A to B by acting on the control winding. 

However, if during an interval the alternating voltage is 
lowered to a value Vp below the minimum A’ of curve (a), all 
points of type A cease to exist, and the ferroresonant element 
jumps to B’, returning to point B when the generator recovers 
its normal voltage. Therefore the jump to the ‘low’ state may be 
obtained by means of a pulse modulating the amplitude of the 
alternating voltage. 

On the other hand, it is found experimentally that, by keeping 
the generator voltage steady, the voltage, V,, through the ferro- 
Tesonant capacitor varies according to the frequency, as shown 
on Fig. 3. Fora frequency f, the system may show both stable 


Ve 


fee “fo. 
CARRIER FREQUENCY 


Fig. 3.—Alternating voltage through the ferroresonant capacitor as 
\ a function of the carrier frequency. 


states A and B; therefore, from point A (high) it will be possible 
to jump to the state B (low) by means of a frequency-modulating 
pulse which raises f to a value higher than fo. 

A two-hole core, of the transfluxor type, has been chosen, 
mainly because of the very small voltage induced by the a.c. wind- 
ing on the control of the core. We can therefore dispense with 
the usual systems aimed to avoid this induced voltage in the 
control winding, such as the connection of two cores with 
opposed windings. 

From the logical standpoint, the basic ferroresonant element 
just described constitutes an R-—S flip-flop circuit. The input S— 
the set line which corresponds to the core control winding—puts 
the element in the ‘1’ state (high), and input R—the reset line— 
puts it into the ‘0’ state (low), exciting a modulation in frequency 
or amplitude of the generator voltage. The system will remain 
in the ‘1’ state from the time a set pulse reaches the control 
winding until a reset pulse excites the appropriate carrier 
modulation. 

However, we can time the arrival of the reset pulses periodically 
by constituting a clock sequence which defines intervals between 
two consecutive pulses in which the system will remain at ‘0’ 
or jump to ‘1’ according as a pulse does or does not reach the 
control winding. Therefore, the ferroresonant element behaves 
in such a way that output depends only on what happens at the 
input within this same interval. This behaviour fits in with the 
so-called decision or combinational circuits. 

On the other hand, if we add to the previous circuit a network 
storing that information existing in the output (for example a 
demodulator) we can make the output useful in the following 
interval between clock pulses. In the (m + 1)th interval the 
information in the intermediate storage element will be the same 
as that reaching the ferroresonant element in the nth interval. 
As a whole the system will then behave as a delay flip-flop circuit 
which may be the starting-point in achieving a shift register. 


(3) DECISION OR COMBINATIONAL CIRCUITS 


To begin with we shall study the combinational circuits from 
_ the basic ferroresonant element; this is entirely feasible because 


when different cores are connected through their a.c. windings 
in series-parallel assemblies the characteristic of the complex (or 
compound) inductor is adequate to achieve ferroresonance when 
it is connected to a capacitor, such as was shown in the descrip- 
tion of the basic ferroresonant element. The resulting complex 
ferroresonant element has as inputs the control windings of each 
of the cores of which it is made up, and has an output which 
can, for example, be taken from the capacitor. An important 
advantage of this arrangement is that, owing to the arrangement 
of the cores, inputs are completely independent of each other. 
As a matter of fact, as the two windings of any core are not 
coupled, the connection of the alternating windings of two 
cores does not establish any link whatsoever between their 
control windings. 

We shall next describe the setting-up of the ‘and’ and ‘or’ 
fundamental logical circuits, and we shall then proceed to those 
cases represented by the association of these circuits which result 
in the formation of rather more complex ferro-resonant com- 
binational circuits. 


(3.1) ‘And’ Ferroresonant Circuit 


It is reasonable to admit, and we have experimentally verified, 
that the voltage/current characteristic of a set of equal non- 
linear inductors, arranged in series, may be determined, starting 
from the individual characteristics, by operating in the following 
manner: if all voltages corresponding to each current in the 
individual characteristics are added, their sum will be the 
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Fig. 4.—Voltage/current characteristic of a set of two equal inductors 
coupled in series. 
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voltage corresponding to that value of current in the charac- 
teristics of the set. Therefore, the knee of the characteristic of 
the set has the same current as, and its voltage co-ordinate is n 
times larger than, those corresponding to the knee of the charac- 
teristic of each one of the inductors in the set. 

For instance, consider two equal inductors in series. Such 
an example is by no means restrictive. In Fig. 4 the curve (0’) 
corresponds to the 2-inductor system and curve (0) to just one 
of them; the dotted lines represent the characteristics of each 
inductor with polarization. The curves (a’)-(d’) have been 
drawn by adding curve (0) to curves (a)—(d), i.e. they correspond 
to polarization being applied on only one of the inductors. 
And finally, if we suppose equal polarization on both inductors, 
curves (a’’)-(d”’) are obtained. 
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Fig. 5.—Ferroresonant curves of a system composed of two inductors 
in series and a capacitor. 


Fig. 5 shows the ferroresonant characteristics corresponding 
to the system shown to the right of Fig. 4. Only the curves 
corresponding to (0), (0’), (d’) and (d”) in Fig. 4 are shown. 
Suppose that the generator voltage remains steady at V; it can 
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be seen that the system jumps from the ‘low’ to ‘high’ state 1 | 


only in the case of curve (d”’), i.e. with both inductors polarized, 


and that curves such as (d’) will never achieve the jump to |) 
the ‘high’ state, because, in any case, their maximum will be | | 


above the maximum corresponding to the reference curve (0). 


We could apply the same results, with identical reasoning, to + 
A set of n equal non-linear inductors | 


a set of m equal inductors. 
in series with a suitable capacitor constitutes a ferroresonant 


element of n inputs, which jumps into the ‘high’ state by apply- \) 
ing simultaneous pulses to the m inputs. The capacitance will It 
be such as to give ferroresonance with only one of the inductors. | 


On the other hand, this jump to the ‘high’ state will be impossible |) 
if the pulses, whatever their amplitude, apply to only n—1 inputs. {) 


This means that such a ferroresonant system behaves like an | 


‘and’ ferroresonant circuit of m inputs. The correct operation 


of such a circuit has been verified experimentally with up to i 


five inputs, but we do not consider this number to be the limit. 


Along the lines of the previous reasoning, if the assembly of n | ' 


inductors in series is connected to a suitable capacitor we can 
obtain a circuit having a ‘1’ signal in the output when there are 
‘1’ signals in at least m inputs, with 1 << m<_n and m fixed by 
the value of the capacitor. In each case this capacitor is designed 
so that the ferroresonant curve obtained when polarizing m or 
more inductors is of the type given by curve (d”’) (Fig. 5) and 
of the type given by curve (d’) when only m-1 or less are 
polarized. 

In this way some of the symmetrical functions can be carried 
out directly. The case m = n would represent the n input ‘and’ 


circuit, which we have just described, and the case m = 1 would 
However, as we shall show in the 


be that of an ‘or’ circuit. 
following Section, the latter can also be obtained in an alternative 
method having several advantages. 


(3.2) ‘Or’ Ferroresonant Circuit 


It has been verified experimentally that the voltage/current 
characteristic of a set of n parallel equal non-linear inductors 
can be obtained from its individual characteristics by adding the 
currents corresponding to each voltage of the individual charac- 
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Fig. 6.—Voltage/current characteristics of a system of two equal inductors coupled in parallel. 
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teristics, the sum being the current corresponding to that given 
for the characteristic of the set. Therefore, the knee of the 
characteristic will have the same voltage co-ordinate as, and n 
times the current co-ordinate of, the knee of the characteristic 
of only one of the inductors considered individually. 

For instance, consider two parallel non-linear inductors, and 
again this reasoning is by no means restrictive. Fig. 6, curves 
(0)-(d), shows the characteristic of each inductor considered 
individually. On assembling two equal inductors in parallel, 
the characteristics of the set, with polarization in one of the 
windings but not in the other, are represented by curves (0’)-(d’), 
and the characteristics with simultaneous polarization on both 
windings are represented by curves (0’’)-(d”). 

Therefore, if we assemble the ferroresonant set as illustrated 
in Fig. 6, where the capacitance is twice that necessary to give 
ferroresonance with only one of the inductors, the system will 
jump from the ‘low’ to the ‘high’ state if an appropriate pulse is 
sent through one winding or simultaneous pulses are sent through 
both control windings. 

We could apply identical reasoning to a set of parallel equal 
inductors and reach the same conclusions. Therefore, a set of 


| n equal parallel-connected inductors with a suitable capacitor 


will constitute a ferroresonant element of 2 inputs which jumps 
into the ‘high’ state by sending pulses through any one of the 
inputs. The capacitance will be times larger than that which 
gives ferroresonance with just one of the inductors, i.e. such a 
system behaves as an ‘or’ ferroresonant circuit of n inputs. The 
correct operation of such a circuit has been verified experi- 
mentally with the same extension as outlined when describing 
the ‘and’ ferroresonant circuit. 


(3.3) Association of ‘Or’ and ‘And’ Circuits 


The association of the fundamental circuits described can be 
carried out by setting up a system which can transfer information 
from the outputs of some circuits to the inputs of others. 

Generally this association is accomplished by arranging succes- 
sive levels of ‘or’ and ‘and’ circuits. If for the moment we limit 
ourselves to the two-level-circuit case, we can arrange an ‘or’ 
association of ‘and’ circuits or vice versa. We shall select that 
method in which the simplified expression of the Boolean 
function, which we wish to carry out as a sum of products or 
a product of sums, is the minimum one. However, it is possible 
to achieve a ferroresonant element directly which can perform 
the function which requires these associations. To this end we 
shall employ a complex inductor obtained through the connection 
of inductors in series-parallel assemblies in such a way that the 
required input combination triggers the ferroresonant element. 

In the simple two-input case, we have the two arrangements 
shown in Fig. 7. On the basis of the considerations we have 
advanced to explain the operation of the fundamental ‘and’ 


AC+BD (A+B) +0) 


Fig. 7.—Ferroresonant two-level circuits. 
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and ‘or’ circuits, we can arrive at the conclusion that the left- 
hand circuit will jump into the ‘high’ state when the pulses 
arrive simultaneously in the A and C inputs or else in the B and D. 
This behaviour is represented by showing that the circuit performs 
the AC + BD function. In the same way the right-hand circuit 
will give the function (A + B)(C + D). 

However, the same number of inputs in each branch is not 
required. For instance, a circuit performing the function 
A + BC, including three inductors, will be discussed. Curves 
for the complex inductor have been drawn in Fig. 8 in agreement 
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Fig. 8.—Voltage/current characteristic curves for the set of inductors 
coupled as shown. 


with the previous considerations on the series-parallel association 
of inductors. Curves (0) and (0’), included for reference, have 
been taken from Fig. 4. The following curves have been 
obtained by adding currents for the A and the BC branches: 
Curve (a), when no current circulates through any of the control 
windings. 
Curve (5), when the control current reaches one and only one of 
the windings B or C. ; ’ Li 
Curve (c) corresponds to the case in which the polarizing current 
circulates simultaneously through windings B and C, but no current 
is sent through winding A. roe : 
Curve (d) corresponds to the case in which polarizing current is 
fed to input A but not to inputs B and C. 


From these curves, and the capacitor characteristic included 
in Fig. 8, the ferroresonant curves illustrated in Fig. 9 have been 
plotted. 

Let us assume that the generator voltage remains fixed at V; 
it is easily seen that the system will jump from the ‘low’ to the 
‘high’ state only in the cases corresponding to curves (c) and (d), 
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Fig. 9.—Ferroresonant curves for the inductors of Fig. 8 and 
a capacitor. 


i.e. when polarization is effected through winding A only, or 
else through windings B and C simultaneously. Thus this circuit 
performs the function A + BC. 

The satisfactory operation of this circuit and of that repre- 
sented in Fig. 10 has been checked experimentally, but we do 
not consider that the number of inductors associated in them 
is a limiting figure. 
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Fig. 10.—Association of three ‘and’ circuits in an ‘or’ circuit. 

When the circuit structure demands that the same variable 
should reach the inputs of several inductors, the assembly could 
adopt a switching matrix arrangement; as it has been shown 
experimentally, a pulse in one of the input channels can trigger 
several cores if their control windings are arranged in series or 
parallel. When the method of shifting the information between 
elements described in connection with the shift register is used, 
it is also possible to branch the information in this manner. 

Experimentally, we have proved that the transfer of informa- 
tion from one element to five others takes place easily when this 
method is used. This logical gain allows a rather flexible 
logical design. Furthermore, there is the possibility of using 
several independent shift pulse sequences properly timed with 
respect to the reset pulses. Logical gain will be in that case 
increased in the same relation. 

The above allows for the development of a ferroresonant 
system of circuit logic setting up a complex inductor of a structure 
adequate to give a ‘1’ output when the desired combination is 
present at the inputs. From the simplified Boolean function we 
can easily deduce the circuit structure. Of course, it would be 
necessary to assign input channels to variables and their com- 
plements, considering that the described ferroresonant circuits 
are not able to perform an inhibiting function. 


(4) SYSTEM OF CIRCUIT LOGIC USING FERRORESONANT 
INHIBITION 

It is also possible to carry out the ‘inhibit’ logical function 

through ferroresonant circuits. For this purpose it is necessary 
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that the ‘high’ state of a ferroresonant element be capable of 
preventing the jump into the ‘high’ states of other elements even 
though the input combinations which would produce the jump 
appear in them. 

A limiting coupling impedance, common to all elements, could 
perform this task if connected in series with the a.c. generator 
(Fig. 11). Every branch can be integrated by a complex ferro- 


Fig. 11.—Inhibition between ferroresonant elements. 


resonant element which carries out a specific function. The 
limiting impedance can be, for example, a capacitor. When the 
current which corresponds to the ‘high’ state of one of the 
ferroresonant elements flows through it, the drop in voltage must 


be enough to keep all the remaining branches from jumping into | 


the ‘high’ state. In order that this coupling be possible it is 
necessary that the bistability regions of the different branches 
superimpose, allowing their connection to the same capacitor, 
and, furthermore, that the ‘high’-state current of the inhibiting 
branch be equal to or higher than that in the remaining ones. 
These conditions can be obtained if we make the ferroresonant 
curves of all the elements which are to be coupled approximately 
the same. Furthermore, this results in the ‘high’ states being of 
the same order. We can do this by modifying the number of 
turns in the inductors as is shown in the case of the half-adder 
we shall describe later. 

The use of this inhibition method allows us to modify the 
ferroresonant system of circuit logic described above. We can 
establish the condition for the inputs to the combinational 
circuits to be only the non-complemented variables. We can 
consider the possibility of writing a Boolean function as an 
expression satisfying the required condition, if we analyse this 
function written as a sum of products of the variables concerned. 
It can be seen immediately that each of the terms can be written 
as the product of two functions, one including all the non- 
complemented variables and the other the complemented ones. 
Morgan’s theorem applied to the last function changes it into 
a function also including only non-complemented variables. 
Therefore, the complete Boolean function can be written in the 
form 


F= J FA, y, z,.» FG, y, Z,-- +) 
tJ 
This sum will need a smaller or greater number of terms 
according to the simplification possibilities which the function 
offers. In some functions this sum can be reduced to just one 
term, and so 
Fe (05) 24 ouetee) Ey (Open Zane) 


is a simple expression to be realized by a ferroresonant circuit 
of the type shown in Fig. 11. We must design the branch 


| corresponding to F, in such a way that, when it jumps into the 
‘high’ state, it prevents the F, branch from jumping. Thus we 
obtain an inhibition, and the output taken from branch 2 will 
be the desired function F,F; = F. 

Furthermore, the circuit has another output, namely branch 1, 
‘in which function F; appears obviously with no inversion. 


(5) APPLICATION TO SOME COMPUTING DEVICES 


: In this Section ferroresonant devices obtained from the circuits 
| previously outlined are described. A half-adder and a series 
adder as examples of combinational circuits, and a shift register 
on which the adder is partly based, are also described. 


(5.1) Half-Adder 


| Starting from the fundamental circuits we have outlined we 
can develop a half-adder. The outputs of this device can be 
written in Boolean algebra as 


STAB: AWB 
CAB 

To apply the inhibition system, we write the first expression as 
S = (A + B)(ABY’ 


This function can be obtained by coupling a two-input ‘or’ 
circuit to a two-input ‘and’ circuit in such a way that the ‘high’ 
state in the ‘and’ circuit inhibits the ‘high’ state in the ‘or’ 
circuit (Fig. 12). The a.c. windings of the ‘or’ circuit have 2n 
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Fig. 12.—Ferroresonant half-adder. 


turns and those of the ‘and’ circuit turns, which give approxi- 
mately equal ferroresonant curves in both ferroresonant branches, 
it being possible to supply them with the same alternating voltage. 
The capacitance, C, may easily be calculated to avoid both 
branches being in the ‘high’ state simultaneously. If we now 
sensitize the ‘and’ circuit more than the ‘or’ circuit, by changing 
Cinq With respect to C,,, or by means of the input circuit to both 
control windings, or in both ways, there will be no doubt that 
the circuit outlined in Fig. 12 will behave as a ferroresonant 
half-adder. 

The arrival of a ‘1’ signal on channels A and B will make the 
‘and’ circuit jump into the ‘high’ state while the ‘or’ circuit 
remains in the ‘low’ state. On the other hand, the arrival of a 
‘1’ signal on just one channel, and of a ‘0’ signal on the other, 
will make the ‘or’ circuit jump into the ‘high’ state, while the 
‘and’ circuit remains in the ‘low’ state. Finally, if ‘0’ signals 
arrive through both channels, both branches will remain in the 

‘low’ state. Therefore the sum digit is obtained from the 


' 
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capacitor corresponding to the ‘or’ circuit, and the carry digit 
from that corresponding to the ‘and’ circuit. 

If, for any reason, the use of an equal number of turns in all 
a.c. windings is required, they may be coupled as outlined in 
Fig. 13 to ensure that both systems have an approximately equal 
ferroresonant curve. This method entails, however, the disad- 
vantages of requiring twice as many inductors. 


t 


Fig. 13.—Ferroresonant half-adder with the same number of turns 
on cores. 


(5.2) Shift Register 


As was shown before, the basic ferroresonant element can 
behave as a delay flip-flop circuit if an intermediate storage 
circuit is added to it. We can obtain a shift register, the circuit 
of which is shown in Fig. 14, by joining several stages formed 
by this delay unit. 

Each stage is connected to the intermediate data-storage circuit, 
establishing the link with the next each time a shifting pulse 
reaches C, which normally is polarized with a direct voltage, V,. 
A is connected to a low output-impedance generator, which, by 
means of a pulse sequence o,, synchronized to the shifting pulses, 
GO», gives an amplitude- or frequency-modulated a.c. signal. 

Suppose that a ‘0’ signal is registered on branches F, and F3, 
i.e. both are in the ‘low’ state, while on F, there isa ‘1’. Under 
these conditions, alternating voltage on P, and P3 will be low 
and on P, high. 

All ferroresonant elements will reset to the ‘low’ state when 
the drop in voltage reaches A so long as it drops below Vo 
(Fig. 2). Then the direct voltage on Q, initially high, will 
decrease exponentially towards a low value, with a time-constant 
fixed at will. 

When the shift pulse reaches C, the capacitor C; will be 
charged to a high value while the pulse lasts, and C; to a low 
value, at the expense of the acquired charges of C; and Cj. 
On the other hand, C, and C; will discharge with a damped 
oscillation, graduable at will, through the corresponding control 
windings. Since this discharge will produce a sufficient current 
to make the corresponding ferroresonant element jump to the 
‘high’ state only when the acquired charge is high, in this case 
only branch 3 will jump to the ‘high’ state and so become the 
stored information shift. 

The input of information in the first branch can also be 
controlled by the same shift sequence. It is,, however, also 
possible to delay this input by a shorter time than. a digit interval 
without disturbing the shift in the rest of the register. 

The shift-register operation does not change if frequency 
modulation is used on the carrier instead of amplitude 
modulation. 

If each of the stages of the shift register shown in Fig. 14 is 
substituted by a two-input ‘or’ circuit, as shown in Fig. 15, we 
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Fig. 15.—Shift register allowing the data shift in both directions. 


obtain a 2-directional shift register. The o, sequence will shift 
the stored information to the left and the oc, will shift it to the 
right. 


(5.3) Series Full-Adder 


It is also possiblé to develop a ferroresonant series adder from 
the half-adder and the aforementioned ‘or’ circuit. It will be 
enough to assemble two half-adders and one ‘or’ circuit, as 
shown in Fig. 16. For such an assembly we employ demodu- 
lating networks and a shift pulse sequence as described for the 


shift-register circuit. Such an ‘or’ circuit would have a double 
function: to obtain the sum of the two carry digits from the 
half-adders, and to produce the necessary delay for the result of 
this sum to reach the second half-adder during the next digit ~ 
interval. 


(5.4) Experimental Results 


A typical ferroresonant element containing a Magnistor anda 
capacitor of 560 pF operates at a frequency of 2 Mc/s. 
If the output of the generator is 4:5 volts (r.m.s.) a bistable 
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| Fig. 17.—Oscillograms of behaviour of a half-adder operated with 
a carrier of 2 Mc/s. 


(a) Carry. 
(6) Sum. 


Scales: 20 volts/cm; 
20 microsec/cm. 


_ region is obtained and the voltage across the capacitor is 15 volts 
in the ‘high’ state and 2-5 volts in the ‘low’ one. The generator 
| voltage can be varied up to 25°% without affecting the bistability. 
The capacitor impedance leads to a current through this 
| element of 100mA in the ‘high’ and 17mA in the ‘low’ states, 
| with corresponding power requirements of 450mVA and 77 mVA. 
| This power is almost entirely reactive. 

| The jump transients are rather good: they last about two or 
three cycles of the carrier. The maximum repetition rate of the 
| pulses is thus dependent on the carrier frequency. 

The oscillograms shown in Fig. 17 correspond to the behaviour 
of a half-adder operated with a carrier of 2 Mc/s, and a reset 
pulse repetition rate of 2 x 10° pulses/sec. In this case the 
information entering channel A is 1000010000, and channel 
B, 100100. 

The oscillograms shown in Fig. 18 correspond to the operation 
of a shift register. The carrier is 2 Mc/s and the reset and shift 
sequences have a repetition rate of 25 x 10* pulses/sec. The 
information shifted is 110110. 

The time and voltage scales in the oscillograms allow us to 


| confirm the previous statements made on the transient behaviour 


,and the jump ratio of the elements. 


Fig. 16.—Ferroresonant series full-adder. 


(6) 


Fig. 18.—Oscillograms of shift register. 


(a) 1st branch. 

(6) 2nd branch, 
Scales: 20 volts/cm; 

5 microsec/cm, 
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1 SUMMARY 

| The impedance/frequency characteristics of some cold-cathode glow- 
lischarge tubes over the frequency range 300c/s-5 Mc/s have been 
ybtained. The results are shown to agree with an extended form of 
\ theory by van Geel. Impedance measurements indicate that there 
‘ire several delayed effects in the glow discharge which affect the low- 
_requency impedance characteristics considerably. Tentative sugges- 
ions about the origin of these effects are discussed and the influence 
»f some tube parameters on the magnitudes of the consequent delay 
‘imes are indicated. The equivalent circuit of the glow-discharge tube 
b determined from the results. 


LIST OF PRINCIPAL SYMBOLS 


x = Distance measured from the cathode. 
|. d= Anode-cathode spacing. 

ne) Lime. 

y = Secondary-emission coefficient (Average number of 

electrons released at the cathode per incident posi- 

| tive ion). 
| a = First Townsend coefficient, i.e. the number of new elec- 
| trons (or ions) produced by one electron in travelling 
a distance of 1 cm through the gas. 


d 
q = Regeneration factor defined as >| exw ( I weds) a | 
0 
(q = 1 for a self-maintained discharge in the steady 
state with no superimposed alternating signal). 
| F= Transport factor = Q,/Qo. (F = 1 ina self-maintained 
| discharge in the steady state.) 
| Q, = Charge received at the anode when the cathode gives a 
| charge Qy to the gas. 
| Q= Charge. 
_ Q,; = Total electron space charge. 
| Iq = Convection current at anode. 
Ig = Convection current at cathode. 
J, = Electronic current. 
J, = Positive-ion current. 
| Io = Value of I, at the cathode. 
| J = Current. 
V = Voltage. 
_ G= Continuance factor = I4/Ip. 
w= Angular frequency. 
D = d[dt. 
m, Mp, Ny, Ny = Dimensionless constants. 
$1 = QFPV)IGF[V) 
bp = QF/2D[(dF]21) 
Ky = (00/dV)/(dQ/oV) 
Ky = (00/01) /(dQ/dT) 
(If the influence of the delayed-effect process is small 
$1, $2, K; and Kz all approach unity.) 


I 


= Dimensionless constants. 


_ Written contributions on papers published without being read at meetings are 
invited for consideration with a view to publication. 
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University of Sheffield. 
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IMPEDANCE/FREQUENCY CHARACTERISTICS OF GLOW-DISCHARGE 
REFERENCE TUBES 


By F. A. BENSON, D.Eng., Ph.D., Associate Member, and P. M. CHALMERS, B.Eng., Graduate. 


(The paper was first received 6th May, and in revised form 29th September, 1959.) 


; , 1dQ/dV 
7 = Degression time 1dF[oV" 
(This is associated with the time taken for the space 
charge to change.) 
R= — (dF[dI)/(dFIOV). 
(This can be shown to be the slope of the static vol- 
tage/current characteristic.) 
L = Coefficient of self-inductance for the glow. discharge 
1 dQ/dI 
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(1) INTRODUCTION 


When a small alternating voltage is superimposed on the steady 
operating voltage of a glow-discharge tube, the impedance pre- 
sented to the alternating signal is found to increase with fre- 
quency. In certain glow-discharge tube applications, e.g. 
switching elements in automatic telephony, it is desirable to 
have a low audio-frequency impedance, and in some voltage- 
stabilizer circuits the transient response of the glow-discharge 
tube is an important factor which can be assessed if the 
equivalent circuit of the tube is known. The impedance has 
inductive and resistive components at audio frequencies, but the 
reactance is capacitive at frequencies of the order of 1 Mc/s. In 
order to understand the impedance/frequency characteristics 
better, in the present investigation the frequency range is extended 
to 5 Mc/s. 

Previous measurements! to determine the a.f. impedance/fre- 
quency characteristics of tubes with various neon-argon fillings 
showed that the effective series inductance decreased and the 
resistance increased with increasing frequency over the range 
300 c/s-30kc/s, and both components decreased with increasing 
tube current. ° 

Various attempts have been made to explain such results 
qualitatively in terms of the basic process in a glow discharge. 
It has been suggested? that the inductive component of the 
impedance is associated with the nature of conduction in the 
discharge, i.e. as the current varies the degree of ionization in 
the gas changes correspondingly, but there is a delay, due to 
the small mobility of the positive ions, before the degree of 
ionization reaches the new value. Williams,? however, states 
that the alternating electric field will have very little effect on 
the maintenance of the discharge and he attributes the inertia 
effect to the damped motion of current carriers. A charged 
particle moving in a steady electric field with a small alternating 
field superimposed produces in the external circuit a current 
which depends only on the average drift velocity of the particle. 
An approximate expression? for the drift velocity of a charged 
particle moving in a gas in terms of the collision frequency, 
particle mass and alternating field can be shown to be analogous 
to the expression for the current which flows in an electrical 
network containing inductance and resistance in series due to a 
given applied voltage. Williams’s considerations, however, do 
not explain the impedance characteristics at higher frequencies 
and they necessitate the introduction of a capacitance, greater 
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than the interelectrode one, to account for the impedance peak 
observed at high frequencies. 

An early theory by van Geel* was derived by considering 
perturbations about the steady-state maintenance condition and 
by assuming that physical quantities in the discharge (e.g. 
space-charge, etc.) can be regarded as functions of the instan- 
taneous current and voltage alone. This theory predicted that 
the impedance loci should be semicircles if the displacement 
current is neglected.» Van Geel® has since extended the theory 
and postulated the form of the impedance locus when a secondary 
mechanism having a delay time is present in the discharge. The 
secondary mechanism, which is here termed a delayed effect, 
was called an after-effect by van Geel. The physical quantities 
in the discharge can now be regarded as functions of the instan- 
taneous current and voltage and of a parameter, P, which is 
considered to be a retarded function of current and voltage. 
This parameter is discussed in Section 2, Van Geel’s theory 
has not previously been confirmed experimentally, although 
Verhagen> has plotted impedance loci for tubes at frequencies 
up to 15ke/s. 

It has been suggested by Yeh’ that there may be a correlation 
between the frequency at which the glow-discharge tube reactance 
changes over from inductive to capacitive and the positive-ion 
transit time in the cathode-fall region of the discharge. Benson 
and Gillespie’ have shown how the transit time of the positive 
ions may be calculated if certain parameters of the discharge are 
known, but they had difficulty in comparing their experimental 
results with the theory because reliable figures for the various 
constants involved were not available for their particular tubes. 

More recently, Ahsmann and Oskam? have shown that the 
impedance of helium discharge tubes at audio frequencies is 
reduced by additions of small quantities of neon, and a correla- 
tion between the self-inductance and the mobility of the dominant 
ions in the discharge has been suggested. The impedance loci 
they plotted are nearly semicircles with centres on the real axis, 
but no detailed analysis appears to have been made to show 
that the results are in full agreement with van Geel’s theory. 

In the present investigation it was decided to measure the 
impedance characteristics over the range 300c/s—5 Mc/s in order 
to obtain the equivalent circuit of a glow-discharge tube and to 
test the validity of Yeh’s suggested correlation. The tubes 
examined consisted of some with pure-neon fillings at various 
pressures, and others with various neon-argon mixtures. Each 
tube had a molybdenum rod anode 1mm in diameter, and a 
cylindrical cathode 7-5mm in diameter and 10mm long. The 
electrode structure was mounted in a glass tube having a volume 
of about 8cm?. The tubes were sputtered until a layer of 
molybdenum, removed by bombardment from the cathode, 
covered the walls of the glass envelope adequately. The 
molybdenum layer shields the discharge from impurities normally 
released from the glass walls and also acts as a getter for certain 
contaminants, so that discharge tubes. produced in this way 
generally give reliable and reproducible results. 


(2) THEORETICAL TREATMENT 


The impedance locus of a glow-discharge tube has the same 
form as that predicted by van Geel’s theory® if it is extended to 
include several delayed effects. In the first treatment of the 
problem van Geel showed that, if the physical quantities of a 
discharge are regarded as functions of the instantaneous tube 
current and voltage, the impedance locus is a semicircle.4® In 
most glow discharges, however, there are secondary processes of 
electron production, e.g. the Penning effect,!® !1 which can be 
regarded as retarded functions of current and voltage since they 
are associated with a delay time. Diffusion processes in the 
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Fig. 1.—Charge transfer in a glow discharge. | 
discharge can also be treated as delayed effects and White! ha cf 
compared the time-constantof the semicircle impedance lo us| 
for a hollow-cathode tube with the ambipolar diffusion time of} 
neon ions in the discharge. Such processes will affect the form} 
of the tube-impedance locus considerably, as discussed in) 
Section 5.2; hence, any process which affects the maintenance of} 
the discharge and has a time-constant associated with it will bel 
treated as a delayed effect. | 

The impedance of the discharge tube is derived in Section 9.1} 
by considering the effect of two delayed processes and eqn. (29 
shows that the impedance has the following form: 


a a Oy ee) 
l+jwr, 1+ jwtr, 1+je7Tm 
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Impedance loci satisfying the above equation can be represented 
by the sum of three vectors whose individual loci are semicircles} 
of diameters a,, a, and a3; for positive values of a, ay, a3 and) 


If a3 is negative the 


the construction is given in Section 9.3. 


Fig. 2.—A theoretical impedance locus constructed for positive 
values of a1, a2 and a3. 
71 2723 49.a8 303.3. 1 


: 
Fig. 3.—A theoretical impedance locus constructed for a negative 
value of a3 and positive values of a; and a2. i 


%1 $%2:73a8 30:33:51 


yesultant locus and its components are as shown in Fig. 3. If 
lhe theory is extended to include n delayed effects, then 


it ier ( a ) i ( a ) 
| ese 1 + jwr’ a 1 +jwrt, 
| 


The second term in this expression can be regarded as the 
contribution from the discharge process itself, and the last term 
jas the contributions from the delayed-effect processes. 


| 
| (3) MEASUREMENTS 
_ The tube impedance over the range 300 c/s—30 kc/s was deter- 
mined with the aid of the modified form of Owen bridge pre- 
viously described.! The amplitude of the superimposed alter- 
hating current was held constant at 0:33mA throughout the 
‘measurements, this value being chosen as a compromise to give 
an easily detectable null point with minimum distortion. 

The impedance in the range 100kc/s-5 Mc/s was measured 
ies ar.f. bridge which indicated the equivalent parallel resistance 
and reactance and was supplied with an alternating voltage from 
1 signal generator modulated at lkc/s. The null point was 
ietected by a sensitive, well-shielded radio receiver. The bridge 
le a standard commercial one employing a multi-ratio tapped 
transformer principle. Fig. 4 shows the complete glow-discharge 


| Fig. 4.—Glow-discharge-tube circuit for impedance measurements. 


tube circuit, the components being mounted in a well-earthed 
metal box. The direct current through the tube was monitored 
and could be varied by changing the battery voltage and resistor 
R,. The blocking capacitor, C,, which was necessary to isolate 
the direct current from the bridge circuit, had negligible reactance 
compared with the tube impedance at 100kc/s, and the series 
tesistor, Ry, was non-inductive. 

The parallel resistance and reactance of the tube were obtained 
by a difference method, thus eliminating-stray capacitances and 
leakage resistances. The bridge was first balanced with the 
Switch § in the earth position 1 and was then rebalanced with 
the tube switched on. These two readings enabled the equivalent 
parallel reactance and resistance to be evaluated. When the 
tube was replaced by known resistors and capacitors the maxi- 
mum error of the measurements was found to be about 2%. 
Noise from the receiver and glow-discharge tube!3 masked the 
null point somewhat at frequencies below 500kc/s but, even so, 
capacitance changes of 0:01 pF could be detected. 


(4) RESULTS 


Impedance loci were plotted from the results of the bridge 
Measurements to facilitate the analysis of the results and to 
compare them with the theoretical predictions. If X, and R, 
are the measured values of parallel reactance and resistance of 
the tube, the corresponding series elements, X, and R,, are 
given by 


X,; a? X,/[1 ar (X,/R,)7] 


and R, = R,/[1-+ (Rp X,)7] 
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Fig. 5.—Typical impedance loci for tubes containing neon-argon 


mixtures. 
—O©O— 10-3% argon. 
—— xX -- 10-2% argon. 
—-e@-—- 0:1% argon. 
—A— 1:0% argon. 
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Fig. 6.—Impedance loci for a pure-neon tube operated at several 
values of tube current. 


—O— 2mA. 
—-— x -- 3mA. 
—-e@—- 4mA. 
— A— SmA. 


Fig 5 shows typical impedance loci for tubes having various 
argon contents for a tube current of 3mA. Only one tube 
characteristic has been shown, since the spread in the characteris- 
tics of the tubes having a particular gas filling was small and the 
form of the impedance locus for frequencies above 10kc/s was 
unaltered. Fig. 6 depicts the effect of varying the tube current on 
the form of the impedance locus for a pure-neon filling. Some 
of the ‘pure’-neon tubes first examined were thought to be con- 
taminated with a small trace of mercury vapour (0-002 %) 
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although they had the same running and striking voltages as 
pure-neon tubes.'!* This impurity could affect the high-fre- 
quency characteristics of the tubes, so the present tubes were 
carefully prepared, and the possible contamination with mercury 
vapour was eliminated by using a suitable cold trap on the 
pumping system. The effect of the mercury vapour, however, 
was found to be very small. Some additional tubes having 
anode-cathode spacings varying between 2 and 4-5mm were 
also examined at this stage and the impedance was found to be 
independent of the spacing.!> Thus the characteristics of the 
tubes shown are for a normal glow-discharge which is not 
obstructed and does not have an anode-fall region.!° 

The effective parallel capacitance of all the tubes approached 
a limiting value at frequencies above 4 Mc/s (higher in the case 
of pure-neon tubes of 40mm pressure and pure-argon tubes), 
seemingly independent of frequency. This capacitance, which 
was found to be independent of the anode-cathode spacing and 
electrode geometry, was taken to be the effective capacitance, 
C,, of the glow-discharge. It was found to be of the order of 


TUBE CAPACITANCE, pF 


) 1 2 3 4 5 
TUBE CURRENT, mA 
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the capacitance of the cathode-dark-space region of thi 
discharge. !7 

Fig. 7 shows the variation of the effective capacitance with) 
tube current and gas pressure for pure-neon tubes, and Fig. 8 i i 
a similar graph for tubes having neon-argon mixtures. 

In order to compare the results with the theory, which doeill 
not take into account the displacement current, the effective tubs) 
capacitance has been subtracted from the measured values ol) 
capacitance, and the resulting impedance loci are replotted ir 
Figs. 9-11. For clarity the low-frequency parts of the loci aré 
shown separately in Figs. 12 and 13. 


TUBE CAPACITANCE, pF 


3 4 5 


(0) 1 2 
TUBE CURRENT, mA 


Fig. 8.—Variation of high-frequency capacitance with tube current) 
for tubes containing neon-argon mixtures at 40mmHg total | 


Fig. 7.—Variation of high-frequency capacitance with tube current and IedteRe Ut 
gas pressure for pure-neon tubes. (a) Pure neon. 
(b) 10-3% argon 
(Qucomantle: (ce) 1022 arpon, 
(b) 30mm Hg. (d) 0-1% argon. / 
(c) 40mm Hg. (ce) 1:0% argon. | 
| 
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Fig. 9.—Modified impedance loci for tubes containing neon-argon mixtures. 


—O—10-3% argon. 
-- x-- 10-2% argon, 
—-e@—- 0-1% argon. 
—A— 1-:0% argon. 
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i] Fig. 10.—Modified impedance loci for a pure-neon tube operated at several tube currents. 


; —O— 2mA. 
| --x -- 3mA. 
i —-@—-4mA. 
i —A— SmA. 
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(5) DISCUSSION OF RESULTS 
(5.1) High-Frequency Capacitance 


The effective high-frequency capacitance of the pure-neon tube 
is proportional to the area of the cathode glow if the normal 
current density is assumed to be constant, and its value is less 
than the cathode-dark-space capacitance as calculated in Sec- 
tion 9.2. Van der Ziel and Chenette!? have measured the 
admittance of some cold-cathode yoltage-regulator tubes, and 
find the capacitance to be independent of frequency above 
2Mc/s. They also conclude that the capacitance is of the order 
of the dark-space capacitance. The positive-ion space-charge 
distribution and the electron space-charge in the negative-glow 


fmm — 


-—-. 
2 


. 
~~ 
e-_ 


40 50 : 60 70 


RESISTANCE, kf 


Fig. 11.—Modified impedance loci for pure-neon tubes having various gas pressures. 


—O— 40mm Hg. 
--x-- 30mmHg. 
—-e—- 20mmHg. 


region could affect the capacitance considerably, however, and 
explain the difference between the measured value and the one 
obtained from the simplified calculation. Eqn. (31) nevertheless 
agrees in form with the observed variations of measured capaci- 
tance with current and pressure in the normal operating region. 

With neon tubes containing small quantities of argon the 
current density is smaller and the normal-glow region is difficult 
to define.!8 The current density increases with increasing tube 
current, owing to cathode edge effects,!9 so that the capacitance 
will no longer be directly proportional to the current. Finally, 
in the abnormal-glow region, the current density will be approxi- 
mately proportional to the current, and the dark-space distance 
is reduced at a rate less than the reciprocal of the current, so 


204 BENSON AND CHALMERS: IMPEDANCE/FREQUENCY 


REACTANCE, kQ 


2. 3 (iH 
RESISTANCE, kQ aa 


Fig. 13.—Effect of the tube current on the form of the audio-frequene q 
impedance loci for a pure-neon tube. oi 


—O— 2mA 

(0) -—-x-- 3mA. 
-050 1 2 3 4 5 6 7 8 —e— 4mA. 
RESISTANCE kQ ——A-- 5mA. 


5 - 2 d ‘ Frequencies are in kilocycles per second. 
Fig. 12.—Audio-frequency portions of the impedance loci for tubes 


containing neon-argon mixtures. (5.2) Impedance Loci 
—e— Pure neon. : : y i 
--x-- 10-3% argon. The impedance results for tubes having different anod 
Fo, eae — 
a= ABU Reta cathode spacings seem to confirm the assumption that 
Sala 2 a8 fe plasma impedance can be neglected if there is no anode fall,’ 13 
PrcquienGes aks unt ilotoles per eecond. and therefore the impedance locus for the convection curren! 
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Fig. 14.—Modified impedance locus of a pure-neon tube showing component semi-circle loci. 


= 300 us, t2 = 13 us, T3 = 0°64 us, 
Tesh: 0-07 Us: 5°24 0302 ius. 
= 1kQ, ap = 6kQ, a; = 5: $kQ, 
~ 62kQ, as ~ — 30kQ. 


that the capacitance will change less with increasing tube current can be derived by subtracting the high-frequency capacitance 
than in the normal-glow region. In tubes having 1°% argon, the from the impedance. 

discharge again has a definable normal-glow region and the The impedance loci of Figs. 9-11, when analysed according | 
capacitance is directly proportional to the tube current. to the theory, can be represented by a series of vectors whose | 


 idividual loci are semicircles, each having a different time- 
pnstant, 7. Fig. 14 shows how the measured impedance locus 
jr a pure-neon tube can be represented. The loci for pure- 
Jeon tubes and neon-argon mixtures containing less than 0-1% 
'rgon can be resolved into five such semicircular loci and there- 
| pre into four active delay times. Tubes having more than 
i 1% argon have one less delay time, since in this case the delay 
| ‘me associated with the lifetime of the neon metastable atoms 
| reduced to a negligibly small value by ionizing collisions with 
_ rgon atoms. 
When analysing the impedance loci of all the tubes at high 
“fequencies in the above manner it is necessary to make the 
ector corresponding to the semicircle having the smallest time- 
onstant have a negative sign. The delay time associated with 
ais locus is thought to be related to the positive-ion time. 
hus in Figs. 5 and 6 the frequency at which the reactance is 
- ero’ will not necessarily be correlated with the ion transit time, 
jut will depend to some extent on the larger delay times which 
‘nfluence the form of the impedance locus at lower frequencies. 
The negative-resistance contribution due to the component 
jector locus, as, at frequencies greater than the reciprocal of 
on transit time is similar to the negative resistance exhibited by 
| thermionic diode at very high frequencies.2° The total 
" ffective resistance will still be positive, however, since the 
_ \lternating current in the discharge at these frequencies will be 
‘nainly due to electron motion and the electron transit time is 
everal orders smaller than the corresponding ion transit time. 
further extension of the impedance locus at higher frequencies 
vould be necessary to enable the value of the time-constant of 
_ he component locus, a5, to be derived accurately. 
_ Insome cases it is difficult to determine the various component 
emicircular loci and time-constants of the measured impedance 
ocus by direct calculation or graphical construction, especially 
when the time-constants of consecutive loci have comparable 
alues. It is proposed in some future work, however, to use a 
rial-and-error process involving the use of an analogue com- 
puter to simulate the glow-discharge tube equivalent circuit 
‘shown in Fig. 15) and the components L and a will be varied 
antil the measured locus is approximated. 


Cg 


Fig. 15.—Equivalent circuit of a glow-discharge tube. 


The brief analysis made on the results for a pure-neon tube 
indicate that the larger time-constants of the component semi- 
circular loci are independent of the tube current. The diameters 
lof the loci are approximately inversely proportional to the tube 
current. This agrees with the theory if eqn. (28) is simplified 
by assuming T > 7. 

The larger delay times which affect the low-frequency impe- 
dance of the tubes could be due to the thermal lag associated 
With the heat-conduction mechanism from the cathode. The 
temperature variations in the cathode region will produce small 
changes in the gas density and consequently changes in the 
running voltage.”! 
| Another possible delay time is that associated with the lateral 
}growth of a glow-discharge.”” The velocity with which the 
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perimeter of the cathode glow expands if the current is suddenly 
increased is a function of the maintaining voltage of the glow 
discharge and approximate calculations indicate that the time 
associated with this process is of the order of 100 microsec. 


(6) GENERAL CONCLUSIONS 


The complete impedance locus of a glow-discharge tube can 
be explained effectively by van Geel’s theory if extended to 
include several delay times. At frequencies above 3 Mc/s the 
effective tube capacitance is independent of frequency and is less 
than the cathode-dark-space capacitance (see Section 9.2). The 
delayed effects in a glow discharge affect the lower-frequency 
impedance considerably and the complete equivalent circuit is 
much more complicated than the one usually quoted.”3 
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(9) APPENDICES 


(9.1) The Impedance of a Glow-Discharge Tube Exhibiting 
Two Delayed Effects 


The following is an extension of van Geel’s theory but is 
somewhat simplified by neglecting ionization due to positive 
ions (an assumption which is justifiable for the present glow- 
discharge tubes‘). 

Consider the electron multiplication process when one electron 
is released from the cathode of the tube. The number of new 
electrons formed by ionizing collisions in the distance d is given 


by exp | adx. The number of positive ions formed is 


d 
exp @ ced) —1. These ions travel to the cathode and 
“0 


d 
release >) exp ({ cd) a | electrons. 
0 


Assume that a positive charge Q is collected at the cathode. 
This is equivalent to the gas gaining a negative charge Q (see 
Fig. 1). The positive charge Q also gives rise to a negative 
charge yQ which is transferred to the gas. The total charge 
received by the gas is therefore (1 + y)Q. The charge received 


d 
by the anode is yQ exp | adx. Hence, 
0 


d 
F=yexp | adil +Y=@t+pity . W 


The relationship between G and F has been determined by 
van Geel® and it can be shown that 


aa Stes Ne (2) 
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where Q, is a function of the total electron space-charge, 0, 
If Q7 is the total resulting space-charge, 


oor Iy — In = 1(G — 1) 
From eqns. (2) and (3), 
Ii(F-)= a) ey 
Writing OQ = O07 + Q;, 
I(F — 1) = ae ; 


Suppose the transport factor is dependent on two delayed effects| 
P, and P,, which have-time-constants T; and 7>. P,; and P 
are considered as retarded functions of Vand /. If J changes td 
I+iand V to V +», the corresponding changes in P; and P}) 
may be written as P, + P; and P, + P, respectively. 
When the new equilibrium condition of the discharge 4) 
reached, P; = Py and 


oP, 
wW 


dP, |) 
0+ Sh 


Suppose that the current has changed before P’ has reached th | 
new equilibrium value Py; then, in general, 


Po = 


; GE = 
Pi +- Lie as Po 
or P; = Pof( + TD) 
From eqns. (6) and (8), 


pa Oks Vv 
Py Saber 


eee coe ae 


)+ 4 Py 


Similarly, 
wD oP, ( v 
2" W\14+ TD 
The change in F is given by 


F-1= - v4 Sine Biota 


Are Tp + roy 


Rs He te for ns and Ae from eqns. Bs and (10), 


+ W dP, v 
: oe it ap, Pero) 
Ww dP, i WF dP, 
a oP, mae os 5) © aps dP, WV (ae + FB) 
WF IP, me 
WP, WMI 3 TD 
dQ 0 s 3% nla 
Now Fim Sey tee Dirt sp Phi ei Py -—- DPS 
Substituting again from eqns. (9) and (10), 
dQ_ 20, 20, 0 q 
yeas aloe WwW ETB oe) x 
22 dP, et Nes 22 dP, me | 
dP, ol. ae dP, We EB . 
30 Py ~ODi 1 


3P, kit Tb) ° OD 
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(15) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


Also, the total change in F due to change in V gives 
dF OF | 39 dP, 4. OF dP, 
DV OV 8Py OV” OPs dV * 
, GF OF OF dP; /0F dP, 
Sy or | bP, or ' DP; oT 
dQ_ 20, 30 dPy . 10 IP, 
YoY OP, OY | dPs DV 
i Be2Ow, 30 2P; . 20 dP; 
ke Sad 1M SPD Or) Py. OI 
bi OF OPy mee dP, 
dP, WNP, WV 
4 
20 Pi _ 32 2, 
; WP, VDP, OV 
‘ WP; _ OF DP 
; WP, 0 DP, OF 
| 20 PM, _ 30. Py 
f 3P, of OP, OF 
Bsabstituting in eqn. (12) from eqns. (15), (16), (19) and (21) 
gives 
t _ OF m v 
a1 = a) 
Gy ran ar) 


Me 


| +G- 26 


mG mG sie) a oF 


1+ ape ei 5, 


| by oF 5 ae) 


(23) 


and substituting in eqn. oe from eqns. (17), (18), (20) and (22), 


DO = 22 Dw + (2-3 


| 


Ale - ao i+ 3) 


e (F yy SG + reese) 


fe $i + Gr a ~\(4 am OG 1+ oD) 


+ Gr- 


WV 


Dian) 


[Substituting for F — 1 and DQ in eqn. (5) and multiplying by 


ed | nab + (Aa i FV pe | + dF 


Vd +m) 


[m(1 + T,Dyv + (1 + T,D)vr] — a T,D*v 


Tz + mT, 
1+|¢ Tam at) + 


(24) 


Tr +7; Na lo\ictead 4 \i -{[ T> + mT, eo) } 2 
+{[9( +m J L+m ) jet fro Ke 1+ is 1+” ) Ti Pa RT Tag 


mT, + T, ; T> + mT, MT, + T, ; 
Tet Ti) + |i &i {| eee eee + birth? — KyrTiTai0? 


ee | arian) 


dQ 


[m,(D + T,D2)v + (D + T,D2)v] = Le 


T, + mT) 2. dQ 
+ ( 1+ ) Pi 37 


T,T,D>i 


HNP =) 
[n.(D + T,D*)i + (D + T,D?)i] — os T,T,D7i 
es) 
[nQl+7Di+d+TD)i]. . . . . . (25) 
Dividing by dF/dV and rearranging, 


dF/OV T, + mT, mT, + T, 
o+| eal T+m y+( T+m ) of 
W/V >,  1Q)V : 
a Grp )MmP i ne aD) eye 
1 Gane T, + maT) (eny 
IL\dF[V/\ 1+ m, dF] )V 
MT, + T; | dO|dV 
1 + m, ) Paes (Spr 
(oe pal phot Tn Bestel 1) 
dF[OV dFISV/\ 1+ 


- (AEN (2a + 2) Joi (SEY 11 


dF[XV/\ 1 +n, dF[)V 
1/dQ/dV dO/dI T> + nyT, 
I\dF[DV. Dt +(} I\dFJDV. ( l+m ) 
dQ|dI\ (nT. + T; |p» O/T Be 
i TTD 
I Gear) hike, ) |p +7 er! Te ee 
(26) 


Eqn. (26) can be written as 
Tr + mT; mT, + T, 
»+(44( incaeg ea 1+m, 
+ K,1T,7T,D°v + | Ki 


Ty + 22) 
+ “(mae A at ) |p + Dv 


) |» + $,T, TD» 


Weert, 
1+m 

i a (mash | . 
= of SR fe ee DAY Bp) 
Rit | Rds Heed ty ao) 
T> + nT, 
25 <2 *2"1) 
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For sinusoidal variations, 
Z =i is 


+ 1( ) |r + keer rD% et 7) 


D=jw, hence the impedance 
om K,LT, T, jw? 


1+ mm 1+ my), 


(28) 
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Eqn. (28) can be reduced to 


al @ Ce) 
L+jwr, I+ jwr, 1+ jw; 


Z =a (29) 
where dp, a, etc., have the dimensions of resistance; when the 
delayed effect is small and 7, > 7) > 73, then 7, is associated 
with T, T> is associated with 7, and 7; is associated with 7. 


(9.2) Effective Capacitance of the Glow-Discharge Tube 
The capacitance of the glow discharge at high frequencies is 
€oa 


Oar 
c 


where a is the area of the discharge and d, is the width of the 
cathode dark space. 

If the similarity rules are valid for the discharge, pd, and 
Jn|p? are constant and therefore eqn. (30) can be written 


(Ga ISMD «< 


(30) 


(31) 


where K is a constant for a given gas filling and cathode material. 

This was found to be true in the case of the pure-neon tubes 
operating in the normal-glow region, as shown in Fig. 7. 

Taking Jn = 5:5mA/cm?, d, = 0:023cm,* [= 3mA for a 
pure-neon filling at 40mm pressure and a molybdenum cathode, 
Cy according to eqn. (1) is 2:09pF. The measured value of the 
capacitance was 1-52 pF. 

Space charges in the cathode-fall and negative-glow regions 
will modify the simplified calculations to some extent, and d, 
should possibly be replaced by a distance / (greater than d,) 
which will depend directly on d, and the length of the negative 
glow, /,. However, since p/, is constant, the form of eqn. (31) 
will still be applicable. 


(9.3) Construction of the Theoretical Impedance Loci and the 
Nature of the Equivalent Circuit of the Glow-Discharge 
Tube 


The impedance locus of a glow discharge with two delayed 
effects will be taken as an example to illustrate the construction. 
From Section 9.1, 


a a a3 
Li _ — 
40 1 + jw, 1 + jwr, 1+ jwr3 8, 
or iD = ao — Z1 + 22 a 23 (33) 


* Deduced from eqn. (8) in Reference 8. 
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with respect to the origin O3, Fig. 2: 


23 = %3 1+ JV3 
beds a3 Ja3WT3 GB i) 
1+ (w73)? 1 + (w73)? ) 
Therefore 3 = wT; = tan; ee | 
3 


From egns. (35) and (36), 
x% + a3x3 + y3 =0 


or (x3 + caer + ue = (a;/2)? 


diameter a3. ' 4 

If w varies from 0 to 00 the locus lies along the semicircl 
shown by the solid line in Fig. pe i} 

Similarly the loci of z; and z are semicircles with diameter} 
a, and a, respectively. The complete form of the locus i‘ 
obtained by vector addition according to eqn. (33) and this may} 
be accomplished by the construction indicated in Figs. 2 and 3) 
The method can, of course, be extended to discharges having| 
any number of delayed effects. | 

The generalized form of the equivalent circuit of the glow | 
discharge tube can be derived from the following equation for 
n — 1 delayed effects: 


Gh pi! a Gn 
1+jwr, 1+ jwr,"” 1+ jw, © 
From eqns. (28) and (29), 

=R+a+a...a, 
From eqns. (38) and (39), 


L= aD (38) 


AyjJwr, An JWT 


Z=R+—— . (40) 

1 -jar, lp jor jase, oe 

Defining L, = a,7,, Ly = ag7p, eXtc., i 
ZaRe Bijou ental Gn Jolin (41) 
a4 +jwl, a+ jwLl, a, + jak | 


The second and subsequent terms of eqn. (41) represent a 
parallel combination of L and a and the equivalent circuit. 
including the effective capacitance, takes the form shown id 
Fig. 15. ‘| 


SUMMARY 

| Cyclic fluctuations of temperature in an enclosure with a simple 
n-off control system are discussed. It is shown that such a system 
an be improyed by using two control elements completely immersed 
a the fluid of the enclosure, and therefore not subject to datum error. 
the output signal of one of the control elements is required to have a 
igging phase angle, and a theoretical analysis is made in which the 
hermal frequency responses of various configurations are compared. 
Jonclusions are reached about the relative merits of different configura- 
ions, and a description is given of the application of the theoretical 
\rinciples to an experimental temperature-controlled enclosure. 


LIST OF SYMBOLS 


a = Degree of concavity of exponential structure. 
A = Area of isothermal surface. 
Jo, J; = Bessel functions. 
k = Diffusivity, cm/sec. 
1 = Length of structure in direction of heat flow, cm. 
r = Radial distance from centre of sphere or axis of 
cylinder, cm. 
R = Radius of sphere or cylinder, cm. 
T = Temperature. 
U = Product ré for sphere. 
v = Signal output from temperature-sensitive element, 
e.g. volts. 
V = Time vector representing fluctuating component of », 
| e.g. volts. 
_ P;, = Heater power, watts. 
| x = Distance along flow lines in linear flow, cm. 
__ y = Propagation coefficient, em~!. 
0, 6) = Time vectors representing fluctuating components of 
temperature. 
t= Time, 
¢ = Lagging phase angle introduced by thermal propagation. 
ys = Leading phase angle required for improvement of 
system. 
w = Angular frequency of sinusoidal fluctuations, rad/s. 


(1) INTRODUCTION 


_ Acommon and economical method of effecting the automatic 
control of the temperature of an enclosure is shown in schematic 
form in Fig. 1. The fluid is supposed to be well stirred so that 
the whole of the enclosure is at a temperature 7. A tempera- 
ture-sensitive element detects whether 7 is greater or less than 
the desired temperature Ty. If T is less than Ty a mechanism, 
indicated in the Figure by the line and arrowhead, closes the 
switch and applies constant power to a heater. If T exceeds 
Ty the switch opens and the enclosure cools, by loss of heat 
to its surroundings. The principal disadvantage arising from 
this simple system is illustrated in Fig. 2, which shows the wave- 
forms of heater power, P,, and temperature, 7, when the system 
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has reached its state of quasi-equilibrium. Cyclic oscillations 
occur, the frequency being such that the waveform of T is in 
anti-phase with the fundamental component of P,. Higher 


UIDs Seis 

TEMPERATURE _T- 

Fig. 1.—Schematic of enclosure with automatic temperature control 
TSE. Temperature-sensitive element. 


harmonics of P, are greatly attenuated in the thermal trans- 
mission system and the T waveform is almost a perfect sinusoid. 
The deviations of T and T from Tp are undesirable, and will be 
reduced proportionately by any modification to the system 
which results in a reduction in the amplitude of the sinusoidal 
fluctuation of 7. Such a reduction would be obtained by 
supplying part of the heating power constantly and so reducing 
the magnitude of the fluctuating portion, but this solution 


Fig. 2.—Waveforms of heating power P;, and temperature T in a 
system like that shown in Fig. 1. 


requires a complicated mechanism if the range of control is not 
to be reduced. The paper will be restricted to the situation 
where P,, is applied by a single on-off switch, and improvements 
to the system can arise only from modifications which affect 
the instant of operation of the switch. More specifically, the 
natural frequency of the system requires to be increased so that 
the fluctuations of fluid temperature will be reduced because of 
the increased attenuation through the thermal transmission 
system. 

The periodic characteristics of a typical system are illustrated 
in Fig. 3, which is a record of experimental results obtained with 
a small fluidized bed constructed for testing semiconductor 
devices. A waveform of P, was available similar to that of 
Fig. 2 but having equal on and off times and with a choice of 
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PHASE OF FP, 
— 


LOCUS OF & 


3.—Frequency response of a small fluidized bed. 
6, represents the sinusoidal fluctuation in temperature, 


Fig. 


several frequencies. The amplitude, and phase with respect to 
that of P,, of the resulting fluctuations in bed temperature was 
measured at each of the frequencies. Results are represented by 
the time vector or phasor 8), whose locus on Fig. 3 shows how 
the fluctuations in temperature vary in amplitude and phase 
according to the frequency of operation of the system. A 
simple system, when the feedback loop is closed, will oscillate 
under conditions described by the point A on the locus, since 
at this point the phase of 0) lags that of P, by 180°. A sub- 
stantial reduction in amplitude of the fluctuation in temperature 
would be gained if the system could be made to oscillate at a 
frequency corresponding to a point such as B. This may be 
achieved by modifying the control system so as to introduce a 
leading phase angle which compensates for the lagging phase 
angle % of point B. Existing methods of introducing such a 
phase lead appear to fall into one of the following two categories: 

(a) External phase-advance circuits or mechanisms. 

(6) Addition of a lagging version of the P;, waveform. 

Method (a) would be simple and economical if the temperature- 
sensitive element produced its signal in electrical form and if the 
frequency of oscillation were very much higher. A _ phase- 
advancing network of the class of which Fig. 4 is one example 


Fig. 4.—An electrical network giving a phase lead. 


would be included in the loop. Unfortunately the impedance 
levels or component values prove to be impracticable for fre- 
quencies in the region of 1 cycle/min, and thus more complicated 
and expensive mechanisms are required. 

Method (6) is used extensively, the simplest technique being 
the use of a small auxiliary heater round the temperature- 
sensitive element.> An alternative technique, used by the author, 
is to employ a second element in the vicinity of the heater and to 
add a much attenuated version of its output signal to the signal 
from the element immersed in the fluid. A third variation of the 
same general method is to use the P, waveform to modify the 
effective datum level, To, cyclically, so that switching of heating 
power is advanced in phase along the waveform. A general 
criticism of method (4) is that datum errors are introduced 
owing to changes in heating power level or ambient temperature. 

It was decided to investigate a third method, in which the 
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disadvantages of (a) and (b) would be removed, by using tem 
perature-sensitive elements totally immersed in the fluid anc 
having a simple construction. The required output signal with) 
phase advance would be obtained by using the principle oll ! 
reversed lag, as described in the next Section. i! 


(2) PRINCIPLE OF REVERSED LAG 


It is instructive to redraw the network of Fig. 4 in the form 
shown in Fig. 5, by the use of Thévenin’s theorem. It can be 
seen from Fig. 5 that the output signal V, has two components)” 
the input signal V,; and a signal V3; which is dependent in} 
amplitude and phase on the frequency of V;. The signal V3 is) 


Fig. 5.—A rearrangement of Fig. 4 showing that phase lead arises i 
from reversed phase lag. 


a lagging version of a reversed fraction of V,, so that the overall] 
effect is to give V2 a leading phase angle with respect to V;. | 

The same principle governs the behaviour of the arrangement)) 
of temperature-sensitive elements shown in Fig. 6. The elements}) 
in this Figure have been drawn with a resemblance to thermo-} 
couples, but the Figure is intended to illustrate the general] 


FLUID (@p) 


REVERSED 
ELEMENT (@,) 


Fig. 6.—An arrangement of temperature-sensitive elements which | 
provides an output signal whose fluctuations have a phase lead ) 
with respect to fluctuations of fluid temperature. Jil 


Element R has lagging phase angle and is connected in the reversed sense. 


situation. The elements F, F are connected in the forward | 
sense, and are in intimate contact with the fluid. The signal. 
v, is then directly proportional to fluid temperature, and its | 
fluctuating component is in phase with @). The element R is” 
enclosed within a structure which ensures that its mean tem- | 
perature is that of the fluid, but thermal transmission through | 
the structure introduces a phase lag into the fluctuating com-| 
ponent of the temperature of the element. The sense of 
connection of R is reversed, and so the overall effect is that the - 
fluctuating component of the output signal v, has a phase angle 
which leads that of 8. The mean value of v, is dependent, 
entirely on the mean fluid temperature, so that the system 
has no inherent datum error. It is obvious, however, that 
there has been a sacrifice of sensitivity of detection of mean 
temperature, which might endanger the datum stability of the 
system. For this reason it is undesirable to have a system in — 
which the magnitude of v3; approaches that of v,. It will be 
shown that this restriction imposes a limit to the phase lead 
which can be achieved. 


Fig. 7 illustrates the relation between the vectors V,, Vz and 
’,, which represent the fluctuating parts of the signals v,, v2 
ind v, and the vectors 0) and 0p, which represent the fluctuating 
omponents of the temperature of the fluid and of the reversed 
lement. It can be seen from the Figure that there are two 


FA 
a 


Fig. 7.—Vector relationship between fluctuating components of 
| temperature and signals in Fig. 6. 


_ equirements to be satisfied if the phase angle % is to be large. 
Ine of these is that length AB, which is the amplitude of V; 
it zero frequency, shall not be small compared with OB, 
he amplitude of V;. The ratio illustrated in the Figure is 
AB = 0-5OB, which represents a sacrifice in stability of datum 
I evel by a factor of two. Any further increase in the ratio 
AB : OB would lead to serious loss of datum stability, since the 
controlling signal v, would become an increasingly small fraction 
of the signal v,. The other requirement to be satisfied in order 
to obtain a large value of y% concerns the shape of the locus of 
Bp. The most favourable shape of locus is one for which the 
amplitude of 0p is subjected to the least attenuation as ¢ increases 
between 0 and 90°. A theoretical discussion of various con- 
figurations and their thermal frequency responses is given in the 

“next Section. 

| 

1? THEORETICAL COMPARISON BETWEEN THE THERMAL 
j RESPONSES OF VARIOUS CONFIGURATIONS 

| It will be assumed that the heat flow is in a homogeneous 
ie It may be shown that the temperature at any point 
inside the material is determined by conditions - the boundary 
‘of the material and by the nae relationship :!> 

| = SKN (1) 
[where k is the ratio between the thermal conductivity and the 
‘volumetric specific heat. 

The analysis in this Section will be restricted to situations 
where the temperature varies sinusoidally with time about a 
‘mean value. It is convenient to introduce the time vector or 
| phasor 8 to represent the fluctuations of temperature, such that 


T=T+ BO exp jwt 
bo (1) then becomes 


Vv70 = y70 (2) 
where y = (jafk)"?. 
Relation (2) will now be used to find the thermal responses 


of a number of particular configurations. 


(3.1) Linear Flow. Response Type L1 
Fig. 8 shows one method of obtaining the L1 type of thermal 
response. Heat flows along the conducting rod and eqn. (2) 
takes the form: 
ee (3) 


The left-hand end of the rod is in intimate contact with the 
fluid, and it will be assumed that the heat transfer from fluid 
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Fig. 8.—Configuration giving response type Ll. Linear flow. 


to rod is sufficiently effective to give the boundary condition 
6 = 0) atx = —/. The other boundary condition is that the 
temperature gradient is zero atx = 0. The temperature at any 
point in the rod is then given by 


cosh yx 


8 = 0) hol KL RCN Aas Cay 


The temperature at the end of the rod, where the temperature- 
sensitive element is located, is given by 


0, = 9)/cosh y/ (5) 
It is convenient for the purposes of comparison and design to 
obtain a plot of the vector locus 0,/@9 as a function of the dimen- 
sionless parameter |y/| = [(w/k)'?. This can be done using 
published tables,? and curve L1 in Fig. 17 is obtained. 


(3.2) Linear Flow. Response Type L2 


Fig. 9 is an example of a structure which will give the L2 
type of response. The expansion of the rod is used to operate a 
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Fig. 9.—Configuration giving response type L2. Linear flow. 


switch contact, for example, and so an expression is required for 
the mean temperature along the rod. From eqn. (4) 
cosh cosh (yx) 1. 


= ae 
16, 1 ° cosh (yl) Ope 
tanh (y/) 
yl 


The ratio 0,/9 is given in graphical form by the curve L2 
in Fig. 17. As in the previous case the tables of Reference 3 
were used, and the results are given in terms of the parameter | y/|. 


6.. = 0 (6) 


(3.3) Linear Flow. Response Type M1 


The MI type of response will be discussed in order to demon- 
strate the undesirable effects which arise when a structure such 
as that of Fig. 1 is modified by extending the conductor past 
the temperature-sensitive element, or by adding a massive con- 
ductor at this point. The extreme case of such modifications 
will result in a reflectionless system of heat propagation, idealized 
in Fig. 10. The transmission system is matched (hence the M 
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Fig. 10.—Configuration giving response type M1. ' Linear flow. 


in the nomenclature) and the temperature at any point, derived 
from eqn. (3), is given by 

@ = 8 exp (— yx) (7) 
and, in particular, 

8,. = Oo exp (— yl) . (8) 
The locus of 0,/69 is shown as curve M1 in Fig. 17 with |yZ| as 
parameter. 


(3.4) Linear Flow. Response Type M2 


A matched system is again considered, but now the sensing 
element is detecting the extension of a length of the rod as 
Ulustrated in Fig. 11. The extension is proportional to the mean 
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Fig. 11.—Configuration giving response type M2. Linear flow. 


temperature of length / of the rod, and may be obtained from the 
following expressions using eqn. (7): 


af i 
07= a Oy exp (— yx)dx 
1 Jo 


Qs! = ies yl) (9) 
My 


The locus of ,/0, in terms of the parameter |yl| is illustrated in 
Fig. 17 by curve M2. 


(3.5) Radial Flow, Cylindrical Structure, Response Type C1 


The Cl type of response arises when a temperature-sensitive 
element is located on the axis of a lengthy conducting cylinder 
immersed in the fluid, as illustrated in Fig. 12. The structure 
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Fig. 12.—Cylindrical configuration giving response type Cl. 
Radial flow. 


has radial symmetry, and eqn. (2) may be expressed in terms of 
radial distance only. 


vO 1d 
Spur ip _ 


v8 =0 (10) 
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If, in eqn. (10), y? were real, the solution would be expresse( 
in terms of rnadified Bessel functions, but since, in fact, y” ij 
complex, it seems to be more convenient to follow the nomen} 
clature of McLachlan* and to express the solution as follows: 


6 = AJ,(777|yr|) + BKoG??|yr}) - 


where Jy and Ky are modified Bessel functions. 
6 is finite at r = 0, and since K,(0) is infinite it follows tha 
B=0; 06 = 6) at r = R, and so eqn. (11) becomes 


Joi? lyr) 
| *Io(i77|yR)) : 
The temperature-sensitive element is located on the axis, and ; 
this point [since Jo(0) = 1] the temperature is 

8, = Oo/JoCi?"|yRI) - 
The locus 6,/9) is required, and this is obtained by usin 


tables of Jo given in Reference 4 in polar form. The locus 
plotted in Fig. 17 in terms of the parameter |yRI. 


= ate 


6=6 


fluid gives the C2 type of response. The configuration is sho 
in Fig. 13, and it can be shown that the extension will be propo: 
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Fig. 13.—Cylindrical configuration giving response type C2. 
Radial flow. 


tional to the mean temperature, the average being taken over | 
the cross-sectional area of the rod. This average is obtained| 
using eqn. (12). 


2ardr 


6,— 1, [, Sonata) 
Rel, TOGTyR) 
ge 2 Aye) 
°jPlyR| JGlyR) 


The ratio 0,/Qp is plotted as a function of the parameter |yR| to | 
give curve C2 in Fig. 17. Tables of Bessel functions in polar i 
form from Reference 4 were used to draw the curve, but it is of hi 
interest to note that a similar equation represents the ratio of | 
a.c. internal admittance to d.c. conductance of round straight | 
wire. The corresponding impedance ratio is shown in tabular |} 
or graphical form in many texts, and would be used by sub- | 
stituting 1/k for the product 4G (permeability times electrical | 
conductance). | 

(3.7) Radial Flow, Spherical Structure, Response Type S1 | 

A temperature-sensitive element located at the centre of a i 
sphere immersed in the fluid will give the S1 type of response. | 
The structure is shown in Fig. 14. The flow will have spherical | 
symmetry and so the appropriate forms of eqns. (1) and (2) are } 


as follows: 
Tih gO ge 2 a 
baz r or 
020 He 08 __ jwd (17) 
or2 or Or k 
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Fig. 14.—Spherical configuration giving response type S1. 
| Radial flow. 


\) Che analysis is simplified by making the substitution U = r0, 
where U, like 0, is a time vector or phasor. Substituting in 
‘qn. (17) gives 


ewU jw sets 
oe pe aye mma) mes 1 (18) 
Kes Or Aicoshi Gr) -- Bisinki Gyr) i... (19) 


The boundary conditions are U = 0 when r = 0 
| U = RO) whenr = R 


From eqn. (19) U=r0 = RO sends 


sinh y.R 


(20) 


Ac. = 0,= 


At the centre of the sphere, 0 = @,, r—> 0, sinh yr > yr; which 
gives an expression for the temperature fluctuation: 
8, 90h yR 

Curve SI in Fig. 17 is the locus of @,/@ in terms of the para- 
meter |yR]. 


(21) 


(3.8) Radial Flow, Spherical Structure, Response Type S2 


The S2 type of response arises when a sensing element measures 
the volumetric expansion of a liquid contained in a rigid thin- 
‘walled spherica! container of high conductivity immersed in the 
fluid. Fig. 15 shows the arrangement, which is, of course, an 


| 


ELEMENT (9,) 


Fig. 15.—Spherical configuration giving response type S2. 
Radial flow. 


idealized version of the common thermometer. The sensing 


jelement detects the volumetric expansion, which is proportional 
i prop 
‘to the mean temperature 8, over the volume of the sphere. 


R 
| 4zr?Odr 
6, a er ey 
From eqns. (20) and (22), by simple integration, the following 
‘expression for 0, is obtained: 


6, = 0,3[1/yR tanh yR — 1f(yR]. . . (23) 


|The locus of 6,/0o is plotted as curve S2 in Fig. 17 in terms of 
| Vor. 107, Part B. 


(22) 
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the parameter |yR|. Values of tanh yR were taken from the 
tables in Reference 3. 


(3.9) Highly Convergent Flow. Exponential Structure. 
Optimum, Response 

Curves L1, Cl and SI show increasingly advantageous 
properties in that curve S1 exhibits least attenuation for a given 
phase angle. An explanation for this effect may be given by 
considering the three equivalent electrical circuit analogues, each 
of which consists of a multi-section ladder network of series R 
and parallel Celements. The sections in the linear-flow analogue 
are all identical, while in the cylindrical-flow and spherical-fiow 
analogues the impedance of the network components increases 
towards the terminals which represent conditions at the centre 
of the cylinder or sphere, the increase in impedance being more 
pronounced for the sphere. The effect of this increase in 
impedance is to reduce the attenuation in any particular section 
for a given change of phase, and so to produce a more favourable 
overall response. This suggests that a network should be con- 
sidered in which each succeeding section is of such relatively high 
impedance that its loading effect on the preceding section is 
negligible. Each section then contributes a small change of 
phase with negligible attenuation, and the overall response 
locus is a circle with the origin as centre. 


Fig. 16.—Exponentially tapered conductor giving response type E. 
Highly convergent flow. 


The considerations suggest that a structure of the type shown 
in Fig. 16 will be capable of producing a response whose vector 
locus lies outside that of the spherical structure. 

An exact analysis is difficult, but if it is assumed that the 
temperature gradient is nearly uniform over an isothermal 
surface, eqn. (2) may be written in the form 

2 
oe nd a y29 eae) C24) 
ox ox ox A 


where x is distance measured along the flow lines and A is the 
area of the isothermal surface. 

Eqn. (24) becomes tractable if A increases exponentially with 
distance. It will therefore be assumed that A = Ap exp ax/l, 
where the parameter a is a measure of the concavity of the 
profile of the conductor. Eqn. (24) now becomes 

76 a 00 


ete a 


ie. 0=Mew({-4+4/|($) +]}+) 
+weo({-3.-y[ Gi) +7]) - @9 
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The arbitrary constants M and N are found by inserting the 
following boundary conditions: 


00 
eet = 10 
(i) 4 0 when x 


| 
| 


It is not intended to plot the whole locus, since it is know) i 
that this lies between curve S1 and the circle, but it is of grea 
interest to find a value of @,/@) for which the phase angle is i I 


i i 
| 


Table 1 ) i 
Gi) © =0) whenx =/ ah EEE eee 
7 Curve Fig. No. Function Parameter | i 
a a a 
Aled ee 
Then N=M Sak aT: Hien os eT (27) Ll 8 cosmo where y = (ja/k)1/2 lyf] | i 
StVl(G) +7 a| | 
2 A 1h, 
12 9 tanh yl Pee | | 
from condition (i) and eqn. (26). yl \ i 
ae a\? ate , —| 
The artificial case where G) > |y|? will be considered aH ioe aD aD il 
first. The second term in eqn. (26) may be neglected, and con- : aa i 
dition (ii) and eqn. (26) give, at x = 0, ct nm on 
(ii) qn. (26) g ve a 1,— exp (—y/) Pie | 
a ay? yl | 
0, = 65 exp 2 = (5) + (yl)? (28) 
1 
Cl 12, SET EeaTant Ri} Wy 
BA gre ee set i (yl)? Sy Jo (73/2| yR]) ee ah 
cae. 0 P\5 (atone ee a 
“ ae C2 13 25; (j3/2|yR)) 
~ Bo exp [— (y/)?/a] = 8 exp [— jl yl|7/a] (29) PPlYR|JoU32[yR) i 
Eqn. (29) shows that the locus @;/@) becomes a circle about the qt 
origin, provided that a is sufficiently large. We wish to know Si 14 OCI |yR| 
how closely this optimum locus can be approached in reality, sinh yR ih 
and to this end it will be assumed that a = 8 is the greatest 1 
value which may be used. This figure is chosen somewhat 92 15 3 eee lyR| I 
arbitrarily, but arises from the difficulties of making a structure yRtanh yR  (yR)? 7 
like Fig. 9 with a temperature-sensitive element at the narrow = 
end. The value a = 8 corresponds to an increase of 54 times E 16 See eqns. (26) and (27) he 
in diameter and an increase of 3000 times in area. a 
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Fig. 17.—Thermal frequency responses of various configurations 
(see Table 1). 


in Fig. 17 will be adequate for the purpose of deciding whether 
he improvements obtainable from structures of the type of 
#ig. 16 are really worth the extra complication of construction. 
We wish to choose, then, a value of |y/| which will produce a 
falue of 9,/6) with the desired angle. It may be assumed that 
“ign. (29) will be approximately correct for the purpose of 
|hoosing a useful value, and so we arrive at the following 
Aumerical values for substitution in eqns. (26) and (27): 


[he point E on Fig. 17 corresponds to this result, and is seen 

/o lie not quite half way between curve S1 and the circle. 

| Examination of Fig. 17 shows that the various loci fall into 

bree groups. Curves M1 and M2, which relate to linear heat 

‘low under matched conditions, are clearly unsuitable, and struc- 

‘ures giving this type of response are incapable of providing an 

\ppreciable phase lead. 

Curves L, C2 and S2 form a group with more. favourable 

\roperties, and are worth consideration where the application 

‘avolves little in the way of mechanical complications and where 

| moderate phase lead is adequate. An example of this situation 

shown in Fig. 18. A bimetal strip in intimate contact with the 

luid is required to operate a pair of switch contacts. The 

/notion must therefore be transmitted through a flexible portion 

»f a protective enclosure, and it is convenient to introduce a 
hort length of bimetal strip connected in the reversed sense 
vithin the enclosure. Heating of the short reversed section is 

_)»y lengthwise conduction, and the reversed lag is estimated from 

| urve L2. A model based on Fig. 18 was constructed and 

{ 

bi 

: 

i 

| 

; 
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Fig. 18.—A temperature controlling element with L2 type of 
reversed lag. 


FD. Flexible diaphragm. 
| HE. High-expansion side of bimetal strip. 


-erved to illustrate the principle of reversed lag. This particular 
ype of structure has not been investigated in great detail, since 
tis not suitable in the miniature sizes required in applications 
_Vvhich were of particular interest to the author. It also suffers 
\rom the effect of fluid turbulence, which causes chatter at the 
witch contacts. 
Curves Li, Cl and $1 form a group in which the amplitude 
»£ the response is well maintained as the phase angle lags. 
 Jseful values of phase lead % should be obtainable, and that 
his is indeed the case is illustrated by a practical application 
| lescribed in the next Section. 


(4) A PARTICULAR EXAMPLE OF THE PRINCIPLE OF 
| REVERSED LAG 

A small fluidized bed was found to have the frequency response 
‘hown in Fig. 3 when its temperature was 40° C above ambient. 
Changes in mean temperature of the bed made little change in 
he shape of the locus as a function of frequency but simply 
iltered the scale. Thus, for a mean temperature 80°C above 
imbient, the magnitude of 0) at point A was increased from 
)-5°C (peak to peak) to 1°C. Such fluctuations were regarded 
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as excessive for the applications with which the bed was to be 
associated, and it was decided to use the principle of reversed 
lag to increase the oscillation frequency to the region 
1-3 cycles/min, and so to reduce the amplitude of the fluctua- 
tions to rather less than one half their former value. The 
forward and reverse temperature-sensitive elements were both 
thermocouples, and a voltage divider across the reversed element 
was used to vary and adjust the amount of reversed signal, i.e. 
the ratio AB/OB in Fig. 7. The total output signal was compared 
with a potential difference whose value determined the datum 
temperature, a chopper-type differential amplifier of high gain 
being used to determine the sense of the difference. The output 
signal of the amplifier drove the coil of an electromagnetic relay 
whose contacts switched power to the bed heater. 

A lagging thermal response of the required type was deter- 
mined as follows. Curve L1 in Fig. 17 shows that a suitable 
value of the parameter |+/| is in the region 1-1, but, in view of 
the difficulty of controlling heat flow, it is desirable that the 
value of / is adjustable in preliminary measurements. Such an 
adjustment may be obtained by using heat flow along the thermo- 
couple itself, and by varying the length covered by a thermal 
insulator. Considerations of the space available showed that 
1 = 1cm would be a suitable length, and so the following calcula- 
tions were made in order to find a material whose diffusivity has 
the desired magnitude: 


|yl|? = wk = 1-21, w = 271-3/60rad/s 
ee jlieront 
k =0-11 (CGS. units) 


Tables of thermal properties of materials in Reference 1 give 
the diffusivity of steel and cast iron as 0-12, and so it was decided 
to use iron-constantan as the thermocouple. Heat flow along 
the constantan lead was made negligible by using very fine wire 
(No. 38 s.w.g.) while the iron lead was of 0-020 in-diameter piano 
wire. An adjustment of the length / was made by drilling a hole 
in a cork and sliding the cork along the thermocouple. The 
system proved to be satisfactory, and the expected improvement 
in fluctuation amplitude was obtained using a value of / given 
by theoretical considerations. Thus the experimental results, 
though not exhaustive, support the argument that the theory 
provides a satisfactory basis for the design of particular control 
systems. 


(5) CONCLUSION 


It has been shown that the principle of reversed lag can be 
applied to an on-off temperature-control system with useful but 
not spectacular reductions in the amplitude of the cyclic fluctua- 
tion in temperature. Design data for the temperature-sensitive 
elements may be derived from Fig. 17 in conjunction with a 
measurement of the frequency response of the temperature 
deviations of the controlled enclosure. 
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THE A.C. OPERATION OF ION CHAMBERS AT HIGH FLUXES 
By J. WATSON, B.Sc., 


(The paper was first received 15th June, and in revised form 19th November, 1959.) 


SUMMARY 


When a sinusoidally varying p.d. is applied between the electrodes 
of an ion chamber subject to ionizing radiations, the motion of the 
charge carriers and the form of the current in the external circuit 
depend upon the applied voltage and frequency, the. gas filling and the 
flux level. 

A brief analysis of such conditions is made with space-charge effects 
neglected and is then modified semi-empirically to take account of 
space-charge phenomena. In the course of this analysis a definition 
of ‘saturation’ as applied to chambers using alternating polarizing 
voltages is proposed, and a series of experiments is described showing 
how variations in the aforementioned parameters affect this condition. 
Throughout the tests a standard A.E.R.E. RCI ion chamber was used 
and was irradiated in the reactors Gleep and Bepo. 


(1) INTRODUCTION 


To date, the instrumentation and control channels associated 
with the higher flux levels encountered in nuclear reactors have 
been based upon the use of the d.c. polarized ion chamber as 
the initial transducer. This has resulted in the inevitable utiliza- 
tion of the d.c. amplifier with its associated stabilizing circuits, 
most of which involve a mechanical chopper at some point. 
Such a mechanical device is not considered desirable from a 
reliability aspect, and this has led to the suggestion that an 
alternating voltage be applied to the chamber itself, and a stan- 
dard a.c. amplifier employed thereafter. 

The application of an alternating voltage across the chamber 
means that a capacitive current must flow in addition to the 
ionization current. This component may be balanced out by a 
simple backing-off condenser, as shown in Fig. 1, when the 
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Fig. 1.—Basic backing-off circuit. 


remaining current will develop a voltage across the resistor R,. 
This has been done by two workers,!»? one of whom used a 
variable condenser in the backing-off arm; while the other 
favoured an identical, but unirradiated ion chamber. Unfor- 
tunately, both systems tended to distort the waveform of the 
output voltage by reason of their poor frequency response—a 
situation which also gave rise to an inaccurate evaluation of the 
output voltage/frequency curve. This poor frequency response 
was engendered by the time-constant of the load resistance, Rr, 
in conjunction with the stray capacitance across it, Cs, due to 
the screened cable to the chamber, which caused the response of 
both systems to drop to the —3 dB point at about 60c/s. 

The apparatus here employed used a virtual-earth amplifier 
following the junction of the chamber and balance condenser 
rather than a load resistor, and the extremely low input impe- 
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dance presented effectively swamped the reactance of Cz 2 
led to a frequency response cutting off only at about 5 ke/s} 
Moreover, the ionization component of the current was found tc) 
be of the same order as the capacitive component when 4 
standard RCI ion chamber was inserted into an experimeni 
hole in the reactor Gleep and.an alternating voltage at 70c/s wa: 
applied, thus making unnecessary the Wagner earth which we 
imperative in the low-flux laboratory systems. This arrange-} 
ment was supplied from a signal generator via an accurate} 
phase-splitting amplifier having a variable output voltage. Thus) 
after balancing out the purely capacitive component of the} 
output voltage with the chamber unirradiated, the waveform of] 
the ionization component could be displayed and measured as| 
the chamber was inserted into the pile. | 
A complete block diagram of the apparatus is given in Fig. 2 
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Fig. 2.—Block diagram of experimental apparatus. 


from which it will be seen that, apart from the waveform 
monitor, a valve voltmeter and transfer-function analyser were 
connected to the output point of the virtual-earth amplifier. ; 

From standard theory it can be shown that the voltage appeal ; 
ing at this output is given by /R-, where Rp is the feedba | 
resistance and J the input current. The supply at 70c/s was 


ALUMINIUM OUTER CASE 


a 


ALUMINIUM 
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Fig. 3.—RC1 electrode configuration, showing relative positions 
aluminium electrodes and airtight outer casing. 


Insulation and other details omitted. 

Overall length = 8}in. 

Overall diameter = 34in. 
chosen as a compromise avoiding a frequency so low as to ca 
beating with the mains and so high as to mask the typi 
waveforms due to ion motion, as described below. A furthe 
facility was the provision of a standard d.c. channel to whi 
the chamber could be coupled in order to make direct compa 
sons with the a.c. case. The essential geometry of the cham 
is shown in Fig. 3. 
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(2) THEORY OF OPERATION OF THE SATURATED D.C. 
| ION CHAMBER | 

| When ions are produced at a constant rate in the presence of 
{n electric field, three processes combine to remove these ions, 
jamely recombination, diffusion to the walls and collection by 
/he field. Considering for the moment an electro-negative gas 
jin which the electrons quickly become attached to neutral 
toms, thus forming negative ions), the volume recombination 
late is obviously proportional to the concentrations of the 
yositive and negative ions, i.e. 


| oe 


dt at 


OTT wth isi!!!) 


vhere p is the recombination coefficient? and n the concentration 
of charge carriers. 
im =, 


| em rt et MINA.) 52) +:(2) 


The loss of ions by diffusion out of a small element of volume 
s given by 


dn 4 
rie 


or, in the one-dimensional case—as is applicable in an ion 
thamber having a small plate spacing— 


dn dn 


dt —— Ee . . . . . . (3) 


vhere D is the diffusion coefficient. 

The effect of the applied electric field is to cause the ions to 
lrift along it at a velocity Ej, where E is the field strength and 
1 the mobility. In a parallel-plate ion chamber, where the 
listance, d, between the plates is much smaller than the length 
Or breadth of the plates, E = V,,/d, where V, is an applied 
lirect voltage. The uniformity of field implied by this expression 
tan be so only if space-charge effects are neglected—a condition 
which does not occur in practice, but which is a useful assumption 
‘or the purposes of elementary theory. 
| Thus, the transit time, 7, or the time taken for an ion to 
‘raverse the distance, d, between the plates will be given by 


peed hh 
Ep Vict” 


ap . (4) 


Such an ion traversing the active volume will be collected only 
f it does not suffer recombination on the way or is not carried 
by diffusion processes into some part of the chamber other than 
the collecting plate and is there neutralized. In other words, 
the transit time must be shorter than the recombination or 
liffusion times if the probability of collection is to be high. 
Comparison of such times will not be entered into here, since 
they have been fully dealt with in the standard literature,* and 
't is well known that such conditions can be achieved by a 
suitable choice of polarizing voltage. 

‘This is the condition known as ‘saturation’, where the 
>hamber-current/applied-voltage curve becomes a plateau and 
10 further current rise can take place’ until sufficient energy is 
supplied to cause secondary ionization. The complete equations 
showing the balance between ion production, recombination, 
liffusion and collection are notoriously intractable,° especially 
when space-charge effects are taken into account, and so a 
semi-empirical approach will be followed when investigating the 
Jase of an alternating applied voltage. 


uN 


WATSON: THE A.C. OPERATION OF ION CHAMBERS AT HIGH FLUXES 


217 


(3) THEORY OF OPERATION OF THE SATURATED A.C. 
ION CHAMBER 


(3.1) Instantaneous Chamber Current 


When an ion is in motion in the field between two electrodes, 
the changing value of induced charge on these electrodes causes 
a current to flow in the external circuit. This means that ion 
collection is not necessary for the production of such a current. 
Mathematically, equating the work done on the charged ion by 
the field to the work done by the external current gives Eeds = 
Uacidt, where ds is the small element of distance traversed by 
the charge, e, in the time df, and i is the instantaneous current, 
given by 


where v,, is the instantaneous applied voltage 
But since ds/dt = velocity = pv,,/d, 


® Vac’ 
jis. ee ee Te Ao el) 


Thus the total instantaneous current for a number of ions of 
one sign in a chamber of volume v at any instant is 


pe CCS er a) 


Since v, e, jx and d are constants, a convenient set of ‘chamber 
constants’ can be defined, relating to positive ions negative ions 
or electrons for any given chamber at any given gas filling at a 
known pressure, namely 


-}- 
Ct = for positive ions (7a) 
Cnt ED for negative ions (7b) 
(Be <O for electrons (7c) 
Thus, for any chamber, eqn. (6) becomes 
LI—ACHU Manat. Sein, (8) 


(3.2) Output Waveform of the Chamber 


When an alternating voltage is applied to the electrodes of a 
chamber, the resulting ion-current waveshapes will not be sinu- 
soidal, but will depend upon the behaviour of the ions and 
electrons in the alternating field. If the effects of space charge 
are ignored, the field strength in the active volume will be 
proportional to the applied voltage. Therefore, at the beginning 
of a voltage cycle, the drift velocity of the ions will increase 
with the voltage, as will the rate of collection. Provided that 
the voltage rises to a sufficiently high level, some point will be 
reached where the rate of collection is equal to the rate of 
generation, and saturation as previously defined will set in. 
Any increase in voltage above this value will serve only to 
reduce the total number of ions present in the active volume, 
and the ion current will not vary. 

When the voltage falls below this saturation level at the end 
of a half-cycle, the ion current will fall and the concentration 
will increase rapidly. When the voltage reverses, therefore, a 
large number of ions will be present in the active volume, and 
their movement (now in the opposite direction) will constitute a 
peak in the current waveform. This chamber-current waveform 
may therefore be expected to have an initial peak followed by a 
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saturation plateau for each type of charge carrier. Furthermore, 
if the filling is a free-electron gas, the initial transient due to 
the electrons may be expected to terminate long before the 
heavy-ion peak has formed, owing to the much higher mobilities 
involved. 

If the voltage does not rise sufficiently high for saturation to 
occur, some of the ions formed will never be collected but will 
oscillate between the plates until removed by recombination or 
diffusion processes. Their movement will nevertheless con- 
stitute a current in the external circuit whose magnitude will be 
dependent upon the product of the ion concentration eventually 
reached and the voltage applied. 

Using eqn. (8), the form of the current wave produced by a 
saturated chamber can be determined as follows, neglecting 
space-charge effects. In Fig. 4, curve (a) represents a sinusoidal 


Fig. 4.—Idealized variation of applied voltage, ion concentration and 
ion current with time. 


voltage applied to a parallel-plate chamber. The amplitude and 
frequency of this voltage are assumed to be such that all the 
ions formed during one half-period can be collected before the 
end of the next, and that negligible recombination or loss by 
diffusion occurs. If, for example, a positive ion is formed at 
time ¢ = 0 very near the positive-going electrode, it will take 
one transit time, 7, to cross to the negative-going plate. 
From eqn. (4) 7 is given by 
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where V,, is the average value of v,, over the period from 
t=Otot=T7;. This is given by 


ee =[s sin wtdt ao 


which, when inserted into eqn. * gives 
wd? 
Vinee 


T, starting at t = T, will be 


1 
T,; =— arc cos (1 _ 
(63) 


(10) 


Similarly, the transit time T, — 


given by | 
1 2wa? i 
T> = -— arc cos (1 — ee) at) 
4 QARE pt Vinax | 
and so on. 
Consider the time tf = — 7;, and at this time let the ion 


concentration be m_7,. Then, by definition, all of the group 
of m_7, ions will have been collected when + = 0. But during 
the period from t = — T, to ¢ = 0 a further group of ions will 
have been formed, given by ST,, where S is the (constant) rate 
of production. In order to determine the proportion of ions 
collected during transit times occurring near the origin, the 
voltage wave can be assumed to approximate to a ramp function 
having the same slope as the sine wave at t=0. The slope 
being wV,,,,, for the sine wave V,,,,, sin wt, the ramp voltage 
any time is now 


= wWVinat  « Ve 


It is shown in Section 9 that, for a ramp voltage which is 
falling, one third of the ions formed during a transit time are 
collected by the end of that transit time. Consequently, 
the group of ST; ions generated during the interval from 
t = — T, tot = 0, only ST7;,/3 are collected when ¢ = 0. 


ny = 3ST + a 


It is also shown that, when the voltage ramp is rising, two thirds 
of the ions formed during a transit time are collected by the 
end of that transit time. 


Vo) 


Therefore 


Hence 41) = 3STy. . 


In order to obtain the actual values of T, and T, under these 
circumstances, the procedure culminating in eqns. (10) and (11) 
may be followed, but using the ramp voltage in place of the 
It will be found that f 


1 » i" Cs ( 
7 = d V. . . 1 


,=((/dT, > Se 


Knowing the voltage and ion concentration at various poin 
it is now possible to construct Table 1 giving the correspondi 
values of ion current according to eqn. (8). 

This Table shows that: 


and 


mr) _ 22 —T) _ 9.998 
Mr) T, 
Mar) 127i _ 9.414 
AT) 1 
and Oy 2 
11) 


Such a change in ion concentration is depicted in ideali 
form in Fig. 4(4), the corresponding ramp voltages being sho 
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| Fig. 4(a). The instantaneous currents may be obtained in 
ke manner: 
Ei FOs 4 0)-828 (17) 
h(n) 
2) _ 9-585 (18) 


Yr) 


The current ratios are shown in Fig. 4(¢) and indicate that a 
rent peak occurs at T,. Physically, this means that some of 
le ions formed shortly before the voltage reversal are not 
yllected by the time t = 0, but reverse their direction of motion 
ad are thus collected after ‘living’ for more than one transit 
me. Hence a build-up in ion concentration occurs, resulting 
1 a current peak as the voltage rises. When these transients 
‘e over, the voltage across the chamber is sufficiently high to 
roduce a condition as in a saturated d.c. chamber and the 
mainder of the current wave is therefore flat, provided that the 
yltage does not rise sufficiently to cause secondary ionization by 
llision. 


(3.3) Effect of Space Charge 


In Fig. 4, consider the voltage rise from V(_71) to zero. 
uring this time the positive ions produced drift toward the 
sgative electrode with decreasing velocity, and it is obvious 
iat this cloud of ions will eventually be densest near this 
sgative electrode. The converse will hold true if the negative 
large carriers are also ions, and this form of distribution will 
len produce a field in opposition to the applied field, giving a 
sultant as shown in Fig. S5(a). Thus the ions produced near 


\ 
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i 
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Fig. 5.—Effect of space charge on potential distribution between 
plates. 
-—-—-- Applied voltage. 


Space-charge voltage. 
Resultant voltage. 


ie centre of the active volume will have their velocities much 
tarded by this effect, and as V approaches zero, the space- 
iarge field will become greater than the applied field [Fig. 5(6)] 
id a motion of ions in the opposite direction will occur. The 
>t result of this is that the ion concentration at t = 0 will be 
‘eater than the predicted value and will be markedly hetero- 
sneous. Furthermore, since the ionic motion due to the space- 
yarge field also represents a current in the external circuit, a 
irrent waveform which has a leading component may be 
spected and therefore i’(9) will not be zero as previously 
redicted. 

A typical current waveshape is shown in Fig. 6, which refers to 
n RCI ion chamber as described in Section 4 working in a high 
eutron flux and having a 70-volt (r.m.s.) 70c/s supply. The 
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Fig. 6.—Typical current waveform for RC1 chamber under neutron 
irradiation. 


Hydrogen filling at 150cm Hg. 
V = 70 volts r.m.s. 
OCS: 


hydrogen filling was at a pressure of 150cmHg. From this it 
can be seen that the calculated values of 7; and 7, are much 
larger than the observed values. Such calculated times are, 
however, maximal, for they refer to ions moving from points 
very near to the repelling plate. Had the ion distribution been 
homogeneous, the average transit time would have been given 
by considering the transit time of an ion formed at the mid-point 
of the active volume, i.e. at 4d from either plate. By analogy 
with eqn. (10) this is 
wd? ) 

AUT Vinax 
which is 1-24millisec for the parameters in Fig. 6 (ut = 
3. cm?/volt-sec). 

Since the batch of ions left uncollected (from the transit time 
just before the voltage reversal) tends to be concentrated near 
the new positive-going plate (as explained above), the ion peak 
should occur later than this, but earlier than 7;. This is shown 
to be so in Fig. 6, where the observed time at the peak is 
1-4millisec, and the calculated value of 7; is 2-54millisec. 
[The calculated values of T, and T, were obtained from eqns. (10) 
and (11).] 

When the applied voltage changes direction, the space-charge 
field will be added to the applied field, as shown in Fig. S(c), 


and the ions will initially acquire drift velocities in excess of 
those previously considered. This effect will also help the ion 


1 
— arc cos (1 
WwW 
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‘pip’ to form before qT; and, in fact, Fig. 6 shows that the initial 
transient is over at T, in this particular case. 

The illustration also shows the small electron ‘pip > which o occurs 
almost immediately after the voltage reversal. This, as pre- 
viously stated, is due to the same mechanism as above acting 
upon the free electrons in the hydrogen, and its early rise and 
decay is due to their very high mobilities. 

The effect of space charge in the saturated a.c.-operated ion 
chamber is beneficial, for it means that a lower voltage is able 
to produce a situation analogous to d.c. saturation, but defined 
in this case as the condition wherein all the ions produced in 
any one half-cycle are collected before the termination of the 
next. This is indeed one of the assumptions which must be 
made if the foregoing treatment is to be valid. It is also a 
condition which must be met if the response of the chamber is 
to be linear with flux level, for if a.c. saturation does not occur, 
a build-up of ions can take place which will be limited only by 
recombination and diffusion. Since the chamber current is pro- 
portional to the ion concentration, it will no longer vary directly 
with flux level, but will be proportional to the laws governing 
these two phenomena. A chamber working in the unsaturated 
mode will have a much higher output current, and its use has 
been suggested for shut-down channel applications. It is hoped 
to deal with unsaturated ion-chamber theory and practice 
elsewhere. 


(4) EXPERIMENTAL PROCEDURE 


The ion chamber used in the circuit shown in Fig. 2 was the 
standard A.E.R.E. type RCi. The geometry of this chamber 
is drawn to scale in Fig. 3, from which it can be seen that the 
electrodes consist of two concentric cylinders having domed ends. 
Since the distance between these electrodes (6:2mm) is small 
compared with their radii, there will exist a considerable part 
of the active volume which is subject to a well-defined and (in the 
absence of space-charge effects) almost uniform field. The plates 
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adjacent to this portion of the volume are coated with boron} 
containing a proportion of the boron 10 isotope. When the) 
chamber is irradiated with neutrons, which ionize only very} 
slightly, owing to their being uncharged, the following trans-) 
mutation takes place: ih 


B!0 + yn! > Li’? + Het 


generates the charge carriers which are then collected by 
applied p.d. 

Such a chamber was inserted into an experimental hole in 
Gleep after the purely capacitive component of current had beer 
balanced out. The variations of response with applied voltage, 
frequency and flux were plotted and compared with the respoi se 


under d.c. polarization, ~~ (a4 


(4.1) Response/Applied-Voltage Characteristics Fi 


Since the waveform of the output current was not ome 
the valve millivoltmeter reading, Vo, was in arbitrary units, a 

the ordinate scale of Fig. 7 is therefore useful only for com- 
parative purposes. The readings, Vo, given by the transfer 
function analyser were, however, in r.m.s. millivolts across al 
load resistance Rp, which in this case was the feedback resistor! 
of the virtual-earth amplifier (A in Fig. 2). # 

Consider applied voltages of between 10 and 100 volts r.m.s 

Fig. 7 shows that, for the lower frequencies, very good plateaux 
were produced, but that within the applied-voltage limits avail 
able, the higher frequencies produced marked peaks. This state 
of affairs is explicable when it is recalled that the condition for 
a.c. saturation (as previously defined) depends upon 7; being 
less than one half-period, 7p. It is apparent that, as the fi oe 
quency increases or as the peak voltage decreases, T, will increas 
until it exceeds $7p, in which case some of the ions produce 
will never be collected, but will oscillate until removed 
diffusion or recombination. These oscillating ions will then be 
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Fig. 7.—Variation of response with applied voltage for RC1 chamber in Gleep. 


Hydrogen filling at 150cm Hg. 
Rr = 1MQ 
¢ = 4-9 x 106n/cm2?/sec. 


| 

itvailable to produce a current according to eqn. (8), and it is 
this current which causes the peaks to occur prior to plateau 
formation in Fig. 7. 

‘Were it not for the effects of space charge, as explained in 
Section 3.3, the condition for T, to be less than $7p could be 
derived simply from eqn. (10) as follows: 
| For a.c. saturation to occur, 


: arc cos (1 ues = 
w TAS 6 ee Ts 
ea wd2 
which gives ——— <2 
al ee 


| Unfortunately, space-charge effects modify the conditions in 
‘the chamber so severely as to make this expression far too 
inaccurate for practical purposes. 

| The waveforms in Fig. 8, which correspond to the points 


(a) (b) (Cc) 
(d) (e) (f) 
Fig. 8.—Waveforms of chamber current and voltage at 70c/s corre- 
sponding to points A-F in Fig. 7. 
(a) V = 3-3 volts. 
(b) V = 6-7 volts. 
(c) V = 11 volts. 
(d) V = 21 volts. 


(e) V = 25 volts. 
(f) V = 70 volts. 


A-F in Fig. 7, clearly show how the characteristic waveshape 
is built up as the applied voltage increases at a fixed frequency. 
They also show how a similar change takes place at voltages 
below 10 volts r.m.s., and this first ‘pip’ is due to a mechanism 
analogous to that described above, but operating upon the free 
electron cloud. The very high mobilities of electrons make this 
| possible at voltages much lower than those for which the positive- 
ion phenomena appear. 

The curves of the variation of in-phase component of chamber 
current with applied voltage do not show the low-voltage peaks 
due to electron collection. These are found to be exhibited only 
on the curves of the quadrature (leading) current, as would be 
expected. Otherwise the in-phase curves are of similar form to 
those in Fig. 7, while the quadrature curves fall to very low 
values of Vp as the applied voltage becomes larger. 


| 


(4.2) Response/Frequency Characteristics 


In Fig. 9 the curve of VY corresponds almost exactly with the 
curve of V;,, the in-phase component of the fundamental. Over 
the frequency range 40-100 c/s the variation of the common curve 
shown is only 2%, or 0-033 % per cycle. 

After the 250c/s point the curve rises rapidly, again because 
‘T;>4Tp. Oscillograms taken at increasing frequencies 
exhibit the same characteristics as those taken at decreasing 
voltages, and clearly show that at about 250c/s the ion ‘pip’ 
spreads over the entire half-wave. The ion concentration thus 
builds up and the chamber current increases proportionally as 
before. 

As this build-up proceeds, the waveform becomes more and 
more symmetrical, and this condition is reflected in the decreasing 
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Fig. 9.—Response/frequency curves. 


(a) Quadrature component, 
(b) Response. 


value of the quadrature component of the fundamental, as seen 
in Fig. 9. Higher frequencies were not used during this series 
of tests, since any slight residual capacitance introduced by a 
small error in the balancing procedure gave rise to a current 
which at high frequencies was large enough to mask those 
phenomena due purely to ion motion. 


(4.3) Response/Flux-Level Characteristics 


Two important effects were observed as the flux increased. 
First, the minimum voltage for a.c. saturation also increased, as 
shown in Fig. 10. As in the d.c. case, this effect is due to the 
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Fig. 10.—Response/applied voltage curves for RC1 chamber in Gleep. 
Hydrogen filling at 150cm Hg. 


increased concentration of ions and electrons producing greater 
recombination and diffusion rates according to eqns. (1) and (3). 
This means that an increased voltage must be provided so that 
the ions can be collected before removal by either of these 
processes. Secondly, since the maximum ion concentration 
occurs at the top of the ‘pip’ in the current waveform, this is 
where the removal of ions by recombination and diffusion will 
be greatest, and it is for this reason that the observed decrease 
in the value of r’ (pip/plateau ratio) occurred as shown by 
Fig. 11. 

It must here be noted that, since almost the whole of the 
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FLUX, n/cm*/sec 
Fig. 11.—Variation of pip/plateau ratio with flux level for RCI 
chamber in Gleep. 


Hydrogen filling at 150cm Hg. 
V = 70 volts. 
f = 70c/s. 


waveform due to ion collection in a free-electron gas is super- 
imposed upon the plateau due to electron collection, the observed 
pip/plateau ratio, r’, must be less than the true ratio, r. 

If the true height of the ion ‘pip’ is A and the true height of 
the ion plateau is B, both are superimposed upon an electron 
plateau of height B, since all electron transients are over and the 
two types of charge carrier will each contribute half the chamber 


current in the ion-plateau region. Thus 
Pees) 
 B+B 


giving Al Ber = 2p (19) 


Fig. 11 shows that r’ = 1-61 before it begins to fall; this gives 
a 

The excellent linearity of the chamber response with flux level 
is illustrated in Fig. 12, and it is noteworthy that the reduction 
in r’ does not adversely affect this linearity to any great extent. 
In the graphs taken using an RC1 chamber filled with hydrogen 
at 15cm Hg and irradiated in Bepo, complete saturation ceased 
at about 10!°n/cm2/sec, and yet linearity was maintained well 
above this figure. 
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Fig. 12.—Response/flux-level characteristic for RC1 chamber. 
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(a) Chamber filled with hydrogen at 150cm Hg and irradiated i in Gleep. 
(b) Chamber filled with hydrogen at 15cm Hg and irradiated in Bepo. 
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(5) EXPERIMENTAL PERFORMANCE WITH AIR FILLING | 


Since no fire hazard is present- when using an air filling as} 
opposed to a hydrogen filling, a rubber pipeline was led to the) 
chamber along with the electrical leads, thus making possible 
variation in filling pressure with the chamber in situ. T 
system was used only in Gleep while in Bepo a sealed air-fill 
chamber was used for convenience, owing to differing loadialy 1] 
facilities. 


(5.1) Response/Filling-Pressure Characteristics 


A set of curves taken with the chamber in Gleep is given in} 
Fig. 13, from which it will be seen that the response rises until } 
a maximum is reached at a filling pressure of about 70cm Hg, | 
The reason for this is that, for each «-particle produced by the |} 
B!%n, «)Li’ reaction taking. place in the boron lining of |) 
the chamber, the collision probability increases with pressure HT] 
(i.e. molecular concentration). Thus the number of atoms | 
ionized increases. until a point is reached where the entire 
a-particle track is confined within the active volume of the } 
chamber, when all the energy of each particle is used in ioniza- \ 
tion processes, other than that lost in elastic collisions. Thus } 
a plateau is reached where no more ions can be collected, and } 
this can be clearly seen in the d.c. curve in Fig. 13. 

The a.c. curve drops after this point, because, as the ion 
mobility decreases with increase in pressure, the ratio r also” 
decreases, and since the ion ‘pip’ on the waveform due to an 
electro-negative gas is much more pronounced than for a free- 
electron gas [see Fig. 14(a)], the reading of the valve millivolt- | 
meter also drops. (N.B.—The true ratio r will prevail for an | 
electro-negative gas, provided that the charge carriers are of | 
similar mobility and allow both ion peaks to occur concurrently | 
and therefore additively.) a 

Added to this effect is the increase in loss by recombination — 
of ions at the peak concentrations (engendered by the high con- 
centrations produced at the high pressures involved). It may | 
be that, as the pressure increases still further, a rise in response 7 
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Fig. 13.—Response/pressure curves for RC1 chamber with air filling 
in Gleep. 


‘might occur, owing to T, becoming greater than 47p as the 


mobility decreases, but this has not been observed as yet, owing 
‘to practical limitations. 


(5.2) Output Waveforms 


As expected, the waveform of the chamber current showed no 
electron ‘pip’ [see Fig. 14(a)]. This was due to the high electron 


(a) 


(b) 
Fig. 14.—Current waveforms from RC1 chamber with air filling at 
15cm Hg in Bepo. 


(a) First day. 
(6) Fifteenth day. 


attachment coefficient of the oxygen in the air, and since positive 
and negative ions in air have very similar mobilities, the ion ‘pip’ 
was found to be much higher relative to the plateau than the 
case for the hydrogen filling. During this phase in the experi- 
ments it was observed that the current waveform slowly changed 
character when the chamber was left inside the pile for some days 
in a flux of the order of 10!°n/cm?/sec. A tracing of the final 
waveform exhibited by the chamber which produced the trace of 
Fig. 14(a) is shown in Fig. 14(b). 
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The presence of an electron ‘pip’ will be seen, as will the 
decrease in height of the ion ‘pip’. 

Investigations® have recently been made into this phenomenon 
at the Atomic Energy Research Establishment and it is now 
thought to be due to depletion in the oxygen content of the air 
by the formation of ozone and oxides of nitrogen. It has been 
shown that a free-electron type of waveform can occur with a 
mixture consisting of nitrogen containing up to 10% of oxygen, 
which accounts for the apparent anomaly of the impossibility of 
total oxygen clean-up by the small amount of boron present. 
It has also been demonstrated that only some 0°5°% of oxygen 
in a hydrogen chamber is sufficient to produce a single-‘pip’ 
waveform. 

(6) CONCLUSION 


It will be appreciated that the work described is, in essence, 
an early attempt to define the conditions under which a typical 
ion chamber can be usefully operated when supplied with an 
alternating voltage. This means that much further work remains 
to be done, but it is already apparent that such a chamber is fully 
capable of being operated in a linear mode with respect to flux 
level and, this being so, could be used in the high-flux regions of 
nuclear reactors as a measurement or control transducer. 

The range over which the output would remain linear is 
dependent upon the voltage and frequency of the supply, and, for 
the best saturation characteristics, a filling of a light free-electron 
gas such as hydrogen is obviously preferred. Such a filling also 
gives a low value of r’, which makes for simplicity in the detector. 

The speed of response of the detector system was determined 
empirically in this case, for in order to maintain stability in the 
virtual-earth amplifier with the large capacitance of 400pF 
appearing at the grid, it was necessary to shunt the 1-megohm 
feedback resistor with a small capacitor which restricted the 
frequency response. Under these conditions, the system was 
found to be 3dB down at 4-5kc/s, which corresponded to a 
rise time of better than 1 millisec. This was entirely satisfactory 
and quite comparable with the performance of an equivalent d.c. 
system. 

For use with lower fluxes, more sophisticated backing-off 
methods are obviously necessary, and in this connection, a y-ray 
compensated chamber might well be adapted to provide capaci- 
tive current compensation also. | 

Tt is not only in the saturated mode that the a.c. ion chamber 
will usefully operate, for when the ion concentration rises, 
owing to lack of collection, a greatly increased current can be 
obtained. It is hoped to deal with the basics of this mode of 
operation at a later date. 
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(9) APPENDIX: DERIVATION OF COLLECTED FRACTIONS 


The treatment given in Section 3.2 is very approximate and 
serves only to indicate the nature of the phenomena occurring 
in the chamber. Certain points other than the deviations due 
to space-charge effects can, however, be elucidated; one is the 
contention that, as the voltage falls to zero, one-third of a group 
of ions formed over a transit time are collected, while as the 
voltage rises from zero, two-thirds of such a group are collected. 

Consider a transit time, T,-7,, which occurs during a positive 
half-cycle of voltage. During a small interval dt-at ¢ (in this 
transit time) a group of Sdt ions will be generated. Now, at 
some point x in the space between the plates, an ion will be 
formed which is just collected at T,; therefore, all ions formed 
behind a plane passing through the ion and lying parallel to 
the plates will fail to be collected by the time 7>. Therefore, of 
the group of ions formed, (x/d)Sdt will fail to be collected by 
the time 7, and the total number of ions formed between T, 
and T> not collected is 


T2 


xS 
——at 20 
pe (20) 
But tes sin wtdt = OE ee coe ag ne 
d wd 
on LV imax 
When t= T;, x = 0, giving C = —** cos wT, 
wd 
WN rene 
Therefore a re (cos wT, — cos wf) 


Thus the total not collected is 


LVinax'S 
wd? 


im (cos wT, — cos wt)dt 


— LV max 
wd? 


We may now substitute 


ean F 
la — T,) cos wT, — a (sin w7, — sin ot) | 


LV imax 1 
wd? cos wT; — cos wT 


(obtained by putting x = d when t = T,). 
The fraction not collected is now found by dividing the result- 


WATSON: THE A.C. OPERATION OF ION CHAMBERS AT HIGH FLUXES 


ing expression by the total generated, S(T, — T;), giving the|} 


fraction not collected as 
‘pas : 

(T>, — T;) cos wT; — 5s (sin w7> — sin w7}) 
(T, 1 T;) (cos wl, — COs wT) 


The situation at the origin can be determined by letting|) 
T, = 0in eqn. (21), which then gives the fraction not collected as) | 


1 
the ee wT, 


1 — cos wT, 


i 
If now a similar analysis i is made for a rainy function, V= - mt | 


case, and exactly one-third are collected for the falling volta 
case. In other words, the portion of sinusoidal voltage wave 
rising from t = 0 gives results similar to those of a rising ramp | } 
function. When the applied voltage reaches its peak at t = 77/2a, | 1 
the fraction collected over a transit time whose mid-point lied i 
at t = 7/2w can be determined by making the following sub- | 
stitution in eqn. (21): | 
a 7 

Loin = (= a sr) and T) = (= ae sr) 
where the transit time T, — T; = 20T. 

Using these substitutions, eqn. (21) gives one-half as the } 
fraction not collected, which corresponds to the case where } 
T,;—> T>, and the top of the voltage wave may be approximated | 
to a straight horizontal line. | 

Finally, when the voltage wave falls to zero, it is convenient } 
to consider the transit time immediately preceding t = 0 and to | 
substitute —T, and 7, =0 into eqn. (21). This gives the } 
fraction not collected as 


ar 
T, cos wT, — —sin wT; t || 
(60) =), 


T; (cos wT, — 1) 


| 

i 

Therefore the fraction collected may be found by subtracting — 
this from unity, giving q 
19 _ 

1 — or, sin wT, A 
——1——  _.. .. . . (23) | 


1 —cos wT, 

This expression tends to one-third when T, is very small, | 
giving two-thirds as the fraction not collected. This corresponds | 
to the case for a ramp function of voltage V = — mt, as expected. | 


DISCUSSION ON 


A NOVEL, HIGH-ACCURACY CIRCUIT FOR THE MEASUREMENT OF IMPEDANCE 


| : 


; IN THE A.F., R.F. AND V.H.F. RANGES’™* 


Mr. W. H. P. Leslie (communicated): The author, in replying 

10 points raised in the discussion, would have done better to 
admit an amount of error rather than to assert that all was well 
and justified by the mathematics. 
_ He bases the mathematics on his Fig. 1, the basic circuit with 
two mutual inductors. Although his mathematics (after the 
adjustments detailed in the discussion) show that his bridge will 
work, a few minutes’ thought will show that it will not. This is 
‘more obvious if the circuit is redrawn as in Fig. A. 


i San 


|e ST ee) a 


Fig. A.—Two transformers. 
iz = 0 if balanced. 


| The bridge, if it will balance, depends on an induced e.m.f. 
due to M which will provide an effective tap on the induced 
/e.m.f. due to M,. It is shown by the author that if Z, = Z, 
\\then M, =2M. Nov, it is seen that the upper transformer, T,, 
is connected to a load Z,; + Z,, whereas the lower transformer 
T, is open-circuited at the proposed balance. The primary 
current then flows in a reflected load in the upper primary and 
| in a high impedance (shunt inductance) in the lower primary. 
Under these conditions the e.m.f. in the windings of T would be 
very much higher than that in the windings of T,, so that the 
potential at Q would lie well above that at P (relative to R). 
| Balance could only occur with Z, a negative impedance. 
The author’s mathematics tell a different story—he has 
| omitted a term +jwL,J, from the right-hand side of his first 
‘equation (1) (Z, is the shunt inductance of the secondary), or 
alternatively his Z, contains such a term and thus his Z, > Z, 
| and so his eqn. (2), 


M—M, 


we = Aat% 


| 
| is not very helpful unless he measures the dominant Z, term. 

He then goes on to circuits based on his Fig. 2, on which all 
his tests were made. This circuit can be redrawn as in Fig. B, 
which shows that, whilst this is indeed a novel arrangement, it 
is a very close relative of the simple ratio-arm bridge normally 
shown as in Fig. C. 

The mathematical analysis is now reasonably correct, 
apparently by accident, being based by analogy on the erroneous 
analysis of Fig. 1. 

His bridge does not reject the effect of stray shunt capacitance 


* Karo, D.: Paper No. 2709 R, November, 1958 (see 1958, 105 B, p. 505, and 
, 1959, 106 B, p. 435). 


Fig. C.—One transformer (Lynch). 


of the unknown so effectively as does the bridge described by 
Lynch, in which the shunt susceptance is supplied directly by 
the oscillator, the transformer being reserved for the production 
of a proportional voltage of opposite phase for the standard 
(Z,) (see Fig. C). 

The author, in referring to his Fig. 3, states that capacitors 
C, and C, (between U and T in Fig. B) shunt impedance Z,, 
whilst C, and C; (between S and T) do not shunt Z,. Since 
C,, C4 and Z, are arranged in an identical fashion (with respect 
to earth) to C,, C; and Z,, his statement cannot be accepted. 
His bridges, as exemplified in Fig. B, all suffer from the winding 
SU carrying the load current and thus having an e.m.f. slightly 
greater than the terminal voltage, whilst winding ST has no 
such voltage drop unless the stray shunt capacitance happens to 
approach the value of the unknown. 

To summarize: if the author wishes to use mathematics to 
substantiate his claims he will require to take account of more 
factors than appear in his paper. His proposed winding arrange- 
ment seems inferior to the tapped transformer: his windings 
will certainly have a higher resistance for a given space, as 
roughly 50°% more turns are needed. 

Dr. D. Karo (in reply): There is no error, not even part of an 
error, to admit to in the paper as modified in my reply to the 
first discussion. * 

I am shocked by Mr. Leslie’s contradiction of a correct 
mathematical development based on sound assumptions and 
backed by experiment. One cannot treat the circuit of Fig. 1,7 


* 1959, 106 B, p. 435. f 1958, 105 B, p. 506. 
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with two mutual inductors in series, as tapped chokes in series 
or as a potentiometer arrangement. Bringing into the relevant 
equations the reflected impedances from primary to secondary, 
or vice versa, will not make any difference. 

M, and M are mutual inductances, i.e. flux linkages from 
the respective primaries into the respective secondaries per unit 
current in the two primaries (which are connected in series). 
When M, and M are multiplied by w/, the terms represent the 
e.m.f.’s induced in the secondaries. 

M, and M are constant and the reflected impedances do not 
matter. 

Let the impedance of the primary of M, (Fig. 1) be Z and 
the p.d. across it V;. 

We can write 


V,= ZI, + jiMol,; —iMol, = (Z, + 2, + Zyh 


Hence, 
Te Mfwlp 
ee Ae ee ee A {0A EY A) 
VY a Z | 4 Mo uD, 


The last expression contains the impedance Z plus the impedance 
reflected from secondary to primary. 
Eqn. (1) can therefore be written 


Vy sisi! ’ | 
Z Z4+2,+2Z) 


| 


(2, + 2,+ Z)h, = ~My) 


VY M?w*I, 
Zz) Zea ae 


—Z,], = jMw E 


Hence 


as in the paper. 
Looking from the secondary of M, one obtains 


SIC pid 
Mw 


i= ZIy) 


y 
DISCUSSION ON MEASUREMENT OF IMPEDANCE IN A.F., R.F. AND Y.H.F. ‘RANGES | 
+ 
: 


Hence eqn. (1) becomes 


—iV, — Zh) 
—jM,wl, = (Z, + Z, i Z4) | a 
a 
, —j(V,; — ZI | 
jMol, = — 2] ee | 


Therefore, again, 
M, _ %4+424,+4%, 
The conclusions reached in the paper are therefore correct: 
the e.m.f. in the lower secondary will not be higher than in oe 


upper one, Z, will not have to be a negative impedance, 
term jwL,I, (in Mr. Leslie’s notation) has not been omitted 
and Z, need not contain such a term and is not the dominant 
one. Z4, as the balance equations show, is known. Incidentally, | 
I have shown that when M, = 2M then Z + Z, = Z,, and 
not, as Mr. Leslie says, Z,; = Z). ' r 

I am glad that Mr. Leslie agrees that my circuit of Fig. 2 is 
novel; it may appear to be a very close relative of the one shown } 
in his Fig. C, but only in his drawing, which is incomplete in | 
many respects. | 

Mr. Leslie then goes on to state that the mathematical treat- 
ment is reasonably correct. This will not do: either the | 
mathematics are correct for Figs. 1 and 2 (as they are indeed) 
or they are not. 

The statement that my circuit does not reject the stray shunt. 
capacitance of the unknown as well as Lynch’s circuit is quite 
without foundation, as is clear from the paper and the discussion: 
in any case I did not make any statement to this effect. 

I do not state, as Mr. Leslie alleges, that the capacitances 
C, and C3 do not shunt Z, (Figs. 3 and 4). These capacitances 
are dealt with in a different way from C, and C4, the reasons 
having been given in the paper and discussion. 

The circuits described do not suffer from the upper winding 
carrying the load current or from anything else that Mr. Leslie 
imagines. 

As regards the last paragraph in his communication, all the 
relevant factors have been taken account of. The statement 
that the winding arrangement is inferior to the tapped trans 
former that it will have a higher resistance and that 50% more 
turns are needed for a given space is contrary to the facts. 

Finally, the tests were done on the circuits of Figs. 1 and 2 
with the same very satisfactory results. 


MONOGRAPHS PUBLISHED INDIVIDUALLY 


Summaries are given below of monographs which have been 
published individually, price 2s. (post free). Applications, 
quoting the serial numbers as well as the authors’ names, and 
accompanied by a remittance, should be addressed to the 
Secretary. or convenience, books of five vouchers, price 10s., 
can be supplied. 


Voltage and Current Transformation Matrices. Monograph No. 355 E. 


I. CEDERBAUM, Ph.D. 


Transformation matrices relating two adequate systems of simple 
network co-ordinates such as node-pair voltages or link currents 
belong to the class of unimodular or E-matrices. The paper makes a 
distinction between the matrices corresponding to such voltage and 
current transformations, and different sets of necessary conditions are 
derived for each type. 

Since the loop- and cut-set-to-branch incidence matrices are closely 
related to transformation matrices, the discussion proposes new sets of 
necessary conditions for incidence matrices corresponding to systems 
of node-pair voltages or link currents. Examples are given of matrices 
which whilst representing a voltage transformation cannot represent 
a current transformation and vice versa. Another example shows an 
E-matrix which can represent neither a voltage nor a current 
transformation. 


The Stabilization of Control Systems with Backlash using a High- 
Frequency On-Off Loop. Monograph No. 356 M. 


E. A. FREEMAN, B.Sc., Ph.D. 


The paper introduces a method of stabilizing control systems which 
have backlash in their control sequence. The technique described 
employs an auxiliary loop to drive the motor across the backlash 
whenever the motor and load tend to separate. Requirements of the 
auxiliary loop are deduced and a phase-plane analysis is developed 
for a second-order position-control system with this loop operative. 
Analysis shows that the system with backlash is. effectively linearized. 
It is also shown that impacts between motor and load are avoided. 

To establish the feasibility of the method an analogue computer 
study is presented. Results from the analogue show that the tech- 
nique leads to considerable improvement in the step-function response. 
Variation of the system damping and of the ratio of inertias is also 
investigated. It is found that the system stabilized by the technique 
behaves essentially as a linear system. 


The Conductivity of Oxide Cathodes: Part 8. Current-Dependent 
Matrix Dissociation. Monograph No. 357 E. 


G. H. Metson, M.C., D.Sc., Ph.D., M.Sc., B.Sc.(Eng.), and 
EpitH MACARTNEY, M.Sc., B.Sc. 


In the present Part an attempt is made to determine the nature of 
the dissociative action which accompanies the passage of a current 
through a barium-strontium-oxide matrix at 1020°K. Two identical 
oxide systems operating at a common temperature and passing the 
same quantity of electricity but at different rates might be expected 
to suffer the samme mass of oxide dissociation. Experiment shows, 
however, that such is not necessarily the case and that dissociation 
mass is determined by rate of application of electricity rather than by 
the total quantity of electricity. 

The products of dissociation are shown to be in ionic form, and 
experimental arrangements are made for the separate collection of the 
ions in chemical form on a relatively massive scale. 

A working hypothesis is offered in explanation of the experimental 
observations. 


Radiation from Discontinuities in Strip-Line. Monograph No. 358 E. 
L. Lewin. 


A method of calculation, which should be adequate for strip-lines 
of small spacing, is proposed for the evaluation of the radiation of 
line-above-ground configurations. It is shown that an open-circuit is 


appreciably worse, from the point of view of radiation loss, than a 
short-circuit with a right-angle corner at an intermediate level. The 
radiation from a matched post is slightly worse than from the short- 
circuit, but it should be capable of considerable improvement by the 
use of a terminating frame antenna. Formulae are also given for the 
effects of reactive posts, with applications to a simple resonator. 


Some Observations on Waveguide Coupling through Medium-Sized 
Slots. Monograph No. 359 E. 


L. Lewin. 


A quasi-static transmission-line method, as used in antenna theory, 
and modified to take into account effects of radiation damping, is 
applied to the problem of waveguide coupling through slots which 
may be large enough to exhibit resonance effects. It is shown that the 
waveguide environment significantly alters the value to be used for the 
slot characteristic impedance, although this quantity cannot itself be 
calculated by the present analysis. The method is applied in detail to 
the case of axially-coupled waveguides and to guides coupled, via a 
common broad wall, through crossed slots. It is shown that a narrow 
slot needs to be very near resonance to give a coupling as large as 
that from a circular hole of comparable dimensions. 


A New Design Method for Phase-Corrected Reflectors at Microwave 
Frequencies. Monograph No. 360 E. 


S. CORNBLEET, B.Sc. 


A method is given for the design of a class of wide-angle reflectors 
in which the aberrations are reduced by coating the reflector surface 
with a dielectric. At microwave frequencies this dielectric may take 
the form of an array of metal plates or waveguides and the constraint 
imposed by this form greatly simplifies the analysis. The path of the 
feed point is chosen so that only selected rays from it are equally 
phased. It is then found that both of the reflector’s profiles and the 
path of the feed point can be described by a single parameter. The 
residual aberrations of several cylindrical systems, including the cor- 
rected parabola and circle, are analysed to find a reflector for which 
the scanning arc is the circle with centre at the vertex of the reflector. 
A refocusing procedure, which is found to be necessary, produces this 
scanning arc. Experimental results in agreement with the theory are 
given. 

It is shown that the design principle can be used to programme a 
step-wise procedure for the design of corrected surfaces using non- 
constrained natural dielectric coatings. 


The Effect of an Additional Non-Linearity on the Performance of 
Torque-Limited Control Systems subjected to Random Inputs. 
Monograph No. 361 M. 


J. L. Douce, M.Sc., Ph.D., and R. E. Kina, M.Sc. 


The paper discusses a technique for improving the response of a 
saturating servo mechanism subjected to random signals. It is shown 
that a non-linear error detector gives a considerable reduction in error 
magnitude for a large range of input signals. It is possible to design 
the additional non-linearity to optimize the performance of the system 
for all input magnitudes. This form of non-linearity has previously 
been shown to effect improvement in the response of such systems to 
step-function and sinusoidal inputs. 

Experimental work verifies the predicted results for a particular 
system, and shows that considerable latitude is permitted for the 
characteristic of the additional non-linearity. 


Power Flow and Negative Wave Impedance in the Dielectric-Rod 
Waveguide. Monograph No. 362 E. 


E. F. F. Gitiespiz, M.Eng. 


In most waveguides of practical interest the wave impedance in 
the direction of propagation of the wave is positive and its magni- 
tude does not vary with position. It is shown that, in general, a 
guiding structure supporting a hybrid mode, i.e. a mode having axial 
components of both the electric and magnetic fields, can present a 
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negative wave impedance. The case of the EH1; mode on a dielectric 
rod is then considered, and it is shown that for this mode the wave 
impedance is negative over part of the transverse plane and hence 
leads to regions of negative power flow if the usual interpretation of 
the Poynting vector is employed. The total power flow, however, is 
still positive, since the negative power density and the negative wave 
impedance occur only in a restricted part of the cross-section. 

The orthogonality of the fields is also discussed, and it is shown 
that for hybrid modes the transverse electric and magnetic fields are 
not at right angles to each other. 


The Surface-Waye Aerial. Monograph No. 363 E. 
W. Herscu, Ph.D., B.Sc.(Eng.). 


The radiation from the open-circuited end of an externally dielectric- 
coated metallic waveguide can be controlled by varying the size of the 
guide, the thickness and/or the dielectric constant of the coating. A 
new type of aerial designed around this principle is given the name 
‘surface-wave aerial’ and radiation-pattern measurements are used to 
confirm the theory underlying this type of radiator. 

According to its mode of operation it belongs to the category of 
end-fire aerials, which are briefly reviewed to show that surface-waye 
aerials occupy a place in their own right amongst the many possible 
arrangements that utilize the end-fire effect to produce a directional 
radiation pattern. 

The theory of the surface-wave aerial is developed in detail, a 
necessary preliminary step being a full theoretical analysis of the 
properties of the first-order cylindrical surface wave. It is shown that 
a dielectric-coated cylinder which is approximately a wavelength in 
circumference can act as a waveguide for higher-order surface waves, 
of which the first order is an example. 

The ‘characteristic equation’ is determined for the general case from 
which the cut-off frequency, propagation coefficient and conditions 
under which propagation can take place are derived in turn. 

Two specific cases are evaluated numerically and the results are 
used kaa the polar diagrams of surface-wave aerials operating 
at 9Gc/s. 

The wavelength constant as well as the continuous radiation loss of a 
surface waveguide for which Ag/Ao ~ 1 are measured directly and the 
results obtained are used to account for the radiation pattern of very 
long aerials. In conclusion, an outline of future work is given. 


The Characteristics of the Trigatron Spark-Gap at Very High Voltages. 
Monograph No. 364 M. 


T. E. BROADBENT, M.Sc., Ph.D. 


Curves are given showing the working range and time-lag charac- 
teristics of a trigatron spark-gap working in air at voltages up to 
1 MY. It is shown that, for voltages of this magnitude, a single-stage 
trigatron spark-gap of suitable design provides a simple and convenient 
method of chopping the voltage at any required instant. Factors which 
affect the performance of the gap are discussed. 
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An Experimental Study of the Slot Aerial and the Three-Elem 
Colinear Array of Slot Aerials. Monograph No. 365 E. 


RONALD KING, Ph.D., and GmBerT H. OwWYANnG, Ph.D. 


The principle of complementarity is reviewed with particular 
reference to its application to the study of slot transmission lines 
and slot aerials. The conventional techniques for making measure, 
ments on transmission lines are shown to be applicable to a two-slot 
line that is used to centre-drive a slot aerial. The complementary 
normalized impedance of such an aerial as a function of its half length 
and the distributions of the electric and magnetic field along it, have el 


derived pees for a centre-driven oylindtreal aerial. 2 
of the finite thickness of the ground screen in which the slot line andl 
aerial are cut is discussed. A similar study is described for a three- 
element colinear array of slot aerials. 


A Theory of Steady Forces-in_Variable-Parameter Networks. 
Monograph No. 366 M. 


W. E. Smitu, B.Sc. 


Passive linear reciprocal networks with elements dependent upon 4 
generalized co-ordinate x are investigated in order to evaluate the 
steady component of the corresponding generalized force (Fx)a». 


measurable at the input terminals of the network. | 

The analysis is particularly relevant to the absolute calibration of a 
class of square-law electrical measuring instruments, but the formalism 
is also applicable to other network systems where impedance is a 
useful concept. 
seh Theory of a Certain Continued Fraction. Monograph No. 
367 M. 


O. P. D. Cutreripce, M.Sc.(Eng.), Ph.D. 


The paper develops further theory of a certain type of continued 
fraction relevant to the problem of determining the character of the 
zeros of a polynomial. Two theorems provide tests for the number 
of positive zeros, real zeros and pairs of conjugate complex zeros 
of a real polynomial. Two numerical examples are included, one 
of which shows the application of the method to a problem in 
linear-network theory. 


Orthogonal Codes. Monograph No. 369 E. 
H. F. HArmutu, Dipl.Ing., Dr.Tech. 


Code alphabets whose characters can be represented by a finite 
sequence of digits of value +1 or —1 have been extensively investi 
gated. The characters of these binary codes may be considered to b 
superpositions of orthogonal functions, one for each digit, which are 
multiplied by +1 or —1. A character of an orthogonal code consists 
of pps function of a set of orthogonal functions multiplied by +1 
or —1. 


AN ANNOUNCEMENT 
FROM ULTRA... 


Since the Special Products Division of Ultra Electric 
Limited was formed in 1946, the demand for its specialised 
services in the field of electronic engineering has grown 
steadily. To meet the increase in the number and complex- 
ity of these commitments, a programme for expansion and 
re-organisation was recently completed and the Division 
has been re-formed as an autonomous Company known as 


ULTRA ELECTRONICS LIMITED. 


The Company has first-class facilities for research, devel- 
opment and production. Current activitiesinclude work on 
radio and radar system applications, magnetic amplifier 
servo controls, aircraft intercommunication, submarine 


detection, and computer peripheral equipment. 


The Continental Connector Division of the new Company 
manufactures the precision miniature multi-way connector 


of that name. 


ULTRA ELECTRONICS LIMITED 


WESTERN AVENUE - LONDON - W3 : Tel: ACOrn 3434 
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